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Abstract 
The application of reliability-based code calibration procedures in the design of reinforced 
concrete (RC) structures has enjoyed increasing attention in the past three decades. All of 
the current design codes implement limit state design, in which the load factors and the 
resistance reduction factors are calibrated using probabilistic procedures. However, limit 
states involving strength-related measures have received the most consideration in these 
code calibration procedures, while less attention has been paid to the probabilistic 
evaluation of deformation-based measures, such as ductility. Generally, the calculation of 
deformation-based measures requires a more advanced nonlinear analysis method. It is 
generally accepted that the uncertainty in predicting deformation-related measures is 
higher than for strength-related measures. Furthermore, deformation-based measures 
depend on variables with higher uncertainty, for which fewer probabilistic models can be 
found in the literature. These issues have been major obstacles in tackling deformation-
based limit states in the design of RC members.  
 
This study was planned to not only investigate the effect of uncertainty in material 
properties and of analysis model error on the reliability of strength and ductility, but to 
complement the current gaps in knowledge in the area of probabilistic models for material 
properties and model errors, especially those affecting ductility. Three important 
applications, in which both the strength and ductility measures are of importance, are 
considered. These applications are: i) the minimum ductility requirements in RC beams; ii) 
moment redistribution in continuous RC beams; and iii) the behaviour of FRP-confined 
circular columns. 
 
The mechanical properties of concrete, especially the ultimate strain and the strain at peak 
stress, are very important in evaluating the ductility of RC members. Based on 
experimental data from the current literature, new probabilistic models for these variables 
were calibrated. Furthermore, an updated experimental database of more than 240 test 
data was used for calibrating new models for all of the Equivalent Rectangular Stress 
Block (ERSB) parameters. It was observed that design code models for the ERSB 
parameters have nearly the same level of accuracy when compared with the experimental 
data. The design code models and the fibre model were used for calculating the strength 
and ductility of RC sections and, using an experimental database, probabilistic model 
errors associated with these models were evaluated. It was shown that the uncertainty in 
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predicting the ductility of RC sections is more than three times that for strength. A reliability 
analysis on the flexural strength and curvature ductility of RC sections (designed based on 
the minimum ductility requirements of the current design codes) showed that, although 
design codes agree on the level of safety for strength-based limit states, there is 
noticeable disparity between design codes when it comes to the reliability of ductility limit 
states. Furthermore, while the RC cross-sections are adequately safe against flexural 
failure, there is a relatively high probability of experiencing brittle failure. 
 
Based on experimental data from the current literature, a new probabilistic model for the 
plastic hinge length of RC structures subjected to gravity loads was calibrated. According 
to the collected experimental data, there is high scatter in the calculated plastic hinge 
length.  The calibrated model for the plastic hinge was then used in an analytical 
procedure, based on demand and capacity rotations, for calculating the moment 
redistribution capacity in continuous RC beams. Reliability analysis on the moment 
redistribution factor (MRF) showed that even if the average span-to-depth ratio is 
considered, the code-specified values for MRF are not generally safe. Furthermore, 
uncertainty in the MRF can cause a reduction in the reliability index of the strength limit 
state that is comparable to the reduction resulting from a high live-to-dead load ratio. 
 
Based on a database of more than 560 data, new probabilistic models for the strength of 
confined concrete, based on Drucker-Prager and Richart’s models, were proposed. The 
dilation behaviour of FRP-confined concrete was investigated using another experimental 
database with more than 200 test data. New models for the plastic potential function of the 
Drucker-Prager criterion and the dilation rate of FRP-confined concrete were proposed. 
The new models were then used to calibrate new analytical and finite element (FE)-based 
models for predicting the ductility of FRP-confined concrete. A database with more than 
640 test data of FRP-confined concrete was used to calibrate the model error associated 
with the proposed strength and ductility models, and those models showed very good 
performance, outperforming the existing models. Probabilistic analytical and FE-based 
procedures for evaluating the nominal and lower bound values of strength and ductility in 
FRP-confined columns were proposed. It was shown that the uncertainty in predicting the 
ductility of FRP-confined columns is more than twice that for strength and that the 
uncertainty in material properties and model error has considerable effect on the 
probabilistic lower bound values of strength and ductility.  
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1.1 The research area 
The strength and ductility characteristics of structures (or of a component of the structure) 
are critical determinants of their behaviour. Strength is the capacity of a component or an 
assembly of components to resist loads at a given response station. Ductility, on the other 
hand, is the ability of a component or an assembly of components to deform beyond the 
elastic limit. It is required that structures, while withstanding applied loads, show adequate 
ductility before failure. Strength and ductility are of equal importance in the performance of 
a structure. With increasing awareness and implementation of performance-based design 
methods, it is anticipated that designers of reinforced concrete (RC) structures will soon 
require models that better quantify this important design issue of ductility. Investigating the 
adequacy of the section ductility of designed RC members has been an area of study that 
has attracted many researchers. Sometimes ductility is required at the system level rather 
than at the component level, e.g. special cases like moment redistribution in continuous 
RC beams, which should simultaneously satisfy both the strength and the ductility 
requirements in a system-based design. When the structure is subjected to seismic loads, 
the system ductility is even more important than the system strength. The energy 
dissipation of the system mostly relies on high ductility in the RC members acting together 
as an integrated structural system. A universally accepted platform in which such 
investigations into strength and reliability must be made is the platform of “Reliability 
Engineering”. 
 
Reliability engineering is a well-established field of study. In general, it refers to the ability 
of a system to maintain its function in both routine and unexpected circumstances, 
evaluated in a probabilistic manner. The subject has grown rapidly in the last decade. It 
has evolved from a research topic to become a set of procedures and methodologies with 
a wide range of practical applications, and it has been used in code developments 
worldwide. Providing adequate safety is the main aim in any probabilistic based design 
code. Limit state design method, which is used worldwide by many design codes, is the 
latest probabilistic based design method. In order to have a reliable design, the structure 
should satisfy all limiting states beyond which the structure no longer satisfies the chosen 
performance criteria. Strength, serviceability, fatigue and stability are the most important 
limit states in the design of any structure.  
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Structural design codes have been developed around the globe over the past few decades 
and these will continue to evolve as engineers adapt their design methods to the improving 
understanding of structural behaviour, material strength and nature/values of imposed 
loads.  
 
Due to inherent uncertainties in material properties and geometrical dimensions, the actual 
resistance of RC structural members differs from their nominal capacity, which is 
calculated based on nominal values. On the other hand, the applied loads are also 
random. In the presence of these uncertainties, providing a reasonable level of safety and 
reliability for structures is the main aim of design codes. Limit state design, in which partial 
safety factors are applied to both the load and the resistance, has been introduced in the 
structural design codes to ensure the safety of a structure and its components.  
 
Both the strength and ductility capacities depend on material properties and sectional 
dimensions. Therefore, as material properties and sectional dimensions are random, the 
strength and ductility are also both random in nature. The ductility of RC members 
depends on the post-yield properties of materials, such as the ultimate strength and strain. 
These two properties are highly uncertain. Therefore, it is expected that the uncertainty in 
ductility will be higher than that for strength, which depends on the less uncertain pre-yield 
properties. Furthermore, the models that are used in predicting the strength and ductility of 
RC members all contain some degree of error, which is called the model error.  
 
1.2 Statement of the problem 
In the current literature, many probabilistic models for random variables and model errors 
related to prediction of the strength can be found (Ellingwood et al., 1980; Bartlett et al., 
2003; Szerszen and Nowak, 2003). In comparison, only a few studies of statistical models 
for parameters and models errors related to deformation or ductility-related variables can 
be found. Furthermore, many studies have been completed regarding calibrating the 
partial safety factors of RC structures in the past (Ellingwood et al., 1982; Mirza and 
Skrabek, 1991; Bartlett et al., 2003; Szerszen and Nowak, 2003). These reliability 
analyses have mainly focused on the design of the structural components. RC beams 
were examined against bending and shear, while column members were investigated 
under the combined action of axial force (tension or compression) and bending moment.  
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Similarly, while a great deal of attention has been devoted to strength-based limit states at 
both component and system levels, only limited research has been performed on 
displacement-based limit states (Ito and Sumikama, 1985; Trezos, 1997a; Kappos et al., 
1999a; Lu and Gu, 2004). This kind of limit state deals with deformation and, particularly, 
ductility. Although currently the strength limit state in many design codes has a completely 
probabilistic basis, using probabilistically calibrated partial safety factors, the ductility limits 
provided by the design codes are generally set as nominal values that are based on 
experimental results and previous practices. 
 
Therefore, this study attempts to develop a probabilistic procedure for incorporating 
ductility-related measures into the design process, in order to fill the current gaps in the 
knowledge regarding handling of the issue of ductility in a probabilistic manner. There has 
been no comprehensive study found in the literature that takes into account both the 
strength and the ductility limit states. Providing elaborated models to adjust the safety of 
the RC members by combining ductility and strength is the main aim of this research. To 
this end, the recommendations in the current design codes are evaluated in the context of 
strength and ductility. The current approach of the design codes is felt to lead to 
inconsistent reliability levels in the strength and ductility limit states with, in some cases, 
inadequate protection against non-ductile failure. 
 
Statistical models for all random variables affecting the strength and ductility are reviewed 
in this study and, based on the experimental data available in the literature, some new 
statistical models are proposed. Three different common applications of strength and 
ductility, which are: the minimum required curvature ductility in RC beams; moment 
redistribution in continuous RC beams; and the behaviour of FRP-confined circular 
columns, are targeted separately.  
 
In this research, the following questions are to be answered: 
 
a) What are the statistical models for the main random variables affecting both the 
strength and ductility of RC structures? 
b) How different are the model errors for the strength and the ductility measures? 
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c) What is the ductility level of flexural members designed based on current codes of 
practice, and how safe are the code provisions in this regard? 
d) What is the ductility demand and capacity in the moment redistribution of RC 
beams, and how safe are the code provisions in this instance? 
e) How can a probabilistic-based plasticity model for confined concrete be found, 
considering both the strength and the deformation aspects? 
f) How can a probabilistic procedure be found to set reliable strength and ductility 
limits for FRP-confined RC members? 
 
1.3 Aims and objectives 
This study aims to investigate the reliability of RC members in a way that considers both 
strength and ductility. For this purpose, three important areas (minimum curvature ductility 
in RC beams, moment redistribution in continuous RC beams and behaviour of FRP-
confined concrete members) are considered. The latest findings related to the causes of 
strength and ductility variability and the methods of quantifying these uncertainties are 
explored. The objectives of the research are as follows: 
 
 To gain insight into the variables that can affect ductility, and to propose statistical 
models for those variables, such as the ERSB parameters and the plastic hinge 
length 
 
 To develop a method for quantifying the ductility level of RC members designed 
based on the current codes of practice 
 
 To find a suitable probabilistic method for the evaluation of the moment 
redistribution factor in continuous RC beams 
 
 To find a probabilistic plasticity model for confined RC members 
 
 To find probabilistic models for the ultimate strength and strain of circular FRP-
confined members 
 
 Chapter 1: Introduction 6 
 
 
This study aims to enhance the current understanding regarding deformation-based limit 
states. Providing a probabilistic basis for these limit states in the design of RC structures, 
and highlighting importance of uncertainty in ductility measures is its main contribution to 
the state of the art.  
 
1.4 Approach to research 
Throughout this study, the Monte Carlo Simulation (MCS) technique is used for performing 
reliability analyses and evaluating the probability of failure. As well, several classic 
methodologies are available for performing inelastic analyses and assessing the strength 
and ductility in RC structures. In order to explore the reliability issues concerning the 
strength and ductility, a number of different topics are considered in this study. These 
topics and their corresponding methodologies are listed below: 
 
1. Regression analysis is used for developing statistical models for material properties 
and model errors. 
 
2. To evaluate the strength and ductility of RC sections, the well-established moment-
curvature analysis, based on either ERSB model or direct stress-strain relationship, 
is used. 
 
3. Moment redistribution in continuous RC beams, a classic method, which is based 
on the plastic hinge length and curvature ductility, is employed. 
 
4. For confined concrete, the Drucker-Prager-type model is used to study the strength 
and dilation of confined concrete. Furthermore, probabilistic analytical models for 
the strength and dilation of confined concrete are also proposed. 
 
5. For FRP-confined columns, two different methods are used. Firstly, a design-
oriented model is developed for assessing the strength and ductility of FRP-
confined circular columns. Secondly, an analysis-oriented model based on the 
Drucker-Prager plasticity is developed within an FE-based procedure. 
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The reliability analysis is mainly performed by programming in MATLAB software. In cases 
where the MCS technique is used, in order to increase the efficiency of the simulation, 
techniques of variance reduction as well as importance sampling method are used. The 
popular statistical software Minitab is employed here for the probability density function 
fittings and for some of the other statistical analyses. The ANSYS program is used to 
perform the FE analysis of FRP-confined columns.  
 
1.5 Thesis structure 
This report provides both a summary and a detailed discussion of the work carried out 
during this research. The document is divided into six sections as follows:  
 
1- Introduction: Provides a brief description of the research area, objectives and 
hypothesis;  
 
2- Background: Defines the different levels of ductility and strength in RC members, 
and provides a background summary for each of the covered topics; 
 
3- Statistical models for variables affecting strength and ductility: Reviews 
available statistical models for different random variables, using large databases 
for developing probabilistic models for some of the important random variables, 
such as ERSB parameters and plastic hinge length; 
 
4- Reliability aspects of the ductility in RC members: Reviews provisions of the 
current codes of practice regarding the provision of minimum flexural ductility, 
defines appropriate limit states for assessing reliability of strength and ductility limit 
states, performs reliability analyses and discusses results of reliability analysis; 
 
5- Reliability aspects of the moment redistribution in RC beams: Discusses 
provisions of the current codes of practice regarding moment redistribution; 
develops a probabilistic model for probabilistic study of moment redistribution; and 
assesses the reliability of the code-specified values; 
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6- Probabilistic models strength and dilation of confined concrete: Develops a 
probabilistic plasticity model for confined concrete, based on Drucker-Prager-type 
material and analytical method; 
 
7-  Reliability aspects of the FRP-confined columns: Develops probabilistic 
models for evaluating the ultimate strength and strain of FRP confined circular 
members and proposes probabilistic lower bound values for the ultimate strength 
and strain of FRP-confined circular columns; and 
 
8- Conclusion and recommendations: Provides conclusions and summary of the 
outcomes of this research project, in addition to making recommendations for 
practical applications and future research. 
 
Figure 1.1 shows a graphical view of some of the chapters and their inter-relationship. 
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Figure 1.1: Inter-relationships among thesis chapters 
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2.1 General 
The research presented in this dissertation is intended to highlight the importance of 
reliability-based procedures in dealing with ductility-related measures. The ductility and 
strength of RC members depend on many variables that are related to material properties 
and sectional dimensions. Compared to the statistical models for those parameters 
influencing strength, the statistical models developed for parameters influencing the 
ductility measures have not been adequately scrutinised in the current literature. 
Furthermore, the errors associated with the analytical models used for predicting strength 
and ductility are completely different from each other. Predicting ductility measures is more 
uncertain than predicting those for strength. In order to highlight the importance of 
probabilistic studies in the area of ductility, three important ductility-related problems in the 
design of RC structures are considered in this study. Figure 2.1 shows the considered 
problems. A separate chapter is dedicated to each of the considered topics.  
 
 
Figure 2.1: Research framework 
Different types of ductility have been classified in the literature. The next section of this 
chapter provides a brief review of the different types of ductility used in the design of RC 
structures. Each of the considered topics for ductility can be associated with the ductility 
categories. A brief description of these problems is presented in the subsequent sections. 
The literature review for each of the above topics is presented in the relevant chapter in 
this dissertation.  
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2.2 Ductility and strength in RC members 
Strength is the capacity of a component or an assembly of components for load resistance 
at a given response station (Elnashai and Di Sarno, 2008). It is not a constant value, as 
shown in Figure 2.2. The strength of an RC member depends on the sectional and 
material properties, and on the arrangement of reinforcement bars in the section.  
 
 
Figure 2.2: Strength, deformation and ductility 
Ductility, on the other hand, is the ability of a component or an assembly of components to 
deform beyond the elastic limit, as shown in Figure 2.2, and is expressed as the ratio of 
the maximum value of a deformation quantity to the same quantity at the onset of yield 
(Elnashai and Di Sarno, 2008). The sub-indices in this figure, i.e. y and u, stand for yield 
and ultimate states, respectively. Strength is shown in the vertical axis and is denoted by S 
while the deformation is represented by Δ. The parameter μ represents the ductility. The 
strength in this section could be any kind of axial, flexural, shear or torsion strength; 
nevertheless, the flexural strength and ductility are the most important of these. Ductility is 
a desirable structural property because it allows for the redistribution of stress and 
provides warning of impending failure. Ductility is usually calculated using theoretical 
nonlinear analysis, based on experimental results for the material properties. Idealised 
inelastic behaviour of an RC member can be categorised at three different levels, i.e. 
material, section and member levels. 
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When dealing with the material level of ductility, usually the ductility of steel rebar is of 
concern in RC members. The material ductility for concrete is limited, and is not 
comparable with rebar steel’s ductility. Figure 2.3 shows a typical stress-strain curve for a 
ductile material. In this figure, the material level ductility is denoted by  . Again, the sub-
indices y and u show the yield and ultimate states.  
 
 
Figure 2.3: Idealised inelastic behaviour from material level 
The stress and strain at yield are easily identifiable for a ductile material, but may be more 
difficult to identify for a brittle material. The ultimate stress is typically taken as the 
maximum attainable stress, based on which the corresponding maximum strain is 
recorded. The ductility supply, in terms of strain, is equal to the maximum attainable strain 
divided by the yield strain. This ductility supply must be greater than that demanded by the 
applied actions. The stress-strain curve for concrete is highly dependent on the 
confinement of concrete. Under high confinement (as applied by hydrostatic pressure, for 
example), there is an appreciable increase in strength and deformation capacity. In this 
dissertation, the stress-strain curves for confined and unconfined concrete will be 
discussed in detail. 
 
The next level in the hierarchy is the cross-section. Definitions of yield moment and 
curvature are illustrated in Figure 2.4. In this figure, parameter   shows the curvatures. 
Subscribts y and u denote the yield and ultimate states, respectively. 
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Figure 2.4: Idealised inelastic behaviour from section level 
The moment-curvature relation for the section is shown in Figure 2.4. Once again, it is 
important to note that the ductility indicated is the ductility supplied by the cross-section. 
The ductility demanded by the applied loads must be less than this capacity. In order to 
find the curvature ductility, a nonlinear analysis needs to be performed at the section level. 
The section is divided into small fibres. Each fibre has its own material stress-strain curve. 
In the nonlinear analysis, the bending moment is monotonically increased in different 
steps. At each step, the bending moment and the corresponding curvature are recorded. A 
moment-curvature curve then is obtained by connecting the resultant points. A typical 
moment-curvature curve, as shown in Figure 2.4, shows the important results of a 
nonlinear analysis conducted at the section level. In this dissertation, a probabilistic study 
of the minimum curvature ductility requirements of the current design codes is conducted. 
 
From the critical cross-section, the plasticity spreads along the length of the member and a 
critical plastic region results. This region is that part of the element over which significant 
inelastic behaviour is expected to occur. In a flexural member, the critical region coincides 
with the flexural plastic hinging of the member. When the applied member end rotations 
are such that the yield moment develops only at the ends, the yield rotation in the hinging 
region occurs. It is necessary, of course, to assume the length of this hinging region, which 
is approximately equal to the depth of the section. When additional end rotations are 
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applied and the ultimate moments develop at the member ends, inelastic curvature occurs 
in the hinging region, and the integration of these curvatures over the hinge length 
provides the inelastic rotation in the hinge. Figure 2.5 shows a typical critical region along 
an RC beam subjected to lateral load. 
 
 Figure 2.5: Idealised inelastic behaviour at critical region and member level 
The rotational ductility capacity is determined from the idealised curve shown in Figure 2.5. 
Development of this curve is difficult, and requires static nonlinear analysis. In such an 
analysis, the gradual propagation of plasticity along the beam is taken into account using 
the stress-strain curve of the material. The effect of bond slip and shear cracks can be 
considered. In Figure 2.6, the plasticity length, PL , is shown at the ends of the RC beam. 
Parameters y  and u  are the rotations at the yield and ultimate states, respectively. In the 
simplified form of the nonlinear analysis, the equivalent plastic hinge length is usually 
used. There are many empirical equations to find this equivalent plastic hinge length for 
different types of RC members.  
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Figure 2.6: Idealised moment-rotation curve of a typical RC member 
In this dissertation, an analytical model based on demand and capacity rotation and plastic 
hinge length is used for the evaluation of the probabilistic lower bound of the moment 
redistribution factor in continuous RC beams. 
 
2.3 Minimum ductility in design of flexural members 
Two major criteria are to be satisfied in the design of any RC member: firstly, the section 
capacity should be greater than the required action; and secondly, the section or member 
ductility should be greater than the required deformation. In the design of RC structures, 
checking the adequacy of strength often takes first priority, followed by checking the 
deformation and ductility, which are incorporated indirectly in the design process. 
Performing a comprehensive inelastic nonlinear analysis is an accurate method for 
evaluating structural systems as to the adequacy of their ductility. However, conducting 
such analyses is not practical in a routine design procedure. Instead of performing inelastic 
analyses, design codes prescribe some other limits, such as the rebar percentage limit, to 
ensure the adequacy of the ductility in the designed sections and members. These 
restrictions are obtained and calibrated by the design codes, using experimental data and 
experiences. The understanding is that applying these limits would result in ductile and 
reliable designs. RC beams are under-reinforced by design, so that failure is initiated by 
yielding of the steel reinforcement, followed, after considerable deformation at no 
substantial loss of load carrying capacity, by concrete crushing and ultimate failure. This 
mode of failure is ductile and is guaranteed by designing the tensile reinforcement ratio to 
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be substantially below the balanced ratio, which is the ratio at which steel yielding and 
concrete crushing occur simultaneously. The reinforcement ratio thus provides a metric for 
ductility, and the ductility corresponding to the maximum allowable steel reinforcement 
ratio provides a measure of the minimum acceptable ductility. 
 
As one of the most important applications of ductility measures in the design of RC 
members, the reliability of code-specified measures for minimum ductility is extensively 
scrutinised. Figure 2.7 shows a typical graphical presentation of strain, stress and 
curvature of an RC section. The strain, as well as curvature, ductility measures are used to 
evaluate the level of ductility in an RC section. The strain ductility is defined as the strain at 
the tensile rebar to the yield stress of the rebar. The curvature ductility is defined as the 
ratio of the curvature at the ultimate state to the curvature at the yield state. 
 
 
Figure 2.7: Stress and strain diagrams in RC beam sections 
Various studies in the area of the minimum required ductility in the design of RC beams 
can be found in the literature (Cohn and Riva, 1991; Al-Haddad, 1995; Kassoul and 
Bougara, 2010; Kwan and Ho, 2010) amongst others). However, only a few probabilistic 
studies in this area can be found in the current literature (Costello and Chu, 1969; Allen, 
1970; Ito and Sumikama, 1985). A complete review of the literature on minimum curvature 
ductility in the design codes and reliability analysis of ductility measures is presented in 
detail in Chapter 4 of this dissertation.   
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2.4 Moment redistribution in RC beams 
Moment redistribution in continuous RC beams is one of the simplest applications of 
member ductility in the procedure of design. Even and economic distribution of bending 
moment along RC beams, reducing the congestion of bars at the concrete sections, and 
reducing the bending envelope resulting from pattern live loading are some of the most 
important advantages of moment redistribution in continuous RC beams. Figure 2.8 
provides a graphical representation of moment redistribution in a typical continuous RC 
beam.  
 
 
Figure 2.8: Moment redistribution in continuous RC beams 
Design codes worldwide permit a limited amount of moment redistribution and each 
presents a different formula for it. Usually, provisions of codes do not comprehensively 
consider the effect of all of the important parameters in the redistribution. A method based 
on the demand and capacity rotation is commonly used for calculating the moment 
redistribution factor. Rotational ductility, as defined in the previous section of this chapter, 
is used in investigating the moment redistribution. The plastic hinge length, used for 
calculating the plastic rotation, is calibrated using a large experimental database. 
 
Many studies on moment redistribution can be found in the current literature (Cohn and 
Lounis, 1991; Sveinson and Dilger, 1991; Gravina and Warner, 2003; Scott and Whittle, 
2005a; Mostofinejad and Farahbod, 2007; do Carmo and Lopes, 2008). However, no 
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direct probabilistic study on moment redistribution could be found in the current literature. 
A full review of the available studies in the area of moment redistribution in continuous RC 
beams appears in Chapter 5. The probabilistic study that is presented in Chapter 5 of this 
dissertation is believed to be one of the first such studies to be conducted.  
 
2.5 Models for confined concrete 
As is generally known, the multi-axial stress states have an advantageous effect on the 
behaviour of the concrete material, compared to its behaviour under uniaxial loading. 
When concrete is subjected to multi-axial stress states, it shows both higher load-bearing 
capacity and greater ductility. Lateral confinement of RC members is an effective and 
practical means of creating a multi-axial stress state and can be provided by means of 
steel hoops, a steel jacket or a Fibre Reinforced Polymer (FRP) wrap. Figure 2.9 shows 
the typical stress-strain and dilation behaviour of confined and unconfined concrete. For 
strength, the ratio of the confined to unconfined strength of concrete is of interest in this 
study, while for ductility, the dilation angle of confined concrete is of interest. Both the 
strength and ductility parameters targeted in this study are shown in Figure 2.9. 
 
Currently, many models for predicting the behaviour of confined concrete are available. A 
plasticity model based on Drucker-Prager-type material and an analytical model based on 
Richart’s model (Richart et al., 1928) are considered in this study. An extensive 
experimental database will be used for calibrating these models and for finding 
probabilistic model errors for these models. Details of the proposed probabilistic model 
and a review of the available models for the strength of confined concrete and plasticity 
models will be provided in Chapter 6. 
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a) Confined strength b) Dilation behaviour 
Figure 2.9: Behaviour of confined concrete 
As shown in Figure 2.9b, through estimation of the ultimate plastic dilation rate, the dilation 
behaviour of passively confined concrete (using FRP jacket) is investigated. In Figure 
2.9b, f and ε denote the stress and strain, respectively. The subscripts r and z show the 
radial and axial components of the strain and stress parameters. The superscripts e and p 
stand for plastic and elastic strains, and the parameter μ shows the plastic dilation. 
Additionally, the dilatancy angle of the plastic potential function of Drucker-Prager-type 
material is also studied. An extensive experimental database on FRP-confined concrete 
cylinders is used for calibrating the best-fit models for the dilation rate and dilatancy angle. 
Statistical models of the fitted models are also presented. An extensive review of the 
literature regarding available models for predicting the dilation rate of confined concrete is 
presented in Chapter 6. 
 
2.6 Strength and ductility of FRP-confined members 
In the past decade, various constitutive models have been proposed for the stress-strain 
behaviour of FRP-confined concrete under compression. To date, considerable research 
effort has been directed towards investigating the behaviour of concrete members 
externally confined with FRP materials. A large number of researchers have investigated 
the behaviour of FRP-confined concrete and proposed constitutive models (Xiao and Wu, 
2000; Lam and Teng, 2003; Rousakis et al., 2003; Matthys et al., 2005; Cui and Sheikh, 
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2010; Realfonzo and Napoli, 2011; Ozbakkaloglu and Lim, 2013). Figure 2.10 shows a 
typical stress-strain curve for FRP-confined concrete. In this study, evaluation of the 
ultimate strength and strain are of interest. Different methods have been used for 
evaluating the ultimate strain and strength of FRP-confined concrete. A brief review of 
these models is presented in Chapter 7. In this study, analytical as well as FE-based 
methods are employed. According to Figure 2.10, the evaluated ductility for FRP-confined 
concrete can be categorised as strain ductility, as previously discussed in this chapter. As 
there is no clear yield point for concrete material, the strain at peak stress can be 
considered the yield limit. The ratio of the ultimate strain to the strain at peak stress can be 
classified as strain ductility.  
 
 
Figure 2.10: Stress-strain curve of FRP-confined concrete material 
Although considerable research has been conducted in the area of FRP-confined 
concrete, and many models have been proposed for the ultimate strength and strain of 
FRP-confined columns, a limited number of probabilistic studies in this area can be found 
in the current literature. In Chapter 7 of this dissertation, based on the results in Chapter 6, 
new strength and strain models will be proposed for predicting the ultimate strength and 
ductility of FRP-confined concrete. Furthermore, a probabilistic lower bound model is 
proposed for predicting these quantities. 
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3.1 Introduction 
The load-carrying capacity of a structure depends on the resistance of its components and 
connections. The resistance of a component is typically a function of material strength, 
section geometry and dimensions. Although in design these quantities are often 
considered deterministic, in reality there is some uncertainty associated with each quantity. 
Therefore, the resistance is a random variable. The possible sources of uncertainty in 
resistance can be divided into these categories: 
 
 Material properties: uncertainty in the strength of the material, the modulus of 
elasticity, ultimate strains and the shape of the stress-strain curve 
 
 Fabrication: uncertainty in overall dimensions of the component, which can affect 
the cross-section area, moment of inertia and section modulus 
 
 Analysis: uncertainty resulting from approximate method of analysis and idealised 
stress/strain distribution model 
In reliability analysis, one common way to model the resistance, R, is to consider it as a 
product of the nominal resistance, Rn, used in design and the three parameters that 
account for some of the sources of uncertainty. Mathematically, this model of resistance is 
of the form (Nowak and Collins, 2012): 
 
n M F PR R F F F  3-1 
 
In Eq. 3-1, FM is a parameter reflecting variation in the strength of the material, FF is a 
variable reflecting uncertainty in fabrication (dimension) and FP is an analysis factor, which 
accounts for uncertainties arising from the method of analysis used. 
 
In this chapter, a review of the available statistical models for different parameters 
affecting resistance and ductility of RC members is presented. Statistical models for the 
section dimensions, concrete properties, steel properties, FRP properties and equivalent 
rectangular stress block (ERSB) parameters are investigated. Furthermore, a new 
probabilistic model for the equivalent plastic hinge length is also presented. In some 
cases, experimental databases are used to calibrate new statistical models for the 
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reviewed parameters. All of the models presented in this chapter will be used in the 
reliability analyses performed throughout this dissertation. 
 
3.2 Dimensions 
Variability in the dimensions of RC sections is generally not significant. However, in some 
cases, depending on variability of other parameters, it could have an effect on the overall 
response in the reliability analysis. The difference between the nominal and as-built 
dimensions is an error variable that can be statistically modelled. According to JCSS 
probabilistic model code (2012), deviations of a dimension, X, is described by statistical 
characteristics of its deviations, Y, from the nominal value, Xnom. Eq. 3-2 shows the relation 
between these variables. 
 
nom
Y X X   3-2 
 
According to JCSS, it has been observed that type of member (beam/column), cross-
section shape (rectangular/circular), strength of concrete, dimension orientation and 
position of cross-section do not influence the deviation in the section dimensions. Slight 
dependence on mode of production (in-situ/precast), however, was observed. Table 3.1 
summarises the statistical models for some of the most important dimensional variations 
(deviation from the nominal value) from different references. 
Table 3.1: Statistical models for dimension properties 
Reference Dimension Mean (mm) COV SD (mm) 
Mirza and 
MacGregor 
(1979b) 
Beam depth -3.20 - 6.35 
Beam width +2.38 - 4.76 
Beam top bar cover 
+3.18 - 15.88 
-6.35 - 17.46 
Beam bottom bar cover 
+1.59 - 11.11 
-4.76 - 12.70 
Column size (rectangle) +1.59 - 6.35 
Column size (circle) 0.00 - 4.76 
Ellingwood et al. 
(1980)  
Beam depth 
-3.05 - 6.35 
+20.6 - 14.0 
Beam width +2.54 - 3.81 
Beam top bar cover -5.60 - 13.46 
Beam bottom bar cover +1.52 - 11.43 
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-8.90 - 7.11 
Column size +1.52 - 6.35 
Israel et al. 
(1987) 
Overall depth 0.00 
0.4
nomX
 - 
Effective depth 0.00 
0.6
nomX
 - 
JCSS (2012) 
Section size 0.003Xnom < 6 - 4+0.006Xnom < 10 
Top rebar cover 5-15 - 5-15 
Bottom rebar cover (-20)-20 - 5 
 
In Table 3.1, the parameter Xnom denotes the nominal value of the sectional dimension. In 
all the above models, the Normal distribution is proposed for representing the statistical 
distribution of the dimensional deviation.  
 
3.3 Concrete properties 
In sophisticated reliability analysis, a complete set of probabilistic models for concrete 
material properties is needed. Extensive research has been performed in the field of 
statistical analysis of concrete properties. However, the focus has mainly been on the 
strength element of concrete properties, and less attention has been paid to evaluate the 
parameters related to the ductility element of concrete properties, such as the ultimate 
concrete strain. All of the main concrete properties are shown in Figure 3.1. This Figure 
represents the stress-strain behaviour of unconfined concrete.  
 
 
Figure 3.1: Typical stress-strain behaviour of unconfined concrete 
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In Figure 3.1, f’c and fct represent the concrete compressive and tensile strengths, and Ec 
the modulus of elasticity of concrete. Parameters εc0 and εcu are the strain at peak stress 
and the ultimate strain, respectively. In order to reflect the difference between the concrete 
compressive strength obtained from a standard cylinder and the actual maximum strength 
obtained from a real flexural member, a modification factor, k3, is multiplied by the 
concrete compressive strength. This parameter is also part of the ERSB in design of 
flexural members, and it will be further discussed later in this chapter. For the pre-peak 
stress-strain relationship, the well-established Hognestad (1955) parabola is used. After 
the peak point, the unconfined concrete experiences strain softening. In the above figure, 
by using a plateau, the softening part of the stress-strain behaviour after the peak stress is 
simplified. This simplification is also acknowledged by some design codes, such as the 
EC2 (2004) and the AS 3600-09 (2009) for the section analysis. Generally, the softening 
part of the stress-strain behaviour in unconfined concrete does not have a significant effect 
on the overall behaviour of RC members. For the compressive behaviour, the following 
stress-strain relationship is used. 
 
0
'
'
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1 1
Ec c
fc
c
c c
c
f f



 
       
   
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3-3a 
'
c cf f , 0c c   3-3b 
 
The relationship shown in Eqs. 3-3(a & b) is a modified version of the Hognestad model. 
The power parameter shown in Eq. 3-3a is based on JCSS. 
 
In unreinforced concrete, after approaching the tensile stress, concrete loses its tensile 
load-carrying capacity completely. However, for reinforced concrete, due to the formation 
of discrete cracks, and the bond between concrete and the reinforcing bars between the 
discrete cracks, concrete does not lose its tensile capacity completely. Due to the bonding 
with the reinforcement, concrete tensile stresses continue to exist in the concrete between 
the cracks near the reinforcement. This phenomenon is known as tension stiffening, and 
has an important role in modelling the load-deformation behaviour of RC structures. Many 
models have been proposed for modelling the tension stiffening in RC members. In this 
study, a common exponential function is considered for tension stiffening. Considering the 
assumed models for compressive and tensile behaviour of unconfined concrete, the 
stress-strain relationship of concrete is shown in Eqs. 3-4(a to c). 
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The damage parameter, Ct, controls the rate of tensile strength reduction. A constant value 
of C equal to 1000 was suggested by Hwang and Rizkalla (1984). Fields and Bischoff 
(2004) suggested 800 for this parameter. Other forms of post-crack function exist in the 
literature. The parameter fct is the tensile capacity of concrete. In the following sections, 
different methods of measuring this strength will be discussed. 
 
The above stress-strain relationship is used throughout this dissertation. However, all of 
the parameters defining concrete stress-strain are treated as random variables. 
 
3.3.1  Compressive strength 
The reference compressive strength of concrete according to many of the current codes is 
measured on cylinders 150×300mm or 100×200mm cylinders (150/100mm diameter and 
300/200m height). The specified, or characteristic, value of concrete compressive strength 
is used in the design of RC structures. This characteristic value is smaller than the 
average value. Probabilistic distribution of the concrete compressive strength controls the 
relation between the characteristic and the average values of concrete strength. In the 
absence of a sufficient number of field test records to determine the standard deviation, 
ACI 318-11 defines the relationship between the nominal and characteristic values, as 
shown in Eqs. 3-5(a to c).  
 
' 7
cm c
f f MPa  , ' 21cf MPa  3-5a 
' 8.5
cm c
f f MPa  , '21 35cMPa f MPa   3-5b 
' 5
cm c
f f MPa  , ' 35cf MPa  3-5c 
 
In Eq. 3-5, fcm denotes the average concrete compressive strength. CEB FIP (2010) and 
EC2 (2004) defines the relationship between the average and the characteristic values, as 
shown in Eq. 3-6. According to these design codes, the characteristic corresponds to the 
5th percentile value.   
 
8.0
cm ck
f f   3-6 
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In Eq. 3-6, the parameter fck denotes the characteristic strength of concrete. In CEB FIP 
(2010), the calculation of some properties, such as the concrete modulus of elasticity, is 
based on the average concrete strength rather than on the characteristic value. 
 
The in-place concrete strength is different from that measured in the laboratory based on a 
standard cylindrical specimen. A general probabilistic model for the in-place concrete 
strength is shown in Eq. 3-7 (Mirza et al., 1979; Bartlett and Macgregor, 1996; Bartlett, 
2007). 
 
'
1 2i p i p r c
f FF F F f   3-7 
 
In Eq. 3-7, parameter F1 is the ratio of the average to characteristic value of concrete 
strength (bias factor). A considerable number of statistical models for concrete 
compressive strength of cast-in-place and pre-cast structures can be found in the 
literature. Typical statistical models for cast-in-place concrete are shown in Table 3.2. For 
pre-cast concrete, similar statistical models can be found. As can be seen, many 
researchers have suggested the Normal distribution for variability in the concrete 
compressive strength. 
Table 3.2: Statistical parameters of concrete compressive strength 
Reference f’c Bias σ COV Distribution 
Mirza et al. (1979) < 27.0 - 2.7-5.4 0.10-0.20 Normal 
Israel et al. (1987) 28.0 0.85 - 0.18 Normal 
Bartlett and MacGregor 
(1996) 
25-45 1.25 - 0.12 Normal 
Attard and Stewart (1998) - 
'
'
7.5c
c
f
f

 6.0 - Lognormal 
Nowak and Szerszen (2003) 
20.67 1.35 - 0.10 
Normal 
24.12 1.21 - 0.08 
27.56 1.24 - 0.15 
31.00 1.14 - 0.04 
34.45 1.15 - 0.06 
41.34 1.12 - 0.04 
Orton et al. (2012) 20.7 1.40 - 0.10 Normal 
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27.6 1.23 - 0.10 
34.5 1.15 - 0.10 
41.4 1.14 - 0.10 
Wisniewski et al. (2012)  
25.0 1.26 2.9 0.077 
Normal 30.0 1.18 3.3 0.075 
40.0 1.18 3.4 0.080 
Unanwa et al. (2012) 
25.0 1.45 7.0 0.19 
Normal 28.0 1.45 7.6 0.18 
35.0 1.33 6.0 0.13 
 
The parameter F2 is the ratio of the mean of the in-place to the mean of the standard 
cylinder strength ratio. This factor represents the ratio of the real strength to the laboratory 
strength. According to Mirza et al. (1979), the average of this parameter ranges from 0.74 
to 0.96, and the coefficient of variation is about 0.10. Bartlett and MacGregor (1996) 
showed that this factor depends on the age and height of the element and the quality of 
curing provided. According to Bartlett’s (2007) study, the mean and coefficient of variation 
of this variable are 1.03 and 0.11, respectively. The parameter Fi-p is the spatial variation 
factor and accounts for the variability in the in-place concrete strength in the structure. For 
cast-in-place concrete, Bartlett and MacGregor (1996) suggested mean and coefficient of 
variation values of 1.0 and 0.10 for this variable. Finally, parameter Fr accounts for rate-of-
loading effects. According to Bartlett’s (2007) study, in comparison with variability in other 
parameters, the coefficient of variation of this parameter can be neglected. 
 
In the JCSS (2000) probabilistic model code, a comprehensive probabilistic model for 
concrete compressive strength can be found.  In this model code, material as well as 
spatial variabilities in concrete strength are considered. The strength of concrete at a 
particular point, i, in a given structure, j, as a function of standard strength, f’c, is given as:  
 
 ' 1
c
cij cij
f f Y

  3-8a 
 ' expcij ij j jf U M    3-8b 
 
Y1 is special Lognormal random variable, with mean and coefficient of variation of 1.0 and 
0.06, representing additional variations due to the special placing, curing and hardening 
conditions of in-situ concrete. Parameters Mj and Σj are the mean and standard deviation 
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of the concrete strength at structure (or job), j. These parameters have same role as the F1 
parameter in Bartlett’s model. The variable Uij is a standard normal variable that accounts 
for the variability within the structure (spatial variability), and it could be compared with Fi-p 
parameter in Bartlett’s model. Finally, parameter λc takes into account the systematic 
variation of in-situ compressive strength and the strength of standard tests (with 
Lognormal distribution, and mean and coefficient of variation of 0.96 and 0.005, 
respectively), and it could be compared with parameter F2 in Bartlett’s model. According to 
JCSS model code, concrete compressive strength can be represented by a multi-degree t 
distribution as shown in Eqs. 3-9(a & b). 
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3-9b 
 
Ft is the t distribution for ν′′ degrees of freedom, and m”, n”, s” and ν” are the distribution 
parameters whose values depend on the amount of specific information. Table 3.3 shows 
typical values for the above distribution for cast-in-place concrete. Parameters of the 
approximated Lognormal are also shown in this table. Additionally, the resulting bias 
factors and coefficients of variation are also shown. 
Table 3.3: Parameters for the t and Lognormal distributions for concrete strength (JCSS, 2012) 
Concrete m” n” s” v” 
Shape 
parameter 
Scale 
parameter 
Bias COV 
C15 3.40 3.0 0.14 10 3.40 0.19 2.00 0.19 
C25 3.65 3.0 0.12 10 3.65 0.16 1.54 0.16 
C35 3.85 3.0 0.09 10 3.85 0.12 1.34 0.12 
C45 3.98 3.0 0.07 10 3.98 0.10 1.19 0.10 
 
It should be noted that the statistical models shown in Table 3.3 include all of the 
uncertainties in the estimation of concrete compressive strength. 
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3.3.2  Tensile strength 
The tensile strength of concrete is very difficult to evaluate in practical cases. Several test 
methods are available for estimating the tensile capacity of concrete, and different values 
are obtained depending on the method used. Three methods are commonly used to 
determine the tensile properties: direct tension, split tension, and flexure. The direct 
tension method is the most accurate for measuring the tensile response of concrete. 
However, due to difficulties in transferring the load from the test machine to the 
specimens, there is no easy and practical solution for direct tensile tests, especially for 
high-strength concrete. As a result, indirect tensile tests such as the split tension and 
flexural tests are used instead of direct tests. The flexural test is the other common indirect 
tensile test. Since this method matches the real-life situation in RC flexural members, it is 
believed that the results of this method are more realistic for measuring the tensile 
strength of concrete.  
 
In the CEB FIP (2010), the following mean, lower bound and upper bound values are 
proposed for the tensile capacity of concrete. The lower and upper bound values 
correspond to the 5th and 95th percentiles, respectively. This design code uses the direct 
tensile strength as the basic parameter to categorise the tensile strength of the concrete. 
 
 
2/3
0.3
ctm ck
f f , 50ckf MPa  3-10a 
 2.12 1 0.1( 8)ctm ckf LN f   , 50ckf MPa  3-10b 
,0.05
0.70
ctk ctm
f f  3-10c 
,0.95
1.30
ctk ctm
f f  3-10d 
 
In Eqs. 3-10(a to d), fck denotes the characteristic values of concrete compressive 
strength, and fctm is the average tensile strength of concrete. According to the CEB FIP 
(2010) code, a conversion factor should be used to convert the results of splitting tensile 
strength to direct tensile strength. In the absence of experimental data for this conversion 
factor, a value of 1.0 is suggested. Another conversion factor relating the direct tensile 
stress to the modulus of rupture is also suggested. Eqs. 3.11(a to c) show the conversion 
equation. 
 
ctm r rup
f A f  3-11a 
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In Equation 3.11, hb is the beam section height. The conversion factor, Ar, reflects the size 
effect as well. Considering the standard size of 150mm×150mm for the beam used in the 
modulus of rupture test, a conversion factor of 0.67 results. This means that, for the 
standard flexural beam size, the modulus of rupture is about 1.5 times the direct tensile 
strength specified in this design codes. 
 
The ACI 318 design code defines the modulus of rupture to be used in calculating 
deflections, as shown in Eq. 3-12a. In Eq. 3-12b, the expression reported by ACI 363 
(1992), which was recommended by Carrasquillo et al. (1981) for concrete having a 
compressive strength between 20 to 80 MPa, is also shown. Eq. 3-12a is recommended 
for calculation of the cracking moment in deflection calculations, while Eq. 3-13b is 
recommended for calculation of the cracking moment used in minimum flexural 
reinforcement.  
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'0.94
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Few studies on probabilistic models of concrete tensile stress can be found in the 
literature. Using the model proposed by CEB FIP (2010), and assuming that the concrete 
tensile strength is normally distributed, the standard deviation and the coefficient of 
variation of the concrete tensile strength can be calculated as shown in Eq. 3-13. 
 
,0.05
1.64 0.70 0.183 0.183
ctk ctm ctm ctm
f f f f COV         3-13 
 
In Eq. 3-13, COV stands for the coefficient of variation, and σ is the standard deviation 
parameter. Similar models for concrete tensile strength can be found in the JCSS 
probabilistic model code. Equations 3-14(a & b) show the probabilistic model suggested by 
this model code.  
 
 
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As Eq. 3-14 shows, the Lognormal distribution is suggested for probabilistically modelling 
the tensile strength of concrete. The mean value for concrete tensile strength is exactly the 
same as the value that is proposed by the CEB FIP (2010) code. It should be noted that, in 
order to convert the above tensile strength to the modulus of rupture, a conversion factor is 
required, as shown in Eq. 3-11. 
 
Based on a large database of experimental data, Paultre and Mitchell (2003) conducted a 
statistical regression analysis on the modulus of rupture of concrete. According to their 
study, the following average, lower bound and upper bound values were obtained.  
 
'0.94
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'
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f f  3-15b 
'
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rup c
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No statistical distribution was reported for the modulus of rupture. Considering Eqs. 3-15(a 
to c), and assuming Normal distribution for the distribution of modulus of rupture, a 
coefficient of variation of about 0.17 results for the modulus of rupture.  
 
In this section, a large online database of mechanical properties of concrete from Tokyo 
University (Noguchi Laboratory Data, 2014) is used to find a probabilistic model for the 
modulus of rupture. Figure 3.2 shows the relation between concrete’s compressive 
strength and the modulus of rupture based on this online database. The database contains 
430 test data on modulus of rupture.  
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Figure 3.2: Comparison of experimental modulus of rupture with proposed model 
In Figure 3.2, code-specified values from CEB FIP (2010) and ACI 363 are also shown for 
comparison. The resulting function matches the findings of Paultre and Mitchell (2003) 
very well. The proposed model and its lower and upper bound values are also shown in 
Figure 3.2. Table 3.4 shows the statistical models proposed in this study, along with those 
proposed by other researchers and design codes. 
Table 3.4: Comparison of statistical models for modulus of rupture 
Model Best-fit 
Lower-
bound 
Upper-
bound 
COV Distribution 
Proposed  
0.68
'0.44 cf   
0.68
'0.35 cf   
0.68
'0.56 cf  0.16 Lognormal 
Paultre and Mitchell (2003)  
0.67
'0.50 cf   
0.67
'0.35 cf   
0.67
'0.65 cf  0.16 - 
CEB FIP (2010)  
0.67
'0.45 cf   
0.67
'0.32 cf   
0.67
'0.59 cf  0.18 - 
JCSS (2012)  
0.67
'0.45 cf   
0.67
'0.28 cf   
0.67
'0.74 cf  0.30 Lognormal 
 
It should be noted that the coefficients of variation for the Paultre and Mitchell and CEB 
FIP (2010) models are calculated based on the provided lower and upper bound values. 
Results of fitting the probability density function have shown that the Gamma distribution 
provides the best-fit model for the model error. However, in order to have a model that is 
consistent with the JCSS model code (2012), the Lognormal distribution is used as the 
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probabilistic distribution of model error. The resulting goodness-of-fit measures for these 
distributions were very close. Figure 3.3 shows a histogram of the model error and the 
best-fit Lognormal distribution. 
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Figure 3.3: Best-fit probabilistic distribution for model error of the modulus of rupture 
3.3.3  Modulus of elasticity 
The modulus of elasticity (or Young’s modulus) is an essential parameter in calculating the 
deflection of structures. The static modulus of elasticity of concrete, Ec, is defined as the 
ratio of normal stress to the corresponding strain for tensile or compressive stresses. 
Design codes use the secant modulus of elasticity. The relationship between the modulus 
of elasticity and the specified concrete strength, according to ACI 318-11, is shown in Eq. 
3-16.  
 
'4700
c c
E f  
3-16 
 
According to CEB FIP (2010), Eq. 3-17 should be used to model concrete secant elasticity 
modulus. In this equation, the modulus of elasticity is related to the average concrete 
strength. This modulus of elasticity is defined as the slope of a line drawn from zero stress 
point to a point with 0.40f’c stress.  
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In Eq. 3-17, fcm is the average concrete strength. A similar equation is suggested by the 
JCSS model code. The probabilistic mode in the JCSS model code is shown in Eq. 3-18.  
 
1/3
3
10500
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E f Y  
3-18 
 
In Eq. 3-18, the factor Y3 accounts for factors not well accounted for by concrete 
compressive strength (e.g., gravel type and size, chemical composition of cement and 
other ingredients, climate conditions), and is a Lognormal variable, with mean and 
coefficient of variation of 1.0 and 0.15, respectively. The strength, fcij, is the random 
concrete strength, as defined in the previous sections.  
 
In order to provide a better insight into the probabilistic model for the modulus of elasticity, 
the Noguchi Laboratory database (2014) is used in this section to find the best-fit 
probabilistic model for concrete modulus of elasticity. The database contains more than 
2700 experimental data. Figure 3.4 illustrates scatter of the data. In this figure, the 
relationship between concrete modulus of elasticity and concrete strength is shown. The 
best-fit power function model to the experimental data as well as the lower and upper 
bound values are shown in the figure. For comparison, the models proposed by ACI 318-
11 and CEB FIP are also shown. A visual observation of the graphed models shows that 
the proposed and ACI models provide a better fit to the experimental data.  
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Figure 3.4: Scatter of data for modulus of elasticity and the proposed model 
The statistical analysis on the model error showed that the Normal distribution is the best-
fit probability density function. The histogram of the resulting model error, the fitted Normal 
distribution, and the mean and standard deviation of the model error are shown in Figure 
3.5. It can be seen that the mean value of 1.0 results, which indicates that the fitted model 
perfectly represents the experimental data. The resulting coefficient of variation, which is 
about 0.17, is in very good agreement with the Logan et al. (2009) study, in which a 
coefficient of variation of 0.16 resulted. 
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Figure 3.5: Best-fit probabilistic model error for the modulus of elasticity 
In order to compare performance of the models used for predicting the modulus of 
elasticity in a better way, a further statistical analysis is conducted. The statistical 
parameters of the model error corresponding to each of the aforementioned models are 
evaluated. Table 3.5 presents a comparison between the mean and coefficient of variation 
of model error for each of the models.  
Table 3.5: Comparison of statistical models for modulus of elasticity 
Model Equation Mean COV 
Proposed 
' 0.485600
c c
E f  1.01 0.17 
CEB FIP (2010) 
' 0.339980
c c
E f  0.86 0.18 
ACI 318-11 (2011) 
' 0.504700
c c
E f  0.91 0.17 
Logan et al. (2009) 
' 0.3310400
c c
E f  0.82 0.18 
Attard and Stewart (1998) 
' 0.51644414
c c
E f  0.90 0.17 
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It can be seen that all of the models result in nearly identical coefficients of variation. 
However, the resulting means of the model error are different. The good agreement 
among the predictive models for the modulus of elasticity shows that all of these models 
have adequate accuracy in predicting the modulus of elasticity. The coefficient of variation 
values reported by Attard and Stewart (1998), Logan et al. (2009) and the JCSS (2012) 
match the findings of this study. 
 
3.3.4  Poisson’s ratio 
According to the definition, the Poisson ratio is the negative ratio of the lateral to the axial 
strain. Poisson’s ratio has a role in calculating the deformation of RC structures, and it can 
be interpreted as the initial dilation rate. More insight into the dilation behaviour of concrete 
will be presented later. In this section, the elastic dilation rate, e.g. the Poisson ratio, is of 
interest. Both ACI 318 (2011) and CEB FIP (2010) recommend using the value of 0.20 for 
the Poisson ratio of concrete. 
 
Few probabilistic models can be found in the literature for the Poisson ratio. Mertol et al. 
(2008) used a database of 246 experimental results on the Poisson ratio. They found that 
the value of 0.20 is a suitable value for the Poisson ratio of concrete up to 138MPa. It was 
reported that the value of 0.20 represents the 44th percentile of the experimental data. 
Logan et al. (2009) reported that the mean and coefficient of variation of the Poisson ratio 
according to their experimental results are 0.17 and 0.07, respectively. It was observed 
that curing procedures and the age of the concrete have little or no effect on the Poisson 
ratio. 
 
In this section, an extensive experimental database on Poisson’s ratio is gathered. The 
database contains more than 630 experimental data on Poisson’s ratio, collected from 
various references in the literature (Swartz et al., 1985; Rashid et al., 2002; Tamuzs et al., 
2005; Mertol et al., 2008; Logan et al., 2009; Noguchi Laboratory Data, 2014). Figure 3.6 
shows scatter of data for concrete compressive strength and the Poisson ratio. Visual 
inspection of the experimental data in Figure 3.6 shows that there is a slight positive 
correlation between concrete compressive strength and the Poisson ratio. A linear 
regression analysis is shown in Figure 3.6. The R2 of the fitted line is about 0.08, which is 
considered a very weak correlation. A statistical correlation analysis showed that the 
correlation between the concrete compressive strength and the Poisson ratio is about 
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0.28. The reason for this positive correlation could be that high-strength concrete shows 
higher axial stiffness (modulus of elasticity), and as a reduction in axial strain (due to 
higher stiffness) has an adverse effect on Poisson’s ratio, high-strength concrete tends to 
lead to higher Poisson ratios. 
 
 
Figure 3.6: Scatter of experimental data for Poisson’s ratio 
Statistical analysis showed that the Normal distribution is the best-fit distribution to the 
histogram of the experimental data on Poisson’s ratio.  The histogram of the data, along 
with the best-fit Normal distribution, is shown in Figure 3.7. Average and standard 
deviations of the fitted Normal distribution are also shown in this figure. The results show 
that the Poisson ratio can be modelled using a Normal distribution with 0.20 average value 
and a coefficient of variation of about 0.12. Compared to the findings of Logan et al. 
(2009), the current proposed model possesses a higher coefficient of variation and a 
higher average value. Nevertheless, the difference is not considerable. It should be noted 
that the database used for calibrating the current model is larger than that used by Logan 
et al. (2009).  
 
y = 0.0003x + 0.1789 
R² = 0.0835 
0.00
0.10
0.20
0.30
0.40
0.0 50.0 100.0 150.0 200.0
P
o
is
s
o
n
 r
a
ti
o
 
f'c (MPa) 
 Chapter 3: Statistical models for variables affecting strength and ductility 40 
 
 
0.280.240.200.160.12
250
200
150
100
50
0
Poisson ratio
F
re
q
u
e
n
c
y
Mean 0.1984
StDev 0.02447
N 631
 
Figure 3.7: Histogram of experimental data for Poisson’s ratio 
In this study, Poisson’s ratio is treated as a random variable with the aforementioned 
statistical parameters. The correlation between Poisson’s ratio and concrete compressive 
strength will also be considered in the reliability analysis. 
 
3.3.5  Strain at peak stress 
After the point of maximum stress in the concrete stress-strain curve has been reached, 
the softening part of the concrete behaviour starts, and the concrete will move towards 
failure. The strain at peak stress, εc0, is the boundary between the ascending and 
descending branches of the concrete stress-strain curve. The ACI 318 (2011) design code 
does not have any direct recommendation for εc0. Eqs. 3-19(a & b) show the model 
suggested by EC2 (2004) for εc0. This model is recommended by EC2 (2004) for use in the 
parabolic stress-strain relationship of concrete. 
 
0
0.002 50.0
c ck
for f    3-19a 
 
0.53
0
0.002 0.000085 50 50.0
c ck ck
f for f      3-19b 
 
In Eq. 3-19, fck shows the characteristic concrete strength. As can be seen, Eq. 3-19 
suggests increasing εc0 by increasing the concrete compressive strength. Nonetheless, the 
rate of increase is not noticeable. In the JCSS model code, the following relationship 
between εc0 and concrete compressive strength is proposed for use in the concrete stress-
strain relationship.  
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In an early study, Hognestad et al. (1955) suggested a value of about 0.002 for the strain 
at peak stress of concrete. This value has been widely used in the proposed stress-strain 
relationships (Scott et al., 1982; Saatcioglu and Razvi, 1992). Tasdemir et al. (1998) 
proposed the following quadratic relationship (Eq. 3-21) for evaluating the strain at peak 
stress of concrete. 
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Although expressions relating εc0 to concrete compressive strength can be found in the 
available literature, a very limited number of probabilistic models can be found for this 
parameter. In this section, another extensive database of experimental data on εc0 is used 
to find a probabilistic model for this parameter. The collected database contains data from 
various sources (Iravani, 1996; Toutanji, 1999; Xiao and Wu, 2000; Pessiki et al., 2001; 
Harries and Kharel, 2003; Lam and Teng, 2004; Logan, 2005; Lam et al., 2006; Jiang and 
Teng, 2007; Cui, 2009; Mohamed and Masmoudi, 2010; Xiao et al., 2010; Ozbakkaloglu 
and Lim, 2013; Noguchi Laboratory Data, 2014). More than 450 experimental data, 
covering concrete strength up to 150MPa, are included in the database. Figure 3.8 shows 
scatter of the collected data. For the sake of comparison, the models proposed by EC2, 
the JCSS model code and Tasdemir et al. (1998) are also shown in this figure. The best-fit 
line, as well as the average of the data, is also shown. A clear positive correlation exists 
between εc0 and concrete compressive strength. This positive correlation is acknowledged 
in all of the aforementioned models. According to the collected data, the JCSS (2012) and 
EC2 (2004) models underestimate the εc0 value, while the Tasdemir et al. (1998) model 
tends to overestimate it.  
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Figure 3.8: Scatter of experimental data for εc0 strain 
In order to compare the accuracy of the models previously mentioned and the newly fitted 
models, further statistical analysis on the model error (ratio of the actual to the model) was 
carried out. Averages and coefficients of variation of the model error were calculated and 
compared to each other. Linear and Power functions were used for fitting the experimental 
data. Table 3.6 summarises the results of the statistical analysis performed on the model 
error of predictive models. The Tasdemir et al. (1998) model overestimates εc0 for high-
strength concrete, while it underestimates it for low-strength concrete. The proposed 
Linear and Power models perform better than the other models. The JCSS and EC2 
models clearly underestimate εc0. Nevertheless, this underestimation is not significant. 
Table 3.6: Comparison of statistical models for εc0 
Model Equation Average COV 
Proposed Linear  ' 32.1 0.009 10cf    0.97 0.17 
Proposed Power  
0.182
'0.0012 cf  1.04 0.17 
Proposed Average 000256 1.00 0.19 
JCSS (2012)  
0.167
'0.0011 cf  1.21 0.17 
EC2 (2004) 
0
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c ck
for f    
 
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Tasdemir et al. (1998) 
'2 '( 0.067 29.9 1053) 0.0001
c c
f f     1.06 0.26 
 
According to the statistical analysis, the correlation between εc0 and concrete compressive 
strength is about 0.48, which is a noticeable correlation. If the Power model is used as the 
best-performing model, the best-fit probability density function fitting the resultant model 
error should be investigated. In Figure 3.9, a histogram of this model error, as well as the 
best-fit probability density function, is shown. 
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Figure 3.9: Histogram and best-fit distribution for εc0 strain model error (Power function) 
The Lognormal distribution is the best-fit model for representing the model error for the εc0 
parameter. The mean and coefficient of variation of the Lognormal-fitted model error are 
1.04 and 0.17 respectively, which match the statistical measures of the model error 
perfectly. 
 
3.3.6  Ultimate strain 
One of the most influential parameters in the design of RC members is the ultimate strain 
of unconfined concrete. The ultimate state in the design of RC sections is generally 
defined based on this parameter. In fact, the design of RC sections is a displacement-
based (here, strain) philosophy rather than a force-based one. Furthermore, the ultimate 
strain of concrete is the most important parameter affecting the ductility of RC members. 
Therefore, in assessing the ductility of RC structures, finding a reliable model for this 
parameter is very important. Two sources of experimental data for the ultimate strain of 
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concrete are available: data from tests on concrete brackets that are used for the 
derivation of ERSB parameters; and test data obtained from RC members tested to failure. 
In this section, data from experimental tests of flexural RC members are investigated. A 
probabilistic model for data obtained for ERSB will be later discussed. 
 
For the sake of simplicity, many design codes use a single lower bound value for this 
parameter. For example, the ACI 318 design code uses 0.003 for the ultimate strain of 
concrete. In the CEB FIP (2010), for normal-strength concrete, 0.0035 is used as the 
ultimate strain. However, for high-strength concrete the ultimate strain decreases in a 
linear fashion. Eqs. 3-22(a & b) show the expression used in the CEB FIP (2010) for 
calculating the ultimate strain of unconfined concrete.  
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Eq. 3-22 shows that the CEB FIP (2010) reduces the ultimate strain of concrete for high-
strength concrete. It is believed that the ductility of high-strength concrete is less than that 
of normal-strength concrete.  
 
Some probabilistic models for the ultimate strain of concrete were found in the literature. 
Tzeros (Trezos, 1997) proposed a mean of 0.0035, a coefficient of variation of 0.15, and a 
Normal probability density function for the ultimate strain of unconfined concrete. This 
model has been used by other researchers (Lu and Gu, 2004; Aydemir and Zorbozan, 
2011). In JCSS, the probabilistic model shown in Eqs. 3-23(a & b) is presented for the 
ultimate strain of concrete. 
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  3-23a 
 4 1.0,0.15Y LN  3-23b 
 
According to Eq. 3-23, there is a negative correlation between the ultimate strain of 
concrete and the concrete compressive strength. This negative correlation is 
acknowledged by CEB FIP (2010) as well. The parameter Y4 accounts for any other 
uncertainty that is not included in the concrete compressive strength, such as the climate 
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effect, the chemical composition of cement, and other parameters. The JCSS model is one 
of the most complete models available in the literature.  
 
One of the most important issues in dealing with probabilistic models for the ultimate 
measures is the difficulty in measuring these values. The use of electronic strain gauges is 
problematic, since before reaching the ultimate state, strain gauges attached to the 
concrete surface become disconnected or dysfunctional. In one of the earliest studies on 
the flexural behaviour of RC beams, Mattock (1965) used electrical resistance strain 
gauges to measure the strain in the tensile bars and the compressive side of concrete. In 
addition to these strain gauges, the average strain over a length equal to the effective 
depth of beams was measured, using linear differential transformers mounted on the 
concrete surface. Mattock reported that many of the electrical strain gauges became 
inoperative at the higher loads, and conditions at ultimate load were determined primarily 
from readings of the differential transformers. The same instrumental devices were later 
used by Corley (1966). Bernardo and Lopes (2003) investigated the ductility of RC beams 
with high-strength concrete. They reported that near the ultimate state, readings of the 
strain became rare, and eventually impossible to attain. At this stage, the concrete cover 
on the compressive side was lifted, expelling the strain gauges. The extensometer is 
another useful tool for measuring the ultimate strain of concrete. However, using this 
device does not lead to the point of strain. Instead, the average strain is the only result, 
and the accuracy depends on the length of the extensometer.  
 
Debernardi and Taliano (2002) used linear potentiometers for measuring the strains at the 
top and bottom sides of RC beams. The length of each extensometer was equal to the 
height of the beam. Figure 3.10 shows the arrangement of the measuring instruments 
used in their research. The resulting strain does not represent the actual maximum strain, 
but rather the average strain at the mid-span of the beam. 
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Figure 3.10: Position of measuring instruments (Debernardi and Taliano, 2002) 
Another important issue in measuring the ultimate strain of concrete is that some 
researchers believe this strain to depend on the size of the compressive zone, e.g. neutral 
axis depth and the beam section’s dimension and length. Both Mattock (1965) and Corley 
(1966) showed that the maximum concrete compressive strain had an inverse relation with 
the distance from zero bending moment to point of maximum bending moment (shear 
span length). Corley proposed a lower bound expression relating the concrete’s ultimate 
strain to the inverse of this distance. Weiss et al. (2001) conducted an experimental 
investigation to determine whether the flexural response of reinforced concrete beams was 
size (length) dependent. They concluded that the strain at the ultimate moment appeared 
to vary slightly as a function of specimen size. No size dependence was observed for the 
moment-carrying capacity. It was also shown that the overall ductility of the beams was 
dependent on the constant-moment zone length, with larger specimens demonstrating a 
more brittle response. Debernardi and Taliano (2002) proposed a power function relating 
the ultimate strain to the compression zone height. On the other hand, according to Alca et 
al. (1997), measured rotations, extreme compression fibre strains, and flexural strengths 
indicated that there was no apparent effect of size on either deformation capacity or 
flexural strength. As it is not clear whether size can affect the ultimate strain of concrete or 
not, and, if it does have an effect, what that relation is between this parameter and the 
beam size. In this study, the size effect is not considered. Discussion on the size effect 
and the way it would affect the ductility of RC members is beyond the scope of this 
dissertation. It is worth mentioning that none of the current design codes reflect the size 
effect on the ultimate strain of concrete. 
 
By surveying the current literature, an extensive experimental database on the ultimate 
strain of concrete was collected. This database contains experimental results for the 
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flexural behaviour of RC members. Different types of concrete materials and a wide range 
of concrete strengths are covered in this database. Table 3.7 shows the references used 
in this database, as well as the method of measuring the ultimate concrete strain.  
Table 3.7: Experimental database for ecu 
Reference No. f’c Instrument 
Mattock et al. (1961) 111 8.5-56.5 Not available 
Mattock (1965) 6 25.0-28.0 
Electrical resistance strain 
gauges and differential 
transformers 
Swartz et al. (1985) 2 84.0 
Foil gauges mounted on both 
sides of the RC beams 
Shuaib and Baker (1991) 6 37.0-80.0 
LVDT located approximately 
12.7mm below the extreme 
fibre in compression 
Shuaib and Batts (1991) 6 46.0-81.0 
LVDT located approximately 
12.7mm below the extreme 
fibre in compression 
Hansen and Tomaszewicz (1993) 11 
74.6-
108.5 
Strain gauges glued to the 
top surface 40 mm from each 
edge 
Alca et al. (1997) 12 43.8-90.3 
2-in demec (demountable 
mechanical) gauge 
Mansur and Wee (1997) 11 60-110 
Surface-mounted strain 
gauge 
Ko et al. (2001) 35 66.6-82.1 Electrical strain gauges 
Lin and Lee (2001) 21 30.0-61.0 
Curvature gauges examined 
by the strain profiles 
measured from the strain 
gauges on the longitudinal 
reinforcement 
Weiss et al. (2001) 16 
39.8-
108.3 
25mm surface-mounted 
strain gauge 
Rashid and Mansur (2005) 16 
42.8-
126.2 
Surface-mounted strain 
gauge 
Bengar and Maghsoudi (2007) 8 56.3-72.8 
Demec points (mechanical 
strain gauges) 
Srikanth et al. (2007) 6 39.0-48.0 Horizontal LVDT 
Jang et al. (2008) 23 40.0-75.0 
LVDTs centred on the beam 
centre and twice the effective 
height of the beam distance 
away from the centre 
Maghsoudi and Sharifi (2009) 6 66.0-78.0 Electrical strain gauge 
Sin et al. (2011) 21 20.0-72.0 Electrical strain gauge 
Carmo et al. (2013) 13 46.0-63.0 LVDTs (660mm length) 
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The database shown in Table 3.7 contains 330 experimental results for the ultimate 
concrete strain. As is seen, different instruments have been used for measuring the 
ultimate strain. This inconsistency in methods used for measuring the ultimate strain is one 
of the contributing factors to the uncertainty in evaluating this strain. Furthermore, the 
recorded ultimate state does not necessarily represent the actual ultimate state. For 
example, in some cases, the ultimate state shows initiation of crushing in concrete. As the 
strain gauges become disturbed due to concrete distress, the real crushing strain may be 
much higher than the last recorded value. This also explains why some of the results from 
other researchers have very low crushing strain values and a wide range of strains for 
beams having the same strength. All of the above test results apply to RC members tested 
under flexural four-point loading (with a uniform moment region at the mid span). 
Therefore, these results show the ultimate flexural strain of concrete, and are suitable for 
investigating the behaviour of flexural members.  
 
Figure 3.11 depicts scatter of the experimental data for the ultimate strain of concrete, 
based on the collected database. For the sake of comparison, the models proposed by 
ACI 318, CEB FIP and JCSS are also shown in the graph. The data are widely scattered 
(from 0.002 to 0.007) and there is no evidence of any considerable correlation between the 
concrete compressive strength and the ultimate strain of concrete. The average value of 
the ultimate concrete stain is about 0.0037, and the coefficient of variation is 0.21. A very 
slight negative statistical correlation of about -0.08 is calculated from the experimental 
database.  
 
 
Figure 3.11: Scatter of experimental data for εcu 
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Table 3.8 shows a comparison between the accuracies of different models. Statistics for 
the model error are shown. The resulting coefficient of variation in this study is bigger than 
that in the probabilistic model of JCSS. It is believed that the ACI 318 value provides a 
lower bound value for the ultimate concrete strain. According to the empirical cumulative 
probability distribution of the test data, the value of 0.003 (proposed by ACI) corresponds 
to a percentile value of about 15%, indicating reliability of about 85% for this value. A strain 
value of about 0.0025 corresponds to the  5th percentile value. 
Table 3.8:  Comparison of statistical model errors for εcu 
Model Equation Average COV 
Proposed  0.0037 1.00 0.21 
JCSS (2012)  
1/6
'0.006
cu c
f

  1.17 0.23 
CEB FIP (2010) 
0.0035 50.0
cu ck
for f    
4
90
0.0026 0.0035 50.0
100
ck
cu ck
f
for f
 
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 
 
1.20 0.25 
ACI 318 (2011) 0.003 1.24 0.21 
 
As the final step in this probabilistic investigation of the ultimate strain of concrete, the 
best-fit distribution to the experimental data is studied. The statistical analysis showed that 
the Lognormal distribution is the best fit for the ultimate concrete strain. A histogram of the 
test data and the fitted Lognormal distribution and its parameters are shown in Figure 3.12. 
The Lognormal distribution perfectly fits the histogram of the data. The findings are in line 
with the probabilistic model proposed by JCSS.  
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Figure 3.12: Histogram of experimental data for εcu 
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3.4 Rebar steel properties 
The most important mechanical properties of steel are Young’s modulus, yield stress, 
ultimate stress and the ultimate (or rupture) strain. Having these parameters, it is possible 
to define unambiguously the rebar steel’s behaviour expressed by the stress-strain curves. 
In Figure 3.13, the typical stress-strain curve for hot-rolled steel is presented. This stress-
strain curve is used in the CEB FIP (2010) design codes. The plateau part of the stress-
strain curve (between the yielding point and stress hardening point) is neglected. The 
concept of using a bilinear curve for the stress-strain relationship of rebar steel is also 
recommended by JCSS. 
 
It is assumed that the tensile and compressive behaviours of rebar steel are identical. For 
the bars located on the compression side, there is a possibility of buckling or crippling. The 
possibility depends on the rebar diameter and the spacing between the stirrups (the 
slenderness of the rebar). Analytical models for considering these phenomena can be 
found in the literature (Urmson and Mander, 2011). 
 
 
Figure 3.13: Typical stress-strain of rebar steel 
Depending on the ductility, CEB FIP (2010) defines four classes for rebar steel materials. 
These classes are defined by minimum specified values for the characteristic value of the 
ultimate to yield stress ratio, and the total elongation at maximum stress. Eqs. 3-24(a to d) 
show the categorisation of steel rebar materials, based on CEB FIP (2010). 
 
 : / 1.05 2.5%u y uk
k
Class A f f and    3-24a 
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 : / 1.08 5%u y uk
k
Class B f f and    3-24b 
 : / 1.15 1.35 7%u y uk
k
Class C f f and and     3-24c 
 : / 1.25 1.45 8%u y uk
k
Class D f f and and     3-24d 
 
All of the parameters in Eq. 3-24 are shown in Figure 3.13. The characteristic value in Eq. 
3-24 corresponds to the 5th percentile value. Class A represents cold-worked rebar steel 
with very limited ductility. Class B represents hot-rolled rebar material with medium 
ductility. Classes C and D rebar steel are suitable for seismic zones where high ductility is 
required. Similar sorts of classification can be found in EC2 (2004).  
 
3.4.1 Yield stress 
As the yield stress of steel is the most important parameter affecting the flexural strength 
of RC members, a considerable number of statistical models can be found for the yield 
stress of steel rebar. According to JCSS, the yield stress of steel bars can be defined as 
the sum of three independent Normal variables. Thus, the overall standard deviation of 
30MPa results. The relation between the characteristic and mean value of the yield stress 
is defined as shown in Eq. 3-25. 
 
2
ym yk
f f    3-25 
 
In Eq. 3-25, σ is the standard deviation, and fym and fyk are the average and characteristic 
values of yield stress, respectively. Table 3.9 summarises some of the proposed 
probabilistic models for the yield stress of steel rebar. 
Table 3.9: Summary of statistical models for yield stress of steel rebar (MPa) 
Reference Type Nominal Bias COV Distribution 
Allen (1972) G40 275 1.25 0.074 Normal 
Mirza and Macgregor (1979a) 
G40 275 1.22 0.107 Beta 
G60 420 1.16 0.093 Beta 
Sobrino (1993) S500 500 1.20 0.081 Lognormal 
Pipa (1995) S500 500 1.17 0.050 - 
De Stefano et al. (2001) S500 500 1.09 0.03 Normal 
Nowak and Szerszen (2003) G60 420 1.15 0.050 Normal 
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Bournoville et al. (2004) 
G40 275 1.39 0.086 Beta 
G60 420 1.16 0.068 Beta 
G75 520 1.10 0.050 Beta/Normal 
Wisniewski et al. (2012) S500 500 1.21 0.060 Normal/Lognormal 
Galasso et al. (2011) S500 500 1.10 0.060 Normal 
 
This summary shows that higher-strength steel materials show a lower bias factor and 
coefficient of variation. Wisniewski et al. (2012) suggested that for old steels, a bias factor 
and coefficient of variation of 1.20 and 0.10 be used, while for modern steels, a bias factor 
and coefficient of variation of 1.15 and 0.05 are recommended. 
 
3.4.2 Ultimate stress 
If a stress-strain model where the post-yield stiffness of the steel material is considered, 
the ultimate stress of the material is required. The ultimate strength and strain of rebar 
steel represent the ultimate state point of the material. JCSS provides only the standard 
deviation of 40MPa for the ultimate stress. JCSS suggests that the uncertainty in 
estimating the ultimate stress is higher than for yield stress. The bias factor and coefficient 
of variation are not provided in this code. For using the probabilistic model of JCSS, it 
might be useful to apply the provided standard deviation, with the suggested minimum 
ratio of ultimate to yield stress in CEB FIP (2010). The Normal distribution may be used for 
representing the ultimate stress of rebar steel. Table 3.10 summarises some of the 
statistical models available in the literature for the ultimate stress. 
Table 3.10: Summary of statistical models for ultimate stress of steel rebar (MPa)  
Reference Type Mean COV Distribution 
Mirza and Macgregor (1979a) 
G40 517 0.108 Beta 
G60 759 0.093 Beta 
Sobrino (1993) S500 690 0.078 - 
Pipa (1995) S500 680 0.042 - 
Bournoville et al. (2004) 
G40 560 0.073 Beta 
G60 725 0.067 Beta 
G75 790 0.047 Beta/Normal 
Wisniewski et al. (2012) S500 690 0.049 Normal/Lognormal 
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Galasso et al. (2011) S500 657 0.060 Normal 
 
 
3.4.3  Modulus of elasticity 
In comparison to the yield strength, the modulus of elasticity is considered less uncertain. 
In JCSS, a constant value of 205GPa is recommended for Young’s modulus, and the 
uncertainty in this parameter is neglected. Allen (1972) suggested a mean of 201GPA and 
coefficient of variation of 0.016 with Normal distribution for the modulus of elasticity. Mirza 
et al. (1979a) reported that the modulus of elasticity follows Lognormal distribution, with a 
mean equal to 201GPA and a coefficient of variation of 0.033. Wisniewski et al. (2012) 
suggested a range of 1.01-1.03 for the bias factor, while a range of 0.01-0.049 was 
proposed for the coefficient of variation. It was reported that both Normal and Lognormal 
probability distribution functions could accurately describe the variability of most of the 
properties of reinforcing steel bars, including the modulus of elasticity. 
 
3.4.4 Ultimate strain (elongation) 
The ultimate strain of rebar steel is perhaps the most important parameter affecting the 
ductility of RC members. This ultimate strain is another criterion, in addition to the ultimate 
compressive strain of confined concrete, for the ultimate limit state of RC members. 
However, as previously discussed, in many practical cases, the ultimate state of RC 
members is governed by crushing of concrete. Therefore, the ultimate strain of steel would 
not have any appreciable effect on ductility. As Eq. 3-24 showed, the CEB FIP (2010) 
requires that the characteristic values of elongation satisfy some minimum values. In 
JCSS, only the coefficient of variation of 0.09 is provided for the ultimate strain of rebar 
steel. Table 3.11 summarises some of the statistical models available in the literature for 
the ultimate strain. 
Table 3.11: Summary of statistical models for ultimate strain of steel rebar 
Reference Type Mean COV Distribution 
Sobrino (1993) S500 0.230 0.127 - 
Pipa (1995) S500 0.094 0.149 - 
De Stefano et al. (2001) S500 0.106 0.103 Normal 
Bournoville et al. (2004) G40 0.187 0.150 Normal 
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G60 0.116 0.180 Normal 
G75 0.120 0.140 Normal 
Wisniewski et al. (2012) S500 0.135 0.192 Normal/Lognormal 
Galasso et al. (2011) S500 0.267 0.200 Normal 
 
3.4.5 Rebar area 
The rebar area is one of the random variables that relate to dimensional parameters. 
However, because it is correlated to the mechanical properties of rebar steel, it is 
discussed in this section. According to the JCSS, a bias factor and coefficient of variation 
of 1.00 and 0.02 can be used for the statistical model of the rebar area. No specific 
probability density function is recommended. A summary of probabilistic models proposed 
for the rebar area is shown in Table 3.12. As this table shows, there is general agreement 
that the bias factor of the rebar area is around 1.00, and that the coefficient of variation is 
about 0.02.  
Table 3.12: Summary of statistical models for rebar area 
Reference Bias COV Distribution 
Mirza et al. (1979a) 0.99 0.024 Normal 
Israel et al. (1987) 1.00 0.030 Normal 
Sobrino (1993) 1.00 0.021 - 
Nowak and Szeszen 
(2003) 
1.00 0.015 Normal 
Wisniewski et al. (2012) 0.92-0.94 0.043-0.044 Normal/Lognormal 
 
3.4.6 Correlation among properties of steel rebar 
The mechanical properties of steel rebar are correlated with each other. For example, a 
higher yield or ultimate stress has an adverse effect on the ultimate elongation capacity of 
the material. On the other hand, the yield and ultimate stresses are positively correlated. 
The most comprehensive correlation model can be found in the JCSS code. Table 3.13 
shows the correlations between all of the parameters of steel material, according to this 
model code. 
 
 
 Chapter 3: Statistical models for variables affecting strength and ductility 55 
 
 
Table 3.13: Correlations among parameters of reinforcing steel (JCSS, 2012) 
 
Rebar 
area 
Yield 
stress 
Ultimate 
stress 
Ultimate 
strain 
Rebar area 1.00 0.50 0.35 0.00 
Yield stress 0.50 1.00 0.85 -0.50 
Ultimate stress 0.35 0.85 1.00 -0.55 
Ultimate strain 0.00 -0.50 -0.55 1.00 
 
 
3.5 FRP properties 
FRP is a composite material made of a polymer matrix, called resin, which is reinforced 
with fibres. Although the strength and stiffness of an FRP are governed by the fibres, the 
overall material properties depend also on the mechanical properties of the matrix, the 
fibre volume fraction (the volume of fibres per unit volume of FRP), the fibre cross-
sectional area, the orientation of the fibres within the matrix, and the method of 
manufacturing. Interaction between the fibres and the matrix gives FRP material its unique 
physical and mechanical characteristics. The orientation of the fibres within the matrix is a 
key consideration in the design and use of FRP materials. The FRP laminate thickness (or 
number of plies) is another important parameter that could affect the mechanical 
properties of FRP material. Considering these factors, the mechanical properties of FRP 
composite material shows high uncertainty.  
 
In the area of structural engineering, there are two major techniques for manufacturing 
FRP laminates. Wet lay-up, sometimes referred to as hand lay-up or contact melding, is an 
FRP manufacturing technique often used in structural rehabilitation applications, where 
FRP sheets or fabrics are bonded to the exterior of reinforced concrete. Because this 
technique is manually implemented, difficulties in controlling the fibre orientation and 
volume fraction can result in higher uncertainties in the mechanical properties of the FRP 
laminates. In wet lay-up systems, the fibre volume is in the range of 25 to 40%. Filament 
winding is another technique for manufacturing FRP composite laminates. However, this 
technique has limited applications – prefabricated FRP tubes and pipes are the most 
common applications of this technique in the area of structural reliability. In this technique, 
the placement and alignment of fibres are controlled by computer. Therefore, due to this 
higher quality production, a lower level of uncertainty in the mechanical properties of the 
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FRP laminates is expected. Because the fibre volume influences the gross-laminate 
properties, prefabricated laminates usually have higher mechanical properties than 
laminates created using the wet lay-up technique. 
 
The standard tensile coupon test is used for measuring the mechanical properties of FRP 
laminates. ACI 440 (2008) recommends using ASTM D3039 (2000) for conducting an 
experimental program for derivation of the mechanical properties of FRP laminates. In 
Figure 3.14, the test arrangement of a standard CFRP tensile coupon is shown 
schematically. The tensile coupon test will uncover the important properties of modulus of 
elasticity, ultimate strain and ultimate strength. After making the FRP panels and the 
curing time, the panels are cut to form tensile coupons that were 25mm wide and 250mm 
long. Different fibre directions can be used in the standard coupon test. However, the use 
of fibres with zero direction angle (with respect to stress direction) is the most common 
arrangement for measuring the mechanical properties of FRP laminates. The specimens 
are tested along the fibre direction, in uniaxial tension. The properties of FRP confinement 
systems are generally reported based on fibre sheet thickness or based on FRP laminate 
thickness. Since the mechanical properties of FRP material are highly affected by the fibre 
volume fraction, especially in wet lay-up application, properties derived based on laminate 
thickness are more realistic. It is worth mentioning that only by incorporating the laminate-
based properties can the uncertainty in the manual wet lay-up application (including the 
number of layers) be allowed.  
 
 
Figure 3.14: Arrangement for tensile testing of FRP material 
According to ACI 440 (2008), manufacturers should report an ultimate tensile strength, 
which is defined as the mean tensile strength of a sample of test specimens minus three 
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times the standard deviation and, similarly, report an ultimate rupture strain. This approach 
provides a 99.87% probability that the actual ultimate tensile properties will exceed these 
statistically-based design values for a standard sample distribution. A minimum number of 
20 samples should be used to determine the ultimate tensile properties. 
 
The statistical data for the material properties of FRP systems are essential for developing 
the probabilistic-based design philosophy for FRP strengthening of concrete structures. 
Some statistical data for FRP properties are available in the literature. He and Li (2008) 
concluded that more publicly accessible databases for FRP materials are urgently needed. 
One of the most comprehensive probabilistic studies on the mechanical properties of FRP 
composites was conducted by Atadero (2006). In this dissertation and some companion 
papers, extensive statistical analyses of the mechanical properties of composites, 
including the thickness, modulus of elasticity and the ultimate strength, were conducted. In 
these statistical analyses, carbon fibres with nominal tensile strength and modulus of 
4.9GPa and 230GPa were used. The nominal properties of FRP laminate, based on the 
use of a two-layered laminate normalised to a thickness of 2.03mm, were determined from 
the supplier, and they were 64.91GPa and 887.08MPa for tensile modulus and strength, 
respectively. Based on the goodness-of-fit, the Lognormal distribution was the best 
descriptor for modulus, whereas the Weibull distribution was the best descriptor for 
strength and thickness. Table 3.14 summarises the statistical models for the mechanical 
properties of FRP laminate, based on Atadero’s (2006) study. 
Table 3.14: Statistical models of FRP ply (Atadero et al., 2005) 
Parameter 
No. 
of 
plies 
Sample Distribution parameters 
  Nominal Mean COV Type Par 1 Par 2 
Thickness 
(mm) 
1 1.19 1.10 0.044 
Weibull 
24.43 0.112 
2 2.39 1.88 0.032 54.45 0.190 
3 3.58 2.74 0.045 23.25 0.280 
Modulus of Elasticity 
(GPa) 
1 64.9 70.4 0.134 
Lognormal 
4.245 0.133 
2 64.9 78.6 0.084 4.365 0.089 
3 64.9 79.9 0.095 4.377 0.091 
Ultimate strength 
(GPa) 
1 887.1 1043.7 0.121 
Weibull 
8.648 1066.2 
2 887.1 1100.6 0.122 9.881 1158.3 
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3 887.1 1008.3 0136 8.83 1078.9 
 
In Atadero et al. (2005), the statistical properties of wet lay-up FRP were based on the 
laminate thickness, and they examined different layers of FRP. As can be seen in Table 
3.14, the statistical models for different layers of FRP sheets are not completely similar. 
For the ultimate strength, the coefficient of variation increases with added layers. However, 
for the thickness and modulus of elasticity, no specific conclusion can be made for the 
coefficient of variation.  
 
Atadero et al. (2005) reported that the mechanical properties of FRP plies are correlated. 
Table 3.15 shows the reported correlation coefficients among the mechanical properties. 
Except for the 3-layer case, there is a negative correlation between the FRP ply thickness 
and the modulus of elasticity and the ultimate strength. This means that increasing the 
FRP thickness (or number of plies) has an adverse effect on the mechanical properties of 
FRP composite. Because controlling the fibre fraction volume for thicker laminates is more 
difficult, this negative correlation is expected (thicker composites may indicate excess 
resin between the concrete and FRP or between layers of the FRP). As additional layers 
are added, it also becomes more difficult to keep all of the fibres aligned, which can lower 
the strength and modulus of multi-layer composites. 
Table 3.15: Correlations among parameters of FRP plies (Atadero et al., 2005) 
 Strength and thickness Strength and modulus Modulus and thickness 
1 layer -0.695 0.099 -0.311 
2 layers -0.111 0.228 -0.261 
3 layers 0.486 0.055 0.011 
 
In another study, Atadero and Karbhari (2009) reported different correlation coefficients for 
mechanical properties of FRP plies. The correlation between thickness and strength, 
strength and modulus, and thickness and modulus were reported as -0.517, 0.313 and -
0.362 respectively. These results confirm the negative correlation between the thickness 
and strength, and thickness and modulus of elasticity of FRP composite. The positive 
correlation between the modulus of elasticity and the ultimate strength is expected, since 
better quality production improves both the ultimate strength and the modulus of elasticity. 
From observation of the relationship between the number of FRP layers and the 
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mechanical properties of FRP material, Atadero and Karbhari (2009) proposed a simple 
but conservative reduction factor, as shown in Eq. 3-26.  
 
1.1 0.1
layer
number of layers     3-26 
 
Eq. 3-26 was proposed based on sets of up to four layers. It should be noted that the 
above equation provides only a guess, and the extent of reduction according to the 
experimental results is not clear. In reliability analyses, using a negative correlation 
between the laminate thickness and the mechanical properties of FRP might be adequate, 
and such a reduction factor might not be required.  
 
Some other statistical models for mechanical properties of FRP material can be found in 
the literature. However, none of these models directly targeted the statistics for FRP 
mechanical properties. Table 3.16 summarises some of these statistical models. 
Table 3.16: Summary of statistical models used for FRP material in the literature 
Reference Parameter Dist. Nominal Bias COV 
Pelvris et al. (1995) 
Failure 
strain 
Weibull - 1.33 
0.074-
0.100 
Pilakoutas (2002) 
Strength 
CFRP 
Normal 1272 MPa 1.08 0.05 
Strength 
GFRP 
Normal 747 MPa 1.08 0.05 
Modulus 
CFRP 
Normal 106 GPa 1.08 0.05 
Modulus 
GFRP 
Normal 46 GPa 1.08 0.05 
Monti and Santini (2002) 
Strength - 4036 MPa 1.11 0.078 
Strength - 3644 MPa 1.16 0.066 
Okeil et al. (2002) 
Failure 
strain 
Weibull - 1.10 0.022 
Val (2003) Strength Lognormal Mean = 1600 MPa - 0.15 
He and Jiang (2007) 
Strength Weibull 1880.2 MPa 1.25 0.075 
Strength Normal 3644.0 MPa 1.16 0.083 
Pham and Al-Mahiadi (2008) Strength Weibull - 1.10 0.120 
Lee et al. (2010) Thickness Normal Mean = 4.35 mm - 0.100 
Wang et al. (2010) 
Strength Weibull 221 N/mm 1.72 0.24 
Strength Weibull 275 N/mm 1.48 0.18 
Strength Weibull 358 N/mm 1.28 0.12 
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Strength Weibull 1463 N/mm 1.09 0.04 
He and Qiu (2011) 
Strength Normal 688.5 MPa 1.18 0.050 
Strength Normal 1085.9 MPa 1.12 0.037 
Zou and Hong (2011) Strength Lognormal - 1.33 0.15 
 
The statistical models given for Wang et al. (2010) come from four sets of statistics 
obtained from available coupon tests. Four different levels of workmanship in FRP plate 
manufacturing, ranging from field-manufactured composite (average quality control) to 
shop-manufactured composite (good quality control), are shown in Table 3.16. As the table 
shows, a majority of the available models deal with the ultimate strength of FRP material. 
There is no general agreement on the probability density function representing the ultimate 
strength. However, Weibull distribution is the most frequently used probability density 
function used for representing the statistical model for the ultimate strength of FRP. The 
reported coefficients of variation for FRP ultimate strength range from 0.037 to 0.24, 
showing a very wide disparity. Few studies regarding the statistical models for FRP 
modulus of elasticity and thickness can be found in the literature.  
 
3.6 Plastic hinge length 
In nonlinear analysis of flexural members in continuous RC beams and moment resisting 
frames, the plastic hinge method is widely used. In addition to simplicity, nonlinear analysis 
based on plastic hinge concept (lumped plasticity) is faster than other nonlinear 
procedures, such as the fibre model. In the plastic hinge method, the plastic deformations 
are concentrated at an equivalent region, called the plastic hinge length. Figure 3.15 
provides a graphical definition of the plastic hinge concept in nonlinear analysis of flexural 
RC members. As can be seen, the actual curvature variation along the flexural member is 
replaced by an elastic curvature variation plus an equivalent plastic rotation. The plastic 
hinge length is calculated in a way that the actual plastic rotation in the member becomes 
equal to the equivalent plastic rotation in the plastic hinge length. When an RC member 
responds into inelastic stage, the inelastic rotation occurs over a length near the critical 
section, where the bending moment exceeds the yield moment of the section. This 
inelastic rotation is customarily represented by the product of the inelastic curvature at the 
critical section and an equivalent plastic length. When the plastic hinge method is used, 
the entire RC member behaves in elastic manner, while all the plastic deformations occur 
 Chapter 3: Statistical models for variables affecting strength and ductility 61 
 
 
at the plastic hinge region. The accuracy and performance of the plastic hinge method 
depend to a large extent on the accuracy in defining the plastic hinge length. 
 
 
Figure 3.15: Definition of the plastic hinge 
 
The plastic hinge of RC members has been an interesting and complicated subject for 
researchers. However, due to the high complexity and difficulty involved, the behaviour of 
plastic hinges of RC members has been investigated widely through experimental studies. 
Many of the existing models relate the plastic hinge length to the effective depth of the 
cross-section, d, or in a combined manner with the distance between the points of 
maximum and zero bending moments, z (shear span). In order to consider the bond slip 
effect (from the fixed end such as the beam-column intersection), some of the available 
models suggest that the plastic hinge length be a function of z and the diameter of 
longitudinal bars. Other parameters, such as level of axial force (for columns), are also 
included in models proposed for the calculation of plastic hinge length. Dependence of the 
plastic hinge length on variables such as steel configuration, axial load level, rebar 
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percentage, yield stress of rebar steel, and concrete compressive strength is not clear. For 
example, Park et al. (1982) and Mendis (2001) have shown that the plastic hinge length is 
not sensitive to the axial load. In contrast, Bae and Bayrak (2008) have shown that axial 
force is one of the influential factors in calculating the plastic hinge length, and they 
proposed a predictive equation for plastic hinge length that involves axial force. Zhao et al. 
(2012) used an analytical procedure for investigating the parameters having most 
influence on the plastic hinge length. They concluded that none of the existing empirical 
models for prediction of plastic hinge length has correctly included all major factors that 
significantly affect the result. It was found that, in addition to the previously known 
parameters (z and d), tensile and compressive rebar percentages and the post-yield 
stiffness of the rebar steel material are the most important parameters affecting the plastic 
hinge length.  
 
Table 3.17 provides a summary of the proposed models for the plastic hinge of RC beams 
and columns. In Table 3.17, d and h are the effective and overall depths of the cross-
section, respectively. The parameters fy and f’c are the yield stress of longitudinal rebar 
and the concrete compressive strength, respectively. Parameter db is the maximum 
diameter of the longitudinal rebar, and z is the distance between the maximum and zero 
bending moments along the flexural member. 
Table 3.17: Some of the proposed models for plastic hinge length 
Reference Plastic hinge length Member 
Sawyer (1964) 0.25 0.075d z  Beam 
Corley (1966) 0.5 0.20
z
d
d
  Beam 
Mattock (1967) 0.5 0.05d z  Beam 
Paulay and Priestley (2009) 0.08 0.022 b yz d f  
Beam 
Column 
Sheikh and Khoury (1993) 1.0h  Column 
Panagiotakos and Fardis (2001) 
0.18 0.021 b yz d f  (with bar slippage) 
0.18z  (no bar slippage) 
Beam 
Column 
Bae and Bayrak (2008) 
0
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As can be seen in many of the models shown in Table 3.17, the plastic hinge is primarily 
related to the effect of overall depth and z parameter. In some cases, where bond slip is 
important, a term involving the bar diameter and yield stress is also added. The 
deformation mechanism in the plastic hinge region is very complex and involves various 
uncertainties. Therefore, as can be seen in the table, there is considerable disparity 
among the proposed models.  
 
The model proposed by Panagiotakos and Fardis (2001) is based on an extensive 
database of experimental data for RC beams, columns and walls subjected to monotonic 
and cyclic loading. The model shown in Table 3.17 is based on results from monotonic 
loading. Alemdar (2010) has also gathered a database of about 72 test results on columns 
with low axial force (up to 30% of the maximum capacity). The database was divided into 
groups – in the first group, the measured plastic hinge was reported, while in the second 
group, using the plastic deformations, the plastic hinge length was calculated. Although in 
the Panagiotakos and Fardis, (2001) and Alemdar (2010) studies, large databases of 
experimental data were used for the calibration of plastic hinge length, no specific 
statistical model was proposed. Furthermore, the database gathered by Panagiotakos and 
Fardis, (2001) contains data for different types of members, including beams, columns and 
shear walls. Considering the wide range of data and inconsistency among the collected 
data, a very large coefficient of variation (of about 0.87) resulted for the plastic hinge 
rotation that was used to calculate the plastic hinge length. Alemdar (2010) used a smaller 
database, with greater consistency among the collected data. Comparing the proposed 
model with the collected data, a coefficient of variation of 0.37 was reported. Lu et al. 
(2005) gathered about 47 experimental data on the plastic hinge length of RC columns. 
Using these data, and based on best-fit regression analysis, they proposed a statistical 
model for the plastic hinge length. In Eq. 3-27, this model is shown.  
 
0.077 8.16
p b
L z d   3-27 
 
Lu et al. (2005) stated that the average value of the plastic hinge could be calculated from 
the above equation. The corresponding coefficient of variation was about 0.20, and the 
Normal distribution was suggested for the probability density function of the plastic hinge 
length. Other models were also compared to the gathered experimental data. It was shown 
that, when compared to the experimental data, the proposed model leads to the lowest 
coefficient of variation. 
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In this dissertation, for performing reliability-based analysis on moment redistribution, a 
probabilistic model for the plastic hinge is required. As the Lu et al. (2005) probabilistic 
model for the plastic hinge was derived for RC columns, it cannot be used in the reliability 
analysis in this study. In this section, due to the lack of statistical models for plastic hinge 
length, and especially for RC beams, a statistical model for the plastic hinge is developed, 
using some of the experimental data collected by Panagiotakos and Fardis (2001). As 
moment redistribution in RC beams is due to gravity loads, only monotonically loaded RC 
beams are considered. About 137 experimental data on simply supported beams 
subjected to a monotonic point load at mid-span are derived from the Panagiotakos and 
Fardis (2001) database. Data from five different studies are included in the data collected 
here (Burns and Siess, 1962; Mattock, 1965; Corley, 1966; Bosco and Debernardi, 1993; 
Calvi et al., 1993). All of the considered experimental data represent simply supported RC 
beams, and it is assumed that no rebar slippage at mid-span is possible. Using the 
recorded chord rotation and the mid-section curvature, the plastic hinge length will be 
calculated indirectly. Figure 3.16 illustrates the methodology used for calculating the 
plastic hinge using the considered experimental data.  
 
 
Figure 3.16: Derivation of plastic hinge length 
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Referring to Figure 3.16, the plastic hinge length is calculated, as shown in Eqs. 3-28(a to 
d).  
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Eq. 3-28 provides an approximate solution for the plastic hinge length. The subscripts y, u 
and p denote the yield, ultimate and plastic deformations, respectively. The angle, θchord, is 
the chord rotation angle. Only the section height (h) and z parameter (for the considered 
experimental data, it represents half-span length) are considered to fit a model to the 
plastic hinge length. Using scatter graphs, the relationship between the calculated plastic 
hinge length and the considered parameters was investigated. Some of the outlying data 
were removed. The model error was used to identify the outliers. If the model error 
deviated more than twice the standard deviation, the data corresponding to that model 
error was removed from the database. Figure 3.17 shows scatter of the plastic hinge 
length with the cross section height, h, and the z parameter. It should be noted that, for the 
sake of simplicity, the overall section height is used instead of the effective depth, d. 
 
  
a) Section height vs plastic hinge length b) z parameter vs plastic hinge length 
 
Figure 3.17: Relationship between plastic hinge length and z and h parameters 
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According to Figure 3.17, there is a clear positive correlation between the plastic hinge 
length and parameters h and z. However, the correlation between the plastic hinge and the 
section height is stronger than that for parameter z. Statistical correlations between the 
plastic hinge length and parameters h and z are also 0.74 and 0.66, respectively. The 
regression analysis shows that, if only the section height, h, is related to the plastic hinge 
length, the plastic hinge length is about 0.75 of the section height. On the other hand, 
when the plastic hinge is related to only the z parameter (distance between maximum and 
zero bending moments), the plastic hinge length is about 0.15 of the z distance. This value 
can be compared with the value of 0.18 that was suggested by Panagiotakos and Fardis 
(2001). On the other hand, the average values of Lp/h and Lp/z are 0.80 and 0.18, 
respectively. These average results are slightly different from those obtained using the 
regression analysis. The plastic hinge length can also be related to a combination of h and 
z parameters. In order to compare the accuracies of each of the proposed models with the 
experimental results for plastic hinge length, Table 3.18 shows the resulting means and 
coefficients of variation for the corresponding model errors. Some of the models available 
in the literature are also included in the comparison.  
Table 3.18: Comparison between different models for the plastic hinge length 
Model Equation Mean COV 
Proposed 1 0.80h  1.00 0.31 
Proposed 2 0.18z  1.00 0.46 
Sawyer (1964) 0.25 0.075d z  1.33 0.34 
Mattock (1967) 0.5 0.05d z  1.08 0.31 
Corley (1966) 0.5 0.20
z
d
d
  1.43 0.31 
 
Considering the current experimental database, the results in Table 3.18 show that the 
Sawyer and Corley models underestimate the plastic hinge length. Mattock’s model 
provides a very good fit to the experimental plastic hinge length, with a mean value close 
to 1.0, and a relatively low coefficient of variation. The proposed model based on the 
section height is the best-performing model. However, in terms of coefficient of variation, 
the proposed model based on the z parameter is the worst performing model. For models 
combining both the h and z parameters, the model proposed by Mattock can be used. It is 
worth mentioning that the section height and the z parameter are strongly correlated. 
Using longer spans for beams (large z value) always requires using deeper sections (large 
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h value). For conventional beams, the ratio of z/h can be assumed to be 5.0. Based on this 
assumption and using Mattock’s model, a plastic hinge length of about 0.75h results. 
Therefore, in models where the plastic hinge is related to only the section height, the effect 
of z parameter is indirectly included. 
 
In order to find the best-fit probability density function for the proposed model for plastic 
hinge length, a further statistical analysis was conducted. The first proposed model, which 
is based on a relationship between the plastic hinge length and the section height, was 
considered for this statistical analysis. Figure 3.18 shows the histogram of the ratio of the 
plastic hinge length to the section height (Lp/h), and the best-fitted probability density 
function. It was found that the Lognormal distribution is the best-fit model to the plastic 
hinge length. The Lognormal parameters are shown in Figure 3.18. The corresponding 
mean and coefficient of variation for the fitted distribution exactly match those of the data 
(shown in Table 3.18). Therefore, it can be concluded that the plastic hinge length can be 
modelled using the Lognormal distribution, with a mean of 0.80h and a coefficient of 
variation of about 0.30. 
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Figure 3.18: Histogram and best-fit probability density function for the Lp/h 
3.7 Concrete stress block parameters 
This section describes fundamental statistical characteristics of the compressive stress 
distribution in the compressive zone of flexural members. A large database of 
experimental results for Equivalent Rectangular Stress Block (ERSB) parameters is 
reviewed and discussed in this study. The database includes data for testing of plain 
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concrete columns, RC members (such as eccentrically loaded columns), and beams in 
pure flexure. With the aid of this large and updated experimental database, the uncertainty 
involved in the evaluation of the equivalent rectangular stress block parameters is 
investigated. 
   
3.7.1 Background 
The idea of using the ERSB was first proposed by Emperger (1904) and then modified by 
Whitney (1937) for application to ultimate strength design and later experimentally verified 
by Hognestad et al. (1955) and Mattock et al. (1961). To obtain accurate as well as well-
controlled data on flexure compression-loaded members, a test procedure for a series of 
experiments on C-shaped concrete specimens, as shown in Figure 3.19, subjected to axial 
load and bending moment was proposed by Hognestad et al. (1955) and later used by 
several researchers. The position of neutral axis depth was kept fixed by continuously 
monitoring strains on one surface of the C-shaped specimen, and adjusting the 
eccentricity of the applied force so that the strains on the neutral surface remained zero.  
 
The actual stress distribution in the compression zone of the concrete can be 
mathematically defined by three parameters, k1, k2, and k3, as shown in Figures 3.19 and 
3.20. These parameters are defined as follows: 
 
 k1 = the ratio of average compressive stress to the maximum compressive stress 
 k2 = the ratio of the distance between the extreme fibre and the resultant of the 
compressive force to the neutral axis 
 k3 = the ratio of maximum compressive stress achieved in the structural member to 
the compressive strength of the concrete cylinder. 
 
 
Figure 3.19: Hognestad’s test set-up (1955) for derivation of ERSB parameters 
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Referring to Figure 3.19, the stress block parameters are calculated, as shown in Eqs. 3-
29(a to c). It should be noted that the ERSB parameters are evaluated at the final stage of 
loading, which corresponds to the crushing of concrete at the foremost compressive fibre 
(top of the bracket specimen in Figure 3.19). 
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All of the forces and dimensions are shown in Figure 3.19. The parameter b is the width of 
the bracket specimen. By having k3 from Eq. 3-29a, the k1 parameter that relates the 
average to maximum stress in the member can be calculated, using Eq. 3-29b. This 
parameter does not have a considerable impact on k1 or k3 production. Khadiranaikar and 
Awati (2012) stated that, if the parameters k1 and k3 are studied independently, the 
maximum stress factor, k3, is strongly influenced by the strength of the concrete, which 
reduces as the strength of the concrete increases. However, the parameter k1 does not 
follow any trend and it is assumed constant. The parameter k2 sets the depth of the 
resulting compressive force with regards to the neutral axis depth. This parameter is not 
sensitive to the specimen size effect. 
 
Parameter k3 accounts for the well-known difference between the behaviour of concrete in 
flexure and in pure compression (standard cylinder). The primary reason for this difference 
is the strain gradient in the flexural members, which helps concrete to achieve higher 
strain than in pure compression (Mertol, 2006). Other reasons could be shape or size 
effects, or the rate of loading. As the member size increases, k3 decreases (Yi et al., 
2002). According to Ibrahim and MacGregor (1997), the parameter k3 is the ratio between 
the strength of the concrete in columns compared with concrete of the same mix in 
standard compression test cylinders. They stated that this parameter could be determined 
from tests on concentrically loaded columns, by dividing the part of the maximum load 
carried by the concrete section by the gross cross-section area multiplied by the cylinder’s 
compression strength. By referring to Figure 3.23 and using the force and moment 
equilibrium, the relationship between the resultant compressive force and bending moment 
can be established as below: 
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Differentiating the integral equations for resultant force, C, and bending moment, M, with 
respect to εc leads to the following equations: 
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Two similar stress values are obtained using the above equations. The average value can 
then be used as the concrete stress. By plotting the recorded strain versus the stress for 
the entire loading history (up to concrete crush), the stress-strain relationship for 
compression resulting from flexural action is obtained. If the maximum stress of the 
resulting stress-strain curve is divided by the standard cylinder strength, the k3 parameter 
results. 
 
The three-parameter generalised stress block can be reduced to a two-parameter ERSB, 
by keeping the resultant of the compressive force at the mid-depth of the assumed 
rectangular stress block. In order to determine the flexural capacity, the magnitude (based 
on k1k3) and position (based on k2) of the total compressive force are required. The ERSB 
parameters, 1 and 1, are presented in Figure 3.20 and can be defined as shown in Eqs. 
3-34(a & b). 
 
1 3
1
22
k k
k
   3-34a 
1 22k   3-34b 
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Figure 3.20: Concrete stress and strain distributions and the ERSB parameters 
Ultimate concrete compressive strain is another important variable in the ultimate strength 
design. Although the ultimate flexural strength of RC sections does not depend on this 
variable, it can noticeably affect the ultimate curvature of reinforced cross-sections. 
Mattock et al. (1961) concluded that the value of 0.003 is a reasonably conservative value 
for the ultimate strain of concrete. This value has been accepted by many design codes 
(NZS 3101, 2006; AS 3600, 2009; ACI 318, 2011). Kahn et al. (1995) reported that the 
ultimate value of 0.003 is valid for concrete up to 102MPa, and that it provided the best 
prediction of the ultimate moment. According to the Mansur et al. study (1997), the 
maximum of 0.003 for concrete in compression may be extended to high-strength 
concrete. Ibrahim and MacGregor’s (1996) results for ultimate concrete strain were 
considerably higher than the limiting value of 0.003. However, they concluded that, based 
on the reported values in previous tests of C-shaped specimens, the value of 0.003 used 
by the ACI code seemed appropriate as a conservative lower bound of experimental data.  
 
One of the goals of this study is to derive a probabilistic model for the ultimate strain of 
concrete. This model is built using extensive experimental data available from the current 
literature. In previous sections, a probabilistic model for concrete compressive strain, 
based on test results on RC members, was proposed. 
 
Size effect is an important topic in the analysis of RC structures. Kim et al. (2000) 
investigated the size effect on the flexural compressive strength of RC beams. They 
concluded that, for the flexural compressive strength in C-shape brackets, the size effect is 
more pronounced than it is for the uniaxial compressive strength in standard cylinders. In 
another study, Kim et al. (2001) investigated the effect of the length and depth of C-shape 
brackets on the flexural compressive strength of specimens. They stated that both the 
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length and depth effects on the strength are apparent. However, for the ultimate strain of 
concrete, they reported that the obtained values were similar to general test results on RC 
beams. Yi et al. (2002) studied the bracket specimen size effect on ERSB parameters. 
They concluded that, for parameters that were influenced by the stress-strain curve and 
post-peak behaviour of concrete, the size effect was significant. However, for a k2 
parameter that was only influenced by pre-peak behaviour, the size effect was not 
important. They recommended that the size effect be introduced into calculations for the 
ACI stress block. 
 
3.7.2 Experimental database 
In order to derive statistical models for the ERSB parameters, the literature was surveyed 
extensively for experimental data relating to the concrete stress block parameters. Where 
numerical values of strength were not tabulated in the original publications, approximate 
values were read from the published stress-strain curves. The data collected included test 
results from normal-strength and high-strength concrete, covering a wide range of 
concrete strengths. Table 3.19 shows the references and the number of collected data for 
each concrete stress block parameter. 
Table 3.19: Summary of experimental data for rectangular stress block parameters 
Reference 
'
cf  range 
Number of data points 
k1 k2 k3 k1 k3 cu  
Hognestad et al. (1955) 5-72 - 23 - 23 23 
Rusch (1955) 10-54 - 8 - 8 8 
Mattock et al. (1961) 18-60 - 13 - 13 13 
Sargin et al. (1969) 28-32 - - 3 - 3 
Nedderman (1973) 80-100 - 9 - 9 9 
Kaar et al. (1978a) 25-102 34 34 34 34 34 
Kaar et al. (1978b) 23-47 3 3 3 3 3 
Swartz et al. (1985) 58-77 8 8 8 8 8 
Pastor (1986) 18-80 10 10 10 10 10 
Schade (1992) 105-110 12 12 12 12 12 
Ibrahim et al. (1996) 60-130 14 14 14 14 14 
Mansur et al. (1997) 55-105 11 11 11 11 11 
Lee and Son (2000) 70-93 - - - - 23 
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Kim et al. (2000) 55-58 - - - - 19 
Kim et al. (2001) 52 - - - - 20 
Yi et al. (2002) 50-60 - 18 18 18 - 
Tan et al. (2005) 45-100 - 25 - 25 25 
Mertol et al. (2008) 70-110 21 21 21 21 21 
Ho et al. (2011) 25-50 - - - - 8 
Khadiranaikar et al. (2012) 35-130 33 33 33 33 33 
  5-130 146 242 167 242 297 
 
As is shown in Table 3.19, a wide range of concrete compressive strengths is covered in 
the gathered database. Furthermore, the database contains different types of concrete, 
including lightweight and high-performance concrete materials. In order to have 
consistency amongst the gathered data, unusually large or small specimen sizes were 
excluded from this study. The alternative would have been to allow for the specimen size 
effect, as reported by Yi et al. (2002), but that approach was not chosen here for the sake 
of consistency. Some of the stress block parameters shown in Table 3.19 were derived 
using Hognestad’s C-shape plain concrete bracket, while others were derived using tests 
on RC beams. 
 
3.7.3 k3 parameter 
Details of the derivation of this parameter were given in the previous section. Although 
many researchers have studied the k3 parameter, few probabilistic studies on this 
parameter can be found in the literature. Lee and Son (2000) studied the failure and 
strength of high-strength concrete columns subjected to eccentric loading. They stated that 
a constant k3 value of 0.85 provided reasonably conservative column strength for all of the 
specimens. Ibrahim and MacGregor (1997) investigated the variation in k3 for 45 
reinforced and plain concrete columns subjected to eccentric loads. They showed that the 
value 0.85 is a conservative value for this parameter, and that plain and reinforced 
concrete show similar values for this parameter. On the other hand, using the results for 
90 concentrically loaded columns, they showed that 0.85 does not provide a conservative 
value for the k3 parameter, especially for higher-strength concrete. The early spalling of 
concrete cover was discussed as the main reason for the low k3 values for concentrically 
load columns. They concluded that more tests were required to investigate the reasons for 
the early and sudden spalling of the concrete cover that was reported in some of the test 
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series. Ozbakkaloglu and Saatcioglu (2004) recognised the low values of the k3 parameter 
for concentrically loaded columns with high-strength concrete. However, they split the 
reduction factor into two parts, k3 and k4. The parameter k3 takes into account the effects 
of differences in size, shape, and concrete casting practice between a standard cylinder 
and an actual column member, while k4 deals with early spalling of concrete cover. In this 
case, the value of 0.90 was recommended for the k3 parameter. 
 
Some design codes, like the Australian code (AS 3600, 2009), use the value of 0.90 for 
the k3 factor. In 2010, a reduction factor of 0.85 was recommended. However, it should be 
noted that this factor takes account of both the long-term effects on the compressive 
strength and of any unfavourable effects from the way the load is applied.  
 
One of the few probabilistic models available in the literature is that proposed by Attard 
and Stewart (1998). According to their model, this parameter decreases with an increase 
in the concrete’s compressive strength. Normal distribution with a coefficient of variation of 
0.08 was proposed for the probability density function of this parameter. In this study, a 
larger number of experimental data for the k3 parameter is used, and only specimens 
subjected to eccentric loads are considered. Figure 3-21 illustrates the variation in the k3 
parameter with the concrete cylindrical strength. The evaluated mean and coefficient of 
variation of k3 parameter are 0.995 and 0.095, respectively. The statistical correlation 
between concrete strength and k3 parameter is found to be -0.27, which indicates that 
these variables are negatively correlated. Figure 3.25 also shows that the 5th and 95th 
percentile levels of k3 parameter are 0.85 and 1.17, respectively.  
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Figure 3.21: Scatter of experimental data for k3 parameter 
A linear relationship between the k3 parameter and the concrete compressive strength can 
be established. In Figure 3.21, the best-fit line to the experimental data is shown. The 
resulting relationship is shown in Eq. 3-35. 
 
'
3 1.07 0.001 ck f   3-35 
 
The expression shown in Eq. 3-35 can be compared with the one (see Table 3.20) that 
was proposed by Attard and Stewart (1998). A very slight difference between these 
expressions can be seen. In Table 3.20, a comparison between the proposed model and 
Attard and Stewart’s model is shown. In addition, a model based on a constant value equal 
to the average value is also included in this table. 
Table 3.20: Comparison between model errors of different proposed models for k3 parameter 
Model Equation Mean COV 
Proposed 1 
'
3 1.07 0.001 ck f   1.00 0.090 
Proposed 2 3 1.00k   1.00 0.094 
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Attard and Stewart (1998) 
'
3 1.05 0.0009 ck f   1.02 0.090 
 
As can be seen, the resulting coefficient of variation is not far from the value of 0.08 that 
was proposed by Attard and Stewart (1998). Statistical analysis showed that if the first 
proposed model shown in Table 3.20 is used, the Lognormal distribution provides the best 
fit for the probability density distribution of the k3 parameter. Figure 3.22 shows a 
histogram of the model error from Eq. 3-35, along with the best-fit Lognormal distribution. 
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Figure 3.22: Probability distribution for k3 parameter 
 
3.7.4  α1 parameter 
Figure 3.23 depicts the variation in the α1 parameter with respect to concrete compressive 
strength. As is seen, there is considerable disparity amongst test data for the stress block 
parameters. The statistical analysis showed that the concrete compressive strength and 
the α1 parameters are negatively correlated. However, the ACI code-specified value for α1 
is constant, and does not show any negative correlation with the concrete compressive 
strength. In order to reduce the error in predicting the stress block parameters specifically 
for high-strength concrete, some researchers have suggested new equations that revise 
the code rectangular stress block (Ibrahim and MacGregor, 1997; Mertol et al., 2008). 
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However, it should be mentioned that these modifications have been performed based on 
a lower bound regression analysis and no probabilistic model fitting has been conducted. 
 
Figure 3.23: Comparison of the code-specified α1 parameter with the experimental data 
A Power function relating the α1 parameter to the concrete compressive strength was fitted 
to the experimental data. The regression analysis showed that the R2 coefficient of 
determination is about 0.10 for the fitted curve, which is not considered a good fit, and the 
reason behind this poor fit was the noticeable scatter in the experimental data. A similar 
form of function was used by Attard and Stewart (1998). Their model showed a 0.09 
coefficient of variation, and the Normal distribution was proposed for representing the 
probability density function of this model. A comparison between the code-specified, the 
proposed and some other models proposed by different researchers is shown in Table 
3.21. It should be mentioned that the CEB FIP does not provide values for α1 beyond 
90MPa strength. In this study, the value corresponding to 90MPa (0.80) was extrapolated 
for the purpose of comparison with the experimental data. To identify the outlying data, 
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any data with a model error deviating more than three times from the standard deviation 
was removed from the database. Nonetheless, considering this criterion only led to 
removal of one datum for some of the considered models.  
Table 3.21: Comparison between model errors of different proposed models for α1 parameter 
Model Equation Mean COV 
Proposed  
0.066
'
1 1.12 cf

  1.00 0.11 
Attard and Stewart (1998)  
0.099
'
1 1.29 cf

  1.00 0.11 
ACI 318 (2011) 1 0.85   1.01 0.12 
CEB FIP (2010) 
1 1.00  , 
' 50cf MPa  
'
1
50
1.0
200
cf

  , '90 90cMPa f MPa   
0.96 0.12 
CSA A23.3 (2004) 
'
1 0.85 0.0015 0.67cf     1.15 0.11 
AS 3600 (2009) 
'
10.67 0.85 0.003 0.85cf     1.10 0.12 
NZS 3101 (2006) 
'
10.75 1.07 0.004 .85cf     1.08 0.11 
Ibrahim and MacGregor 
(1997) 
'
1 0.85 0.725
800
cf     1.12 0.11 
Ozbakkaloglu and 
Saatcioglu (2004) 
1 0.85  , 
' 30cf MPa  
 '1 0.85 0.0014 30 0.72cf     , ' 30cf MPa  
1.08 0.11 
Mertol et al. (2008) 
1 0.85  , 
' 69cf MPa  
 '1 0.85 0.0029 69 0.75cf     , 
' 69cf MPa  
1.05 0.11 
 
Results in Table 3.21 show that the coefficients of variation for the considered models are 
slightly different. However, some of the proposed models, such as Ozbakkaloglu and 
Saatcioglu’s (2004) model, overestimate the α1 parameter. The constant value proposed 
by the ACI code provides a very good prediction of the α1 parameter, with a relatively low 
coefficient of variation. Despite having different coefficients, the best-fit Power function 
model proposed in this study, and the model proposed by Attard and Stewart (1998), lead 
to identical statistical measures. In order to find the statistical distribution of the α1 
parameter, another statistical analysis was conducted. For this purpose, only the ACI 
design code model was considered. The statistical analysis showed that the Normal 
distribution was the best-fit distribution to the collected experimental data. Figure 3.24 
illustrates the probability density function for the α1 parameter. More than 240 experimental 
data were used.  
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Figure 3.24: Histogram and best-fit distribution for α1 parameter (ACI 318-11 model) 
It can be concluded that, for the model errors of all the considered models (shown in Table 
3.21), the Normal distribution can be used for representing the probability distribution. The 
means and coefficients of variation shown in Table 3.21 can be used as the parameters on 
this Normal distribution. The findings of this section are in line with those reported in Attard 
and Stewart’s study (1998). 
 
3.7.5  β1 parameter 
The scatter of experimental data for the β1 parameter with respect to concrete 
compressive strength is shown in Figure 3.25. For comparison, the ACI 318 (2011) and 
CEB FIP (2010) models are also shown. Based on regression analysis, the best-fit Power 
function for the collected data was evaluated. The fitted Power function is shown in Figure 
3.25. This Power function provides a reasonable fit with R2 of about 0.46. In Table 3.22, 
the proposed model is shown. The ACI code expression for the β1 parameter seems to be 
the lower bound of the experimental data. It is worth mentioning that ideally a predictive 
model should capture the mean behaviour of a phenomenon. The statistical analysis 
showed that there is a strong negative correlation of about -0.65 between the β1 parameter 
and concrete compressive strength. As can be seen, the ACI 318 (2011) and CEB FIP 
(2010) code formulae for β1 correctly reflect this negative correlation. However, the ACI 
model is more conservative. 
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Figure 3.25: Comparison of the code-specified β1 parameter with the experimental data 
In order to investigate the accuracy of the proposed and the code-specified models, the 
model errors of each of these models are compared to each other. For the sake of 
comparison, some other models proposed by other researchers are also included. It is 
worth mentioning the model proposed by Mertol et al. (2008) is similar to that in ACI 318 
Table 3.22 shows the statistical measures for all of the considered models (mean and 
coefficient of variation). The aforementioned criterion for the α1 parameter was used to 
remove the outliers from the data. Considering this criterion, about five data were removed 
from the database. The entire considered model resulted in a coefficient of variation of 
about 0.07. Except for the ACI and Mertol models, all other considered models led to a 
mean value of around 1.0 for the model error. The ACI model for the β1 parameter 
underestimates the actual measured results. It is believed that the ACI 318 specified 
values provide the lower bound estimation for the stress block parameters. It is again 
interesting to observe that, although having different coefficients, the proposed Power 
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function and the Power function model proposed by Attard and Stewart (1998) lead to 
close statistical measures. It is obvious that the uncertainty in predicting the β1 parameter 
is lower than it is for the α1 parameter (more than 35% lower coefficient of variation), and 
the relationship between this parameter and concrete compressive strength is much 
stronger than for the α1 parameter.  
Table 3.22: Comparison between model errors of different proposed models for β1 parameter 
Model Equation Mean COV 
Proposed  
0.125
'
1 1.274 cf

  1.00 0.065 
Attard and Stewart (1998)  
0.091
'
1 1.095 cf

  1.02 0.068 
ACI 318 (2011) 
'
10.65 1.05 0.00725 0.85cf     1.11 0.070 
CEB FIP (2010) 
1 0.80  , 
' 50cf MPa  
'
1
50
0.80
400
cf

  , '90 90cMPa f MPa   
1.02 0.074 
CSA A23.3 (2004) 
'
1 0.97 0.0025 0.67cf     0.97 0.070 
AS 3600 (2009) 
'
10.67 0.85 0.003 0.85cf     0.99 0.080 
NZS 3101 (2006) 
'
10.65 1.07 0.004 0.85cf     1.11 0.071 
Ibrahim and MacGregor, 
(1997) 
'
1 0.95 0.72
400
cf     0.97 0.067 
Ozbakkaloglu and 
Saatcioglu (2004) 
1 0.85  , 
' 30cf MPa  
 '1 0.85 0.0020 30 0.65cf     , ' 30cf MPa  
1.00 0.071 
Mertol et al. (2008) 
1 0.85  , 
' 28cf MPa  
 '1 0.85 0.00725 28 0.65cf     , 
' 28cf MPa  
1.11 0.070 
 
According to the statistical model proposed by Attard and Stewart (1998), a coefficient of 
variation of about 0.03 resulted for the β1 parameter. However, in this study, much higher 
values for the coefficient of variation (about 0.07) for all of the considered models were 
obtained. Attard and Stewart (1998) suggested the Normal distribution for the probability 
density function of the proposed model (shown in Table 3.22). Statistical analysis in this 
study also showed that the Normal distribution is the best-fit model for all of the considered 
models. As an example, Figure 3.26 provides a histogram of the model error for the ACI 
318 model, along with the best-fit Normal distribution. The statistical measures shown in 
Table 3.22 can be used as parameters for the proposed Normal distribution. 
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Figure 3.26: Histogram and best-fit distribution for β1 parameter (ACI 318-11 model) 
 
3.7.6  εcu parameter 
The concrete crushing strain, εcu, expressed as a function of the concrete cylinder 
strength, is shown in Figure 3.27. More than 280 experimental data from 18 different 
sources were collected, all from bracket-shaped specimens. It can be observed that the 
results are scattered over a wide range. Some results are as low as 0.002, whereas for the 
same concrete strength, some other researchers have obtained values as high as 0.005. 
This wide scatter of test data might be due to the difficulty in acquiring this information 
during a test. The measured values from the strain gauges only represent the strains 
before the concrete actually crushes. As the strain gauges are disturbed due to concrete 
distress, the real crushing strain might become much higher than the previously recorded 
value. Results for the ultimate strain of concrete show that the average strain of concrete 
is about 1.13 × 0.003 = 0.0034. Some design codes, such as the Canadian code (CSA 
A23.3, 2004), use an ultimate strain of 0.0035 for concrete. In this study, the average 
value of 0.0034 is proposed for the ultimate strain of concrete. There is a slight negative 
correlation (about -0.05) between the concrete compressive strength and the ultimate 
strain of concrete. However, this correlation is insignificant. Attard and Stewart (1998) 
reported that there is a slight positive correlation between the ultimate strain of concrete 
and concrete compressive strength. Nevertheless, they stated that the ACI code value of 
0.003 provides a good estimate for the average ultimate concrete strain. They proposed a 
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Power function relating the concrete ultimate strain to concrete compressive strength (see 
Table 3.23). The Power function is mathematically very close to a line. 
 
 
Figure 3.27: Comparison of code-specified values for εcu and experimental data 
Some design codes, such as the CEB FIP (2010), that are considered in this study 
recognise a negative correlation between the ultimate strain of concrete and the concrete 
compressive strength. This negative relation supports the idea that high-strength concrete 
is a less ductile material than the normal-strength material. The statistical measures for the 
code-specified models, as well as for the proposed and some of the other available 
models, are shown in Table 3.23. The statistics shown in Table 3.23 show that the 
coefficients of variation for the different models considered are generally very close to 
0.15, which is proposed in the JCSS model code. Attard and Stewart (1998) reported a 
coefficient of variation of 0.19 in their probabilistic study on the stress block parameters. 
The model proposed by the ACI 318 design code has been suggested by many other 
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researchers (Ibrahim and MacGregor, 1997; Mertol et al., 2008; Khadiranaikar and Awati, 
2012). The model is supposed to represent the lower bound value for the ultimate strain of 
concrete. The models proposed by CEB FIP and Ozbakkaloglu and Saatcioglu (2004) 
result in a mean value that is very close to unity for the model error of the concrete 
ultimate strain, with Ozbakkaloglu and Saatcioglu’s (2004) model showing slightly better 
performance.  
Table 3.23: Comparison between model errors for different proposed models for εcu parameter 
Model Equation Mean COV 
Proposed 0.0034cu   1.00 0.138 
Attard and Stewart 
(1998)  
0.0243
'0.00262cu cf   1.18 0.139 
ACI 318 (2011) 0.003cu   1.14 0.138 
CEB FIP (2010)  5 '0.0030 0.0035 1.25 10 50 0.0035cu cf        1.05 0.150 
Ozbakkaloglu and 
Saatcioglu (2004) 
 7 '0.0027 0.0036 0.65 10 30 0.0036cu cf        1.02 0.148 
 
 
Statistical analysis of the experimental data obtained from tests on RC beams and 
columns in the previous sections showed that the coefficient of variation is around 0.20, 
which is about 30% higher than the coefficient of variation obtained for the bracket-shaped 
specimens in this section. Furthermore, the average value for concrete ultimate strain was 
about 0.0037, compared to a value of 0.0034 obtained in this section. The reason for the 
different statistical measures obtained from tests on RC beams and columns and those 
obtained from bracket-shaped specimens could be related to the size effect. The RC beam 
and column specimens are bigger than the bracket-shaped ones. Furthermore, as the 
tests on RC beams and columns were not planned specifically for estimation of the 
ultimate concrete strain, less accuracy can be expected from these types of tests. Further 
statistical analysis on the model errors for the models shown in Table 3.25 showed that the 
Lognormal distribution could be used to represent the statistical distribution of the ultimate 
strain of concrete. For the ultimate strain of concrete obtained from the tests on RC beams 
and columns, the same distribution was found to be the best-fit distribution. A histogram of 
the ACI 318-11 code model error for the ultimate concrete strain, along with the best-fit 
Lognormal distribution is shown in Figure 3.28. Visual observation of the histogram and 
the best-fit Lognormal distribution clearly shows that the Lognormal distribution represents 
well the statistical distribution of the ultimate strain of concrete. 
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Figure 3.28: Histogram and best-fit distribution for εcu (ACI 318 model) 
 
3.8 Summary 
The strength and ductility of RC members depend on many random variables. These 
variables can be classified into sectional dimensions, material properties, and model error. 
Model error accounts for any uncertainty in the prediction of strength and ductility. 
Generally, variables affecting ductility are more uncertain than those affecting strength. In 
the current literature, less attention has been paid to the statistical models for these kinds 
of variable. With more emphasis on variables affecting the ductility of RC members, 
statistical models for different random variables are reviewed in this chapter. Probabilistic 
models for sectional dimensions, material properties (concrete, rebar steel and FRP) and 
plastic hinge length are extensively investigated. The uncertainty in the ERSB parameters 
suggested by the current design codes is also investigated. For some of these variables, 
through using extensive experimental databases from the current literature, new statistical 
models are proposed. Statistical models reviewed in this chapter will be later used in the 
reliability analysis of strength and ductility limit states. 
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4.1 Introduction 
In the flexural design of RC beams, providing adequate capacity to prevent failure is a 
formidable task for designers. In addition, designers should ensure that the anticipated 
failure is a ductile one. The preference for ductile failure is due to the alarming nature of 
this failure and the high-energy dissipation capability of ductile systems in withstanding 
dynamic loads, such as earthquake. Performing a comprehensive inelastic nonlinear 
analysis is an accurate method for evaluating the structural systems as to the adequacy of 
their ductility. However, conducting such an analysis is not practical in a routine design 
process. Instead of performing inelastic analyses, design codes prescribe some other 
limits, such as the rebar percentage limit, to ensure that sections and members possess 
adequate ductility. In the codes, ductility is addressed only implicitly, and is expressed in 
parameters such as the permitted neutral axis depth, or the maximum permitted tensile 
strains in reinforcing bars. The general view is that applying these limits will result in 
ductile and reliable designs.  
 
Although the current design codes apply reliability-based calibration procedures to 
evaluate partial safety factors for the strength-based limit state, the safety factors used to 
ensure minimum ductility capacities are rather simple and have not resulted from a 
probability-based procedure. Little attention has been paid to the reliability of ductility 
measures for RC beam design. A realistic description of strength and deformation requires 
probabilistic models and implementation of a reliability-based analysis. There have been 
numerous studies performed on the strength of RC members, resulting in code calibrations 
that have now been implemented in many design codes (Bartlett et al., 2003; Szerszen 
and Nowak, 2003). In contrast, only limited research can be found regarding the 
probabilistic aspects of the inelastic deformation and ductility. This chapter examines the 
level of safety delivered by current codes of practice with regard to providing minimum 
curvature ductility for RC beams. In brief, the approach followed for this study is to select 
the maximum allowable steel percentage (as given by design codes) for the tensile 
reinforcement and the minimum steel area for the compressive reinforcement. This 
represents the idealised reinforcement for RC beams designed for gravity loading. Based 
on the beam section analysis, two different limit states, representing strength and ductility 
of an RC cross-section, are defined. For the sake of comparison, different design codes 
(CSA A23.3, 2004; NZS 3101, 2006; AS 3600, 2009; CEB-FIP, 2010; ACI 318, 2011)  are 
scrutinised as to the reliability of their provisions. 
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4.2 Literature review 
A review of studies in the area of minimum required ductility in the design of flexural 
members is presented in this section. Additionally, probabilistic studies of minimum 
ductility requirements are also reviewed. 
 
4.2.1 Minimum curvature ductility 
Park and Ruitong (1988) assessed the available ductility of doubly reinforced RC beam 
sections, using the closed-form moment-curvature analysis. The Equivalent Rectangular 
Stress Block (ERSB) parameters were estimated using concrete stress-strain relationship. 
A concrete ultimate strain of 0.004 was assumed for calculating the ultimate curvature. 
They concluded that the implementation of the general requirements of the American and 
New Zealand design codes would ensure a curvature ductility of more than 2.0, while the 
application of moment redistribution requirements would ensure a curvature ductility larger 
than 4.0 for the sections. They also proposed an expression, shown in Eqs. 4-1(a & b), for 
the maximum rebar percentage for seismic design to increase the potential ductility to 
more than 8.0. This limitation applies to cases in which the compressive to tensile rebar 
ratio is 0.50.  
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They stated that the lower bound value of 0.004 for the ultimate strain of concrete 
corresponds to crushing of the concrete cover in the RC sections, and that, due to 
confinement of the concrete core, by using stirrup ties, much higher ductility levels are 
achieved after spalling of the concrete cover. 
 
Cohn and Riva (1991) conducted a parametric study of the flexural ductility of conventional 
reinforced, pre-stressed and partially pre-stressed concrete sections. The flexural ductility 
was defined as a ratio of the yield to ultimate curvatures. Different parameters, such as 
section shape, rebar percentage, material law and other parameters, were considered. A 
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numerical analysis using a computer program was used for performing the moment 
curvature analysis. A summary of outcomes of their study is as follows: 
 
 For I-sections and T-sections subjected to positive bending moment, the effect of 
the reinforcement index (proportional to rebar percentage) was insignificant. 
However, this parameter had a remarkable effect on the ductility of the rectangular 
and T-sections subjected to negative bending moment. They justified this outcome 
from the fact that, in rectangular sections and T-sections with negative bending 
moment, the concrete crushing governs the ultimate state, while for I-sections and 
T-sections with positive bending moment, the rupture of tensile steel governs the 
design. It was found that for rectangular sections the curvature ductility ranges from 
2.5 to 14 when the reinforcement index varies from 0.05 to 0.25. 
 
 Both the flange width and compressive steel ratio have an enhancing effect on the 
curvature ductility. It was shown that the values for curvature ductility were not 
affected by a flange to web width ratio of more than 4.0, and for this range of flange 
to wed width ratio, the curvature ductility becomes independent of the reinforcement 
index. They reported that, for a compressive to tensile rebar ratio of more than 0.75, 
the curvature ductility would not increase to any considerable extent. Furthermore, 
when the compressive to tensile rebar ratio is more than 0.25, even for heavily 
reinforced sections with a reinforcement ratio of about 0.25, the curvature ductility 
exceeds the value of 5.0. 
 
 Using different analytical models in the moment-curvature procedure does not 
noticeable affect the yield and ultimate strength. They found that the yield and 
ultimate flexural capacities obtained based on the ACI 318 and CEB FIP design 
codes were in good agreement. On the other hand, a major difference in the 
ductility factor obtained based on these design codes was observed. It was stated 
that code-limiting values for the ultimate strains led to realistic values for the flexural 
strength. However, these limiting values were excessively conservative for 
predicting the curvature ductility. 
 
 Concrete compressive strength has a minor effect on the yield and ultimate strength 
of RC sections. However, increasing the concrete compressive strength decreases 
the curvature ductility. In the Cohn and Riva (1991) study, the ultimate state 
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corresponded to the maximum moment capacity, and the ultimate strain of concrete 
was not used as the limiting value for the ultimate state. 
 
Cohn and Riva (1991) also suggested an expression relating the moment redistribution 
factor to the curvature ductility factor. 
 
Al-Haddad (1995) developed a refined model for the moment-curvature analysis of 
reinforced concrete sections that incorporated the essential parameters involved in the 
ductility capacity. A fibre model was employed for constructing the moment-curvature 
relationship. The effect of strain rates, which are expected during a severe earthquake, on 
rebar steel stress-strain curve was also included in the analysis. A fixed value of 0.004 
was used as the ultimate concrete strain. The following conclusions were made in this 
study: 
 
 It was reported that, in order to attain a minimum curvature ductility of 2.0, the ACI 
code limitation of 0.75ρb should be decreased to 84% of this value, unless more 
than half of the tensile rebar is placed at the compressive side. Furthermore, if the 
average value is used instead of the code-specified (nominal) value for the rebar 
yield stress, the code limitation of 0.75ρb could assure a minimum curvature ductility 
of about 2.0. 
 
 In order to achieve curvature ductility more than 10.0, the tensile rebar percentage 
should be limited to only 0.20 of the maximum value suggested by the ACI code. 
For curvature ductility ratios more than 16.0, a rebar percentage less than the 
minimum allowed by the ACI code is needed. To achieve a ductility ratio in the 
range of 4 to 10, the tensile rebar percentage should be limited to 0.20-0.60 of the 
maximum rebar percentage allowed by the ACI code. 
 
 The results from the moment curvature analysis (including the strain rate effect) 
revealed that, for practical design limitation, curvature ductility ratios of 4.0-8.0 
could reliably be attained. However, for a curvature ductility of more than 13, an 
impractical situation arises, in that the rebar percentage must be less than the 
minimum allowed. 
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 It was shown that under a strain rate of 0.05/sec, which is expected during 
earthquakes, the value of the curvature ductility shows an average reduction of 12 
percent, compared to that calculated under a static load. It was recommended that, 
in order to provide ductility in a reinforced concrete building sufficient to sustain a 
severe earthquake, values of rebar percentage should be kept lower than those 
provided by the ACI code.  
 
It was argued that although strains higher than 0.004 could be sustained by the confined 
concrete core, it would be unwise to rely on such a strain level, since under the reversal 
deformations that are expected during an earthquake, the confinement effect decays. 
 
Ho et al. (2004) investigated the minimum flexural ductility design of high-strength 
concrete beams. A nonlinear moment-curvature analysis, using a bilinear stress-strain 
relationship for rebar steel and a nonlinear stress-strain model for concrete (based on 
Attard and Setunge’s (1996) model), was performed. The moment-curvature curve was 
then idealised by a bilinear curve. The ultimate curvature was taken as the curvature 
corresponding to a 20% drop in the load carrying capacity. On the other hand, the yield 
curvature was taken as the curvature at the hypothetical yield point of an idealised 
moment-curvature curve with an elastic stiffness equal to the secant stiffness of the 
section at 0.75 of the maximum load carrying capacity. The following outcomes were 
reported in this study: 
 
 Two extreme cases for materials with low and high strength were considered. In the 
first case, the concrete compressive strength and rebar yield stress were 30MPa 
and 460MPa, respectively, while in the second case these values were 60MPa and 
600MPa, respectively. The moment-curvature analysis showed that for ACI 318, 
NZS 3101, BS 8110 and EC2, the ranges of curvature ductility for these cases were 
3.32-2.27, 3.24-2.23, 3.22-1.80 and 3.69-2.88, respectively. 
 
 It was shown that the current practice of providing minimum flexural ductility in the 
existing design codes would not really provide a consistent level of minimum 
flexural ductility.  
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 Using the minimum curvature ductility of 3.32 (for conventional design in the ACI 
code), allowable rebar percentages and neutral axis depths were provided. As in 
the moment-curvature analysis, the ultimate curvature was not calculated based on 
a fixed ultimate strain; the concrete compressive strength had a considerable 
adverse effect on the curvature ductility. It should be noted that the concrete model 
proposed by Attard and Setunge (1996) is highly dependent on the concrete 
compressive strength. The softening branch of the stress-strain curve for high-
strength concrete has very steep slope, resulting in a low curvature ductility. 
 
 In order to provide a consistent level of minimum curvature ductility, it was 
suggested that a fixed minimum value for the curvature ductility factor be set. 
 
Arslan and Cihanli (2010) developed a nonlinear moment-curvature procedure for 
assessing the curvature ductility of high-strength concrete. A modified form of Hognestad’s 
stress-strain relationship was adapted for concrete material. For rebar steel, a three-
segment stress-stain curve was employed. The elastic and yield portions of the curve form 
a bilinear relationship. The strain-hardening portion was represented by a parabolic curve. 
The tensile strength of concrete was neglected, and no bond slip was considered. Based 
on the ultimate strains of concrete and rebar steel, the ultimate state was determined. The 
ultimate strain model proposed by Ko et al. (2001) was used. Based on the results of the 
moment-curvature analysis, a regression expression relating the curvature ductility to the 
rebar percentage, concrete compressive strength and yield stress of rebar steel was 
proposed. The following conclusions were reported in this study: 
 
 From the regression analysis, the expression shown in Eq. 4-2 was proposed, to 
relate the curvature ductility to the main considered parameters. 
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It is clear from the above expression that the rebar percentage, concrete strength 
and steel yield stress had an adverse effect on the curvature ductility. However, as 
can be seen, the power for the concrete strength was lower than that for the rebar 
percentage or the yield stress, indicating that the curvature ductility was less 
dependent on the concrete compressive strength. According to Rashid and Mansur 
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(2005), for a fixed amount of tensile rebar area, the curvature ductility of RC beams 
increased with an increase in the concrete compressive strength, but only up to 
105MPa of concrete strength, after which the ductility decreased.   
 
 The proposed equation shown in Eq. 4-2 was compared to the results from the 
numerical moment-curvature analysis. The comparison showed a low coefficient of 
variation.  
 
In order to check the criterion of local ductility in cross-sections, Kassoul and Bougara 
(2010)  took into account the recommendations of EC2 (2004) regarding the stress-strain 
relationship for concrete and steel, and developed a methodology for evaluating the 
available curvature ductility factor in dissipative beams designed for seismic regions. They 
applied the procedure developed by Park and Ruitong (1988) for assessing the curvature 
ductility, and adapted the EC2 recommendations. This procedure is based on using the 
ERSB parameters derived from a simplified stress-strain curve for concrete. Results of 
their study can be summarised as follows: 
 
 The rebar percentage had an adverse effect on the curvature ductility. On the other 
hand, for strengths up to 50MPa and for a given rebar percentage, the concrete 
compressive strength increased the curvature ductility. However, for values 
exceeding this value, the curvature ductility decreased. 
 
 It was found that RC sections designed based on EC8 (1998) minimum 
requirements showed noticeably lower curvature ductility than the expected values. 
Therefore, the sections of the beams dimensioned by the maximum allowable rebar 
percentage according to EC8 did not satisfy the criterion of local ductility. 
 
 A new formulation for modifying the current EC8 provision regarding maximum 
allowable rebar percentage in seismic zones was proposed. This formula 
guarantees the targeted minimum local curvature ductility. 
 
4.2.2 Reliability of ductility measures  
Costello and Chu (1969) developed a methodology for assessing the failure probabilities of 
RC beams. Although they acknowledged many sources of uncertainty, they considered 
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only variability in material properties. Variation in the stress-strain behaviour of material, 
the relationship between the concrete strength of the beam and standard cylinder strength, 
overall dimensions and workmanship were not considered in this study. Using the Beta 
distribution, the variability in concrete compressive strength and yield stress was modelled. 
The limit state functions for the ultimate strength and the balance condition were defined 
as shown in Eqs. 4-3(a & b). 
 
 Prf u np M M   and  Pr 0.90f u d np M M M    for the strength 4-3a 
 maxPr 0.75f bnp       for the balance condition 4-3b 
 
In Eq. 4-3, ρ is the rebar percentage and ρbn is the balanced reinforcement ratio according 
to the ACI code. The uncertainty in the load side was not considered in the limit state 
defined for the ultimate strength. For the limit state defining the failure mode (compressive 
or tensile), the balance reinforcement percentage was used to separate the brittle and the 
ductile designs. For the ultimate strength, both the singly- and doubly-reinforced cases 
were considered. Via direct use of the calibrated Beta distributions for the concrete 
compressive strength and the yield stress of rebar steel, the probabilities shown in Eq. 4-3 
were evaluated. The important results obtained in this study can be summarised as below: 
 
 The probability of compressive failure for a singly-reinforced concrete beam, 
designed based on maximum allowable rebar percentage of the ACI code, was 
about 0.166. This means that one in six beams designed based on the ACI code 
failed in a brittle manner.  
 
 For singly-reinforced concrete beams, the probability of having a resistance less 
than the nominal resistance varied from 0.0407 to 0.0237, while for rebar, the 
percentage ranged from 1.0% to 2.78% (balance ratio). If the design bending 
moment was used, the probability of having less than this design value was close to 
zero. 
 
 No specific probability of failure was presented for the doubly-reinforced sections. 
However, it was stated that adherence to the ACI recommendations would lead to a 
design exhibiting the desired failure characteristics at low probabilities of failure. 
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 For the doubly-reinforced sections, it was found that the ACI resistance reduction 
factor of 0.90 was adequate for having a bending strength less than the nominal 
strength, calculated based on the ACI code.  
 
Allen (1970) conducted a probabilistic study of RC beams subjected to bending moment. 
Both the ultimate bending moment and the curvature ductility were studied. The values 
provided by the ACI 318-63 design code were used as the nominal values for the ultimate 
moment and the curvature ductility. All of the material properties of the steel rebar and the 
concrete were treated as random variables. The effect of quality of workmanship was also 
included in the probabilistic model of effective depth and concrete strength. Differing 
durations of load, allowing for different load rates, were considered. The Monte Carlo 
Simulation (MCS) technique was used to simulate the ultimate flexural strength and the 
curvature ductility. The ratios of the simulated to the nominal value (ACI code specified) 
were statistically analysed. The probability of having a compressive failure (brittle failure) 
was calculated, as shown in Eq. 4-4: 
 
 max 0.75f bnp probability       4-4 
 
In Eq. 4-4, ρ is the rebar percentage and ρbn is the balanced reinforcement ratio, according 
to the ACI code.  Results of Allen’s study can be summarised as: 
 
 Even when the section was under-reinforced, there was a significant possibility of 
compressive failure rather than tensile failure. This would occur because of 
variability in the concrete ultimate strength and strain.  
 
 The average ratio of the actual to nominal ultimate moments was nearly 
independent of the effective depth and rebar percentage. This average value varied 
from 1.06 to 1.25 for static (low-rate loading) and earthquake (high-rate loading). 
The ratio of the actual to nominal ultimate moments can be statistically modelled by 
Normal distribution. 
 
 The variability (represented by the coefficient of variation) in the ultimate moment 
was considerably affected by the effective depth and rebar percentage parameters. 
However, duration of load had less effect on the variability.  
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 For ductile design with tensile failure, the variability in the curvature ductility was 
much higher than the variability of the ultimate moment. The probability distribution 
of the curvature ductility was positively skewed. 
 
Ito and Sumikama (1985) specifically conducted a probabilistic study of the reliability of the 
code-specified maximum rebar percentage. This study is amongst very few that directly 
focuses on the reliability analysis of code provisions concerning the ductile design of 
reinforced concrete beams. Only a singly-reinforced case was considered in this study. 
They examined the appropriateness of the reduction coefficients for the balanced steel 
ratio and for that recommended for moment redistribution in continuous beams provided in 
ACI 318-83. The Normal distribution was used to model both the concrete compressive 
strength and the yield stress of rebar. Only the variation in the rebar yield stress and in the 
concrete compressive strength were considered in the reliability analysis. Nevertheless, in 
order to explore the effect of variability in material properties in the reliability analysis, a 
wide range of variabilities for these materials was considered. The following equation was 
used for calculating the probability of failure (having compressive failure). 
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In order to calculate the probability of failure according to Eq. 4-5, an approximated closed-
form solution was developed. Four different cases for material properties, considering 
different grades of steel and concrete materials, were considered. The study was 
conducted in two parts. In the first part, the probability of having a compressive failure in 
RC beams designed based on ACI maximum rebar percentage was calculated. Then, by 
specifying a fixed value for the desired probability of failure, appropriate reduction 
coefficients for the balance rebar percentage were calculated. According to ACI 318-83 
used in Ito and Sumikama, the reduction coefficients (with respect to the nominal balance 
percentage) for ensuring ductile design and development of plastic hinge were 0.75 and 
0.50, respectively.  
 
Results of this study can be summarised as below: 
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 The probability of compressive failure for RC beams designed based on the ACI 
maximum rebar percentage of 0.75ρbn was high. The minimum of probability of 
failure for the considered cases ranged from 0.005 to 0.017. 
 
 For calibrating the reduction coefficient to ensure tensile failure, a fixed probability 
of failure of 0.01 was used, while to ensure the development of plastic hinge for the 
purpose of moment redistribution, the fixed value of 0.00135 was used. Based on 
these fixed values, the reduction coefficient (which reduces ρbn) was calibrated. 
Based on the calibration procedure, it was concluded that the code-specified values 
of 0.75 and 0.50 for these cases should be reduced considerably. 
 
 When the coefficient of variation of the rebar yield stress is less than 0.12, and the 
coefficient of variation of concrete is about 0.20 (poor quality control), the reduction 
coefficients of 0.75 and 0.50 (provided in the ACI design code) should be reduced 
to 0.50 and 0.45 for pre-cast concrete, and to 0.35 and 0.30 for other cases. 
 
 Larger average values for the yield stress of steel rebar led to higher safety against 
the ultimate failure load, but to less reliability in terms of insuring the state of an 
under-reinforced section. 
 
 By having the statistical measures for the concrete compressive strength and rebar 
yield stress, and a given probability of failure, the reduction coefficient for balanced 
reinforcement can be easily calculated using a probabilistic procedure. 
 
Trezos (1997) calculated probabilistic parameters for the curvature ductility of confined RC 
columns using the MCS technique. Material properties, as well as the confinement level, 
were treated as random variables. The column section was divided into confined and 
unconfined parts. The increase of strength due to the triaxial effect was included. A 
confinement model similar to that proposed by EC2 was used. Furthermore, it was 
assumed that the ultimate stress was 50% higher than the yield stress. By using different 
values of axial forces, the effect of axial force on the curvature ductility was considered in 
the reliability analysis. A numerical procedure developed for calculating the curvature 
ductility was then combined with the MCS, in order to find the probability density function 
of the curvature ductility. The Normal and Lognormal distributions were used to represent 
the simulated curvature ductility. According to Trezos (1997), the characteristic value of 
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the curvature ductility for confined RC sections is mainly a function of the volumetric 
confinement ratio, confinement effectiveness factor, and the axial force. The requirements 
of EC8 for minimum ductility in structural systems with low (L), medium (M) and high (H) 
ductility were then investigated. According to this standard, for these ductility classes, the 
minimum required ductility ratios are 5, 9 and 13, respectively. These minimum ductility 
ratios were taken as the characteristic values, and the required confinement for achieving 
these ductility levels was calculated. The main outcomes of Trezos (1997) probabilistic 
study on the curvature ductility can be summarised as below: 
 
 It was found that for higher axial forces and confining reinforcements, the curvature 
ductility was more scattered.  
 
 The confining reinforcement provided by EC8 corresponded to the mean ductility 
factor rather than the characteristic value. This means that about 50% of columns 
designed based on this standard would not exhibit the targeted ductility. 
 
 It was argued that the level for the acceptable percentile for achieving the targeted 
ductility level depended on the redundancy in the structural system, and that, for a 
highly redundant system, the 50th percentile value (corresponding to the average 
value) might be adequate. 
 
Kappos et al. (1999) investigated the uncertainty of the strength and ductility of confined 
RC members using MCS and Response Surface Method (RSM). An experimental 
database was used to quantify the uncertainty in the ultimate compressive strain of 
confined concrete. In this database, the values of ultimate concrete strain were based on 
three failure criteria: more than 15% reduction in strength; rupture of confining hoop; and 
buckling of longitudinal reinforcement. The ultimate concrete strain of confined concrete 
was calculated using different models. The ratio of the experimental to the model value 
was close to unity, while the coefficients of variation ranged from 0.32 to 0.36. Different 
case studies for RC beams and columns were considered. A wide range of axial forces on 
RC sections was considered in this study. The fibre model was used to calculate the 
flexural strength and curvature ductility of the confined RC sections. The model error 
associated with the fibre model used for calculating the strength and ductility was not 
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considered. The main outcomes of the Kappos et al. (1999) probabilistic study on the 
curvature ductility can be summarised as below: 
 
 The results showed that in comparison with the material variability, uncertainty in 
the ultimate strain of concrete had significantly more influence on the response of 
RC confined members.  
 
 Results of the RSM analysis showed that the yield stress of the steel rebar was the 
main parameter influencing the yield strength of the RC beam sections. Moreover, it 
was found that the yield strength could be modelled using the Normal distribution. 
 
 For flexural and axial strengths of RC sections, it was found that the concrete 
compressive strength and the yield stress of rebar steel were the most important 
parameters. No specific information regarding the coefficient of variation and the 
statistical model of the strength in RC column sections was provided. 
 
 Although a low degree of positive skewness was observed in some cases, the 
Normal distribution was found appropriate for statistically modelling the curvature 
ductility in RC members. 
 
 It was found that the curvature ductility based on the code values laid towards the 
right side of the probability density function of the simulated curvature ductility. This 
means that the code-specified expression requires further calibration. Furthermore, 
it was found that, if the mean values were used in calculating the curvature ductility, 
the predicted values were very close to the mean of the simulated ductility.  
 
4.3 Codes provisions on minimum ductility 
Although thorough attention is usually paid to flexural strength, while only a simple check 
is carried out to ensure that a certain minimum level of flexural ductility is provided by 
keeping the beam under-reinforced, this does not mean that flexural ductility is 
unimportant. From the point of view of structural response, ductility is just as important as 
strength. A large enough ductility would provide a beam with a much better chance of 
survival when overloaded by being subject to accidental impact or attacked by a severe 
earthquake. In this section, the provisions of some of the current design codes (CSA 
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A23.3, 2004; NZS 3101, 2006; AS 3600, 2009; CEB-FIP, 2010; ACI 318, 2011) with 
respect to the issue of ductility are reviewed. 
 
Figure 4.1 shows a typical stress-strain diagram for an RC beam cross-section. The ERSB 
parameters, as well as section dimensions, are shown in this figure. In Table 4.1, the 
parameters of the ERSB for different design codes are shown. Furthermore, this table 
shows the limiting constraints for ductile design, based on the aforementioned codes. In 
this table, mint  (used with the American code) denotes the strain at foremost tensile bar 
and δMR (used with the European code) refers to the moment reduction factor. Here, the 
effect of moment redistribution is not considered. Hence, the moment redistribution factor 
is taken as 1.0. All other parameters are shown in Figure 4.1. Unlike other codes, the 
American code does not directly use the neutral axis parameter to limit the ductility. 
However, its limit could be transformed to this limiting format. In Table 4.1, the result of this 
transformation is shown.  
 
 
Figure 4.1: Stress-strain diagrams for an RC beam section 
Referring to the stress-strain diagram shown in Figure 4.1, the limiting expression for 
ductility can be written as shown in Eq. 4-6. In this equation, the effect of compression 
rebar is neglected.  
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In Eq. 4-6,   stands for the rebar percentage, and all other parameters are shown in 
Figure 4.1. The limiting c/d values for each design code are shown in Table 4.1. Using 
geometric compatibility, the limiting neutral axis parameter can be described as per Eq. 4-
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7. It is noted that the limiting format of all codes (except the American code) is similar to 
this expression. The general safety format used by the design codes for providing 
minimum ductility is based on geometric compatibility, and can be written in the following 
format: 
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The parameter S.F. denotes the safety factor used to ensure the existence of an adequate 
safety margin for a ductile design. In Figure 4.1, the neutral axis depth, c, and the effective 
depth of cross section, d, are shown. The limiting neutral axis depth depends on the yield 
strain of rebar steel, , as well as on the ultimate concrete strain, . In Eq. 4-7, the 
expressions in the brackets show the ratio of the neutral axis to the effective depth at the 
balance strain condition (a condition at which the tension reinforcement reaches its yield 
strain, just as the concrete in compression reaches its maximum strain). Design codes that 
apply the strength reduction factor to material properties rather than the strength 
component (CSA A23.3, 2004; CEB-FIP, 2010) already consider the safety margin 
required for ductile design. In order to make the results of these design codes consistent 
with those of other design codes, the ratio of is incorporated in Eq. 4-7, where  and 
 are the steel and concrete material partial factors. This safety factor ensures that the 
tensile rebar yields before the extreme concrete fibre in the cross-section crushes. It can 
be assumed that this ratio forms a part of the safety factor used to ensure minimum 
ductility.  
Table 4.1: Code provisions for ERSB parameters and ductility requirements 
Code ERSB Parameters εcu Ductility Requirement 
ACI 318 (2011) 
1 0.85   
'
1 1.05 0.00725 cf  
10.65 0.85   
0.0030cu   
min 0.005t   or 
max
0.375
c
d
 
 
 
 
CSA A23.3 (2004) 
 
'
1 0.85 0.0015 cf  
'
1 0.97 0.0025 cf  
1 1, 0.67    
0.0035cu   
max
700
700 y
c
d f
 
 
 
 
y cu
/c s  s
c
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CEB-FIP (2010) 
' 50cf   
1 1.00   
1 0.80   
0.0035cu   
1
max 2
MR kc
d k
  
 
 
 
1 0.44k   , 2 1.25k   
CEB-FIP (2010) 
' 50cf   
'
1
50
1.00
200
cf

   
'
1
50
0.80
400
cf

   
4
'
0.0026
90
0.035
100
cu
cf
  
 
 
 
 
3
max 4
MR kc
d k
  
 
 
 
3 0.54k   
4
0.0014
1.25 0.6
cu
k

 
  
 
 
AS 3600 (2009) 
'
1 0.85 0.003 cf  
'
1 0.85 0.003 cf    
1 10.67 , 0.85    
0.0030cu   
max
0.36
c
d
 
 
 
 
NZS 3101 (2006) 
'
1 1.07 0.004 cf  
10.75 0.85 
'
1 1.09 0.008 cf    
10.65 0.85   
0.0030cu   
max
0.75 cu
cu y
c
d

 
  
        
 
 
Table 4.2 shows the limiting ratios and the corresponding safety factors based on different 
design codes and steel and concrete strengths. This safety factor differs from code to 
code. The limiting ratio depends on the yield strain of rebar steel as well as on the ultimate 
concrete strain. Thus, for different steel grades, the limiting ratio varies. The neutral axis 
ratio limit for the American, Australian and European codes is constant, and does not vary 
with the yield strength of steel. On the other hand, the New Zealand and Canadian codes 
relate the neutral axis limit to the yield strength of steel. It should be noted that in deriving 
the safety factors for each code, its own ultimate concrete strain is used and a value of 
200GPa is assumed for the modulus of elasticity of steel. The safety factors shown in 
Table 4.2 are based on Eq. 4-7. This equation shows that the material safety factors also 
affect the maximum allowable neutral axis depth. Therefore, in Table 4.2, the effect of 
these factors is also included. 
Table 4.2: Limiting neutral axis parameter and corresponding safety factor 
Code 
fy = 300MPa fy = 400MPa fy = 500MPa 
max
c
d
 
 
 
 . . s
c
S F


 
max
c
d
 
 
 
 . . s
c
S F


 
max
c
d
 
 
 
 . . s
c
S F


 
ACI 318 (2011) 0.375 1.78 0.375 1.60 0.375 1.45 
AS 3600 (2009) 0.360 1.86 0.360 1.67 0.360 1.50 
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NZS 3101 (2006) 0.500 1.33 0.450 1.33 0.409 1.33 
CSA A23.3 (2004) 0.535 1.31 0.486 1.31 0.446 1.31 
CEB- FIP (2010) 
(f’c<50MPa) 
0.343 2.04 0.343 1.86 0.343 1.70 
 
In order to compare the safety factors shown in Table 4.2 with those proposed for the 
strength limit state, a combination of loads that include only the dead load is considered. 
The general format of the strength limit state can be written as shown in Eqs. 4-8(a & b). In 
this equation, Md refers to the design flexural capacity, DL  is the dead load factor, and ϕ is 
the resistance reduction factor. 
 
d n u DL DLM M M M     4-8a 
. . u
d
M
S F
M

  
4-8b 
 
The safety factors provided by each of the considered design codes are shown in Table 
4.3. The Canadian and European design codes use the material reduction factors instead 
of the resistance reduction factor. In this case, the provided resistance safety factor varies 
with changes in the rebar yield stress and the concrete compressive strength. 
Nevertheless, this variation is not significant. For a case with a yield stress of 400MPa for 
the rebar steel, a compressive strength of 40MPa for the concrete and a maximum rebar 
percentage according to each design code, the strength safety factors are calculated and 
shown in Table 4.8. The resulting safety factors can be compared with those obtained for 
the maximum neutral axis shown in Table 4.2. It is interesting that, while the Canadian 
code provides the highest safety factor for the strength limit state, it possesses the lowest 
safety factor when it comes to the ductility measure. The maximum difference between the 
highest (1.80) and lowest (1.56) safety factors is about 15%, while, according to Table 4.2, 
for the ductility measure, this difference is about 42% for a yield stress of 400MPa for the 
steel rebar. There is a higher disparity between the design codes when it comes to the 
ductility measure. In the subsequent sections, the effect of this disparity on the level of 
reliability provided by each of the considered design codes is investigated. 
Table 4.3: Strength safety factors of the considered design codes  
  Resistance Reduction factor  
Design code  Behaviour Material Strength Safety factor 
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ACI 318 1.40 0.90 - 1.56 
AS 3600 1.35 0.80 - 1.69 
NZS 3101 1.35 0.85 - 1.59 
CSA A23.3 1.40 N/A  1.80 
CEB-FIP 1.35 N/A  1.66 
 
Originally, the concept of limiting the neutral axis depth is proposed as a means to limit the 
tensile rebar area. The ductility of RC sections mostly depends on the tensile rebar area. 
Ignoring the effect of compression rebar, Eq. 4-9 shows the maximum tensile rebar ratio 
as a function of section properties.  
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In Figure 4.2, the maximum rebar percentage allowed by the considered design codes is 
shown.  The results in this figure are based on a yield stress of 400MPa for rebar steel. As 
can be seen, there is no general agreement amongst the design codes. Moreover, in 
comparison with other design codes, the CSA A23.3 design code allows higher rebar 
percentages. As indicated in Eq. 4-9, the maximum rebar percentage (and consequently, 
the section ductility) depends on the ERSB parameters. Therefore, the reliability in 
providing adequate section ductility not only depends on the neutral axis depth, but also on 
the other parameters that define the ERSB, e.g.  and  parameters. Only a complete 
moment-curvature analysis in which the curvature ductility is directly derived can reveal 
the level of safety in any of the mentioned design codes. This will be the subject of the 
subsequent sections in this chapter, where a complete moment-curvature analysis will be 
used to investigate the minimum ductility provided by each of the considered design 
codes.  
 
0.65c  0.85s 
1/1.50c  1/1.15s 
1 1
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Figure 4.2: Maximum rebar percentage per different design codes 
 
4.4 ERSB based approach 
4.4.1 Mechanical concept 
In this section, using the previously mentioned basic assumptions and the ERSB for 
concrete, the strain and curvature ductility ratios are evaluated. Figure 4.3 shows the 
mechanical principles that are used in the design of RC beams, based on the ERSB. The 
deformation capacity is expressed through either the strain or curvature of the RC section. 
The amount of tensile rebar has an inverse relation with section ductility. Therefore, design 
codes prescribe a maximum rebar percentage limit, in order to ensure that RC sections 
exhibit adequate ductility. On the other hand, the presence of compressive rebar enhances 
the section ductility. Noting these relationships, the worst-case scenario for investigating 
the minimum ductility would be to have the maximum tensile rebar at the tension side of 
the section, while the compression side is reinforced by the minimum rebar. This would 
result in a lower reliability level for ductility in the RC sections, and as such, it is used in 
this study. 
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Figure 4.3: Basic assumptions in the ERSB method 
In deriving the yield curvature, it is assumed that concrete behaves elastically before the 
yielding of the tensile rebar. In this case, the stress in the extreme compressive fibre of 
concrete could be appreciably lower than the cylinder strength, f’c. The stress-strain curve 
for concrete is approximately linear up to 0.70f’c (Park and Paulay, 1975). Figure 4.3 
shows the stress and the strain states at the yield condition.  
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The ultimate curvature is the state at which either the specific ultimate compressive strain 
in the concrete or the specific ultimate strength of extreme tensile rebar is reached. The 
ultimate compressive strain of unconfined concrete is relatively low and the rebar steel, 
even for high-strength concrete, has adequate ductility prior to rupture. Therefore, for 
unconfined concrete, which is the assumed case for under-reinforced concrete beams, 
reaching the ultimate compressive strain in concrete governs the ultimate curvature. Since 
maximum rebar area is used for the tensile rebar, it is highly unlikely that rupture of the 
steel rebar occurs before crushing of the concrete. In Figure 4.3, the stress and strain 
diagrams for concrete and rebar steel are shown. 
 
Using the basic mechanics of RC structures as shown in Figure 4.3, the curvature ductility 
for an RC beam section is derived. Following the procedure explained in Park and Paulay 
(1975), the yield curvature can be expressed as shown in Eqs. 4-10(a to c). 
 
1
y
y
y
c
d
d

 
 
 
 
 
4-10a 
   
1/2
' '
2
' 2 '2
y
c d
n n n
d d

    
  
       
  
 4-10b 
s
c
E
n
E
 , s
A
bd
  , 
'
' s
A
bd
   4-10c 
 
In Eq. 4-10, Es and Ec are the modulus of elasticity for the steel and concrete materials, 
respectively. All other parameters in this equation are shown in Figure 4.3. In deriving Eq. 
4-10, it is assumed that the compressive rebar yields. For under-reinforced concrete 
sections, Eq. 4-10 has adequate accuracy. It is worth mentioning that, as the ERSB 
parameters are calibrated in the ultimate condition, they cannot be used for the yield 
condition. In this section, for simplicity, elastic behaviour prior to the yielding of steel rebar 
is assumed. In the next section, a more accurate method, based on using the direct stress-
strain curve of concrete material, will be discussed. 
 
Referring to Figure 4-3, the ultimate strain in the tensile rebar and the ultimate curvature 
ductility can be calculated. To derive the neutral axis depth, an iterative procedure based 
on satisfying the force equilibrium is used. In this procedure, a bilinear stress-strain 
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relationship (as discussed in Chapter 3) is employed. Thus, the stress condition of the 
tensile and compressive bars is directly taken from the stress-strain curve, and no 
assumption about yielding of tensile or compressive bars is made. After calculating the 
neutral axis depth, the ultimate tensile rebar strain and curvature can be calculated as 
shown in Eqs. 4-11(a & b). 
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Having the yield and ultimate strain and curvature, the ductility can be calculated. In the 
basic method presented in this section, an approximate expression is used for finding the 
yield curvature. However, for the ultimate state, an accurate iterative procedure is used for 
calculating both the ultimate strain in the tensile rebar and the ultimate curvature ductility. 
 
According to Figure 4.3, the ultimate flexural strength of the RC beam section can be 
found, as shown in Eq. 4-12. 
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4.4.2 Limit states 
In the current codes of practice, limit states are grouped into two categories. First, the 
ultimate limit states that are used to characterise the strength requirements for preventing 
collapse. Second, the serviceability limit states are used to characterise the requirements 
for functional use of the structure. The limit state function can be defined mathematically, 
as shown in Eq. 4-13. 
 
1 2( , ,..., )nZ g X X X  4-13 
 
 Chapter 4: Reliability aspects of the ductility in RC beams 109 
 
 
In the above equation, parameter iX  represents the probabilistically defined variables for 
load and strength. The function, g, is the limit state function that describes the failure 
criterion. In the current study, two types of limit states are defined.  
 
The first limit state used in this study is a strength-based limit state, in which the bending 
capacity of the cross-section is treated as strength and is compared with the dead load. 
 
1 R Qg M M   4-14 
 
In Eq. 4-14, MR and MQ represent the bending capacity and the bending resulting from 
load action, respectively. The resistance is found based on Eq. 4-12. Parameter δ is the 
model error that applies in using this model for finding the flexural strength. As previously 
stated, in this study, only the effect of dead load is considered. 
 
The second limit state is a deformation-based limit state. Two different types of 
formulations are used for this limit state. In the first one, the curvature ductility of the 
section is compared with 1.0, which is the boundary between ductile and brittle design for 
reinforced concrete beams subjected to bending, while in the second one, the strain of 
tensile rebar steel is compared to the yield strain of steel material. The ratio of the tensile 
rebar strain to the yield strain of steel is called strain ductility. Failure is deemed to occur 
when curvature or strain ductility ratios exceed 1.0. Equations 4-15(a & b) show the 
considered deformation-based limit state functions. 
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Parameters u  and y denote the yield and ultimate curvature, respectively, εsu is the 
tensile strain at rebar at the ultimate state, and εy is the yield strain of steel material. Limit 
state g2 assesses the curvature ductility of the RC section, while limit state g3 assesses 
the deformability and ductility of the tensile rebar. Parameter δ represents the model error 
in finding the curvature and strain ductility ratios. 
 
 Chapter 4: Reliability aspects of the ductility in RC beams 110 
 
 
4.4.3 Model uncertainty 
Model error covers the uncertainties in the mathematical modelling of a structure, where 
those uncertainties arise from the necessary idealisation of different parts of the structure. 
In this study, both strength and deformation models are of interest. In what follows, the 
statistical models (mean, coefficient of variation and probability density function) for 
strength and curvature models are evaluated. Moment and curvature data for RC sections 
have been collected from published literature. Experimental data from 21 different sources 
were collected. The number of test specimens for calculating the curvature and moment at 
the yield and ultimate states are shown in Table 4.4. For each category of the 
experimental results, more than 250 experimental data are available. The database covers 
a wide range of concrete compressive strengths from 20 to 125MPa. In this section, the 
model errors for each moment and curvature are separately evaluated. Because design 
codes each provide different ERSB parameters, for each of the considered design codes 
the model errors are separately calculated. In addition, the proposed best-fit models for the 
ERSB are also considered. As in the design of RC sections, only the yield capacity is 
required; the model error for the yield bending moment is more important than that for the 
ultimate bending moment. For the reliability analysis, model errors of flexural capacity and 
curvature ductility only are required.  
Table 4.4: Experimental database for moment curvature analysis 
Reference 
No. 
f’c 
Total My Mu φy φu μφ 
Mattock (1965) 37 37 37 37 37 37 23.0-42.0 
Corley (1966) 40 40 40 40 40 40 24.0-32.0 
Shin et al. (1989) 30 - 30 - - - 27.0-107.0 
Shuaib and Baker (1991) 6 6 6 6 - - 37.0-80.0 
Shuaib and Batts (1991) 6 6 6 - - - 46.0-81.0 
Alca et al. (1997) 12 12 12 12 12 12 43.8-90.3 
Pam et al. (2001) 20 - 20 - - - 21.0-87.0 
Ashour (2000) 9 9 9 9 - - 48.0-102.0 
Ko et al. (2001) 35 35 35 35 35 35 66.6-82.1 
Lin and Lee (2001) 21 - 21 21 21 21 30.0-61.0 
Weiss et al. (2001) 16 16 16 16 16 16 39.8-108.3 
Debernardi and Taliano (2002) 22 22 22 22 22 22 27.7 
Bernardo et al. (2003) 19 19 19 19 19 19 24.0-109.0 
Rashid and Mansur (2005) 16 16 16 - - - 42.8-126.2 
Bengar and Maghsoudi (2007) 8 8 8 8 8 8 56.3-72.8 
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Srikanth et al. (2007) 6 6 6 - 6 - 42.0-48.0 
Jang et al. (2008) 23 23 23 - - - 40.0-75.0 
Maghsoudi and Sharifi (2009) 6 6 6 6 6 6 66.0-78.0 
Sin et al. (2011) 21 21 21 - - 21 31.0-72.0 
Wu et al. (2011) 6 6 6 6 6 6 32.3-34.2 
Carmo et al. (2013) 13 13 13 13 13 13 33.0-63.0 
Sum 372 301 372 250 241 256 20.0-126.0 
 
 
It was assumed that, in these studies, all of the mechanical properties as well as sectional 
dimensions had been accurately measured, and therefore, the only existing uncertainty 
was that associated with the strength or curvature model. This assumption is quite 
reasonable for the strength model error. However, as there is noticeable error in 
measuring the strain (especially for concrete), this assumption might not be reliable for the 
model error associated with the curvature. In the absence of full information on the 
sources of model error in predicting the curvature, this assumption was the only available 
option. In order to have statistically consistent results, the outlying data were removed 
from the database. For this purpose, the resulting model error of the output parameters 
(curvature and moment) were normalised. If the resulting normalised parameter fell 
outside the range of -2.5 and 2.5, for that particular output, the corresponding data was 
removed from the database. 
 
In the ERSB method, an accurate iterative procedure is used for calculating the ultimate 
bending moment and curvature. It should be noted that in this method, the post-yield 
stiffness is considered. Because the post-yield stiffness is considered in the basic method, 
the ultimate strength can be evaluated. The resulting ultimate moment is compared to that 
obtained from the test results. On the other hand, an approximate method based on the 
elastic behaviour of concrete is used for evaluating the parameters at the yield state. For 
evaluating the yield strength, the post-yield stiffness of the rebar steel is neglected and the 
resulting strength is compared with the yield strength obtained from the tests. 
  
It was expected that the uncertainty in predicting the ductility would be higher than for 
strength. Statistical results, shown in Figure 4.4, confirmed this expectation. The 
coefficient of variation for the ductility model error was more than three times that for the 
strength model. The proposed option used in this figure refers to the ERSB parameters 
proposed in Chapter 3 of this dissertation. Cohn and Riva (1991) stated that the model 
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used for predicting the strength and ductility does not have significant influence on the 
predicted response. The same outcome resulted from this study. The use of models 
proposed by different design codes did not change the statistics of the model error for 
predicting the strength and ductility. 
 
  
a) Bias factor b) Coefficient of variation 
Figure 4.4: Statistics of model error for the ERSB method 
The statistical analysis shows that the Weibull distribution is the best-fit distribution for both 
the ultimate bending moment and the curvature ductility. For the curvature ductility, the 
goodness-of-fit measures for the Normal and Weibull distributions are very close. 
Therefore, the Normal distribution can also fit the model error of the curvature ductility. 
Figure 4.5 shows a histogram of the model errors for ultimate strength and curvature 
ductility, based on the ACI model, along with the best-fit distributions. For other considered 
models, the same probability density functions resulted. As the means and coefficients of 
variation obtained from the fitted distributions were close to the sample statistical 
measures, the statistical measures shown in Figure 4.4 can be used for evaluating the 
distribution parameters. In summary, the Weibull distribution fits the model error 
associated with the ultimate flexural capacity, while either the Normal or Weibull 
distributions are suitable for modelling the probability density function of curvature ductility. 
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a) Strength b) Ductility 
Figure 4.5: Best-fit probability density functions for the strength and ductility model errors 
It is worth mentioning that, due to the lack of experimental data on the strain of tensile 
rebar at ultimate state, it was assumed that the model error for strain ductility was equal to 
that for curvature ductility. 
 
4.4.4 Statistical models 
A typical rectangular section, with 300mm width, 600mm height and 60mm cover to rebar 
centre, was selected as a case study. This section was chosen as representative of cross-
sections used in everyday practice. The amount of tensile rebar has an inverse relation 
with section ductility. Therefore, design codes prescribe a maximum rebar percentage 
limit, in order to ensure that RC sections exhibit adequate ductility. On the other hand, the 
presence of compressive rebar enhances the section ductility. Noting these, the worst-
case scenario for investigating the minimum ductility is to have the maximum tensile rebar 
at the tension side of the section, while the compression side is reinforced by the minimum 
rebar. This would result in a lower reliability level for the ductility of RC sections, and as 
such, this was the case devised in this study. 
 
In order to calculate the reliability index from the limit state function, the probability 
distribution functions of the different random variables were required. Following the 
previous discussion in Chapter 3 regarding statistical models for the physical properties of 
RC sections, the appropriate statistical models were chosen. A summary of the statistical 
models used for the reliability analysis of the strength and curvature ductility is shown in 
Table 4.5. The presented model for the cross-sectional dimensions was based on values 
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that are commonly used in the literature. The statistical model for concrete was based on 
the model used by Attard and Stewart (1998). The statistical models for the mechanical 
properties of rebar steel were based on the JCSS model code (2012). The correlation 
among rebar steel mechanical properties was taken from the JCSS model code. The 
probabilistic model for the ultimate concrete strain of concrete was taken from the 
statistical analysis undertaken in this dissertation. The coefficient of variation for concrete 
ultimate strain was rounded up. It is worth mentioning that the effect of uncertainty in the 
ERSB parameters was already included in the model error. Parameters δs and δd in Table 
4.5 refer to the model errors for strength and ductility, respectively. 
 
Table 4.5: Statistical models for the basic random variables (ERSB model) 
Variable Nominal μ/Bias σ/COV Distribution 
b 300 mm 1.00 0.020 Normal 
h 600 mm 1.00 0.020 Normal 
d 540 mm 1.00 0.020 Normal 
cover 60 mm 1.00 0.030 Normal 
 
 1.00 0.020 Normal 
 
 1.00 0.020 Normal 
 200GPa 1.00 0.033 Lognormal 
 400MPa 1.15 0.065 Normal 
 500MPa 1.12 0.054  
uf  - 500MPa 0.080 Normal 
 - 600MPa 0.067  
u  - 0.05 0.090 Normal 
 20MPa 1.38 0.218 Lognormal 
 40MPa 1.19 0.126  
 60MPa 1.12 0.089  
 80MPa 1.09 0.068  
cu  - 0.0034 0.150 Lognormal 
s  - 1.00 0.100 Normal 
d  - 1.00 0.300 Weibull 
 
 
sA max n nb d
'
sA min n nb d
sE
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According to the previous statistical analysis of the model error, the statistical measures of 
the model errors for each of the considered design codes are different. However, for 
strength, the statistical measures of the model errors obtained from different models are 
very close. Therefore, for the strength model error, the same model error was used for all 
of the considered models. It is worth mentioning that the statistical models for the model 
error depend on the size and content of the collected experimental database. Thus, the 
presented model errors are purely representative of the accuracy in predicting the strength 
and curvature ductility – if a different database is used, different statistical measures for 
the model error might be obtained. 
 
4.4.5 Results and discussion 
Having section geometry, rebar area, and material properties, the behaviour of RC 
sections can be predicted by means of structural analysis, which is based on force 
equilibrium and deformation compatibility. As the main variables are random in nature, the 
RC section behavioural responses (the ultimate strength and ductility) are probabilistic and 
their distributions can be simulated by means of the MCS method. Ultimate strength (in 
terms of flexural capacity) and ductility (curvature and strain) are derived from the 
probabilistic section analysis. Statistical measures of these responses are investigated in 
this section. These probabilistic quantities will also be used for calculating the reliability 
indices.  
 
4.4.5.1 Sensitivity analysis 
In order to find the most important random variables affecting the ultimate strength and 
strain, a probabilistic sensitivity analysis, based on Pearson’s correlation coefficient, was 
conducted. Two parameters have an influence on probabilistic sensitivities – the slope of 
the gradient, and the width of the scatter of the random input variables. Furthermore, 
because the probabilistic sensitivities are based on MCS, any interaction among the input 
random variables will be correctly reflected in the probabilistic sensitivities. Twelve main 
random variables affect the ultimate strength and ductility. The bar chart in Figure 4.6 
presents the main random variables, as well as the normalised probabilistic sensitivity 
factors associated with each of these random variables. The results in this figure are 
based on the ACI 318 model for the ERSB parameters. In addition, to derive the sensitivity 
factors shown in Figure 4.6, the steel rebar yield stress and concrete compressive strength 
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were chosen as 400MPa, 40MPa, respectively. Changing the design code, dimensions or 
material properties does not vary these probabilistic sensitivities to any significant extent. 
 
 
Figure 4.6: Sensitivities of strength and ductility to main random variables (ERSB method) 
In Figure 4.6, parameter δ denotes the model error. Results of the sensitivity analysis 
shown in Figure 4.6 clearly indicate that the model error has the biggest impact on the 
ultimate strength and ductility. As is expected, the concrete properties do not have a 
noticeable impact of the flexural strength of the RC section. However, they could affect the 
ductility noticeably. On the other hand, the steel material properties affect the strength and 
ductility equally. While the yield and ultimate stress of rebar steel have a positive effect on 
the strength, they have an adverse effect on the ductility. The rebar steel area and the 
yield stress of the steel material are slightly more important in evaluating the ultimate 
strength than they are for ductility. It should be noted that the effect of correlation among 
the mechanical properties of rebar steel material is considered in the sensitivity analysis. 
 
From the sensitivity analysis that was conducted, an interesting conclusion is that the 
ultimate strength of the concrete cross-section mainly depends on parameters with 
relatively low uncertainty, while its ductility is dependent on random variables with high 
uncertainty, such as the concrete ultimate strength and strain. Apart from this, the model 
uncertainty in predicting the curvature ductility is higher than for the ultimate strength. 
Thus, as results in the next section will show, the uncertainty in predicting ductility is 
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considerably greater than for ultimate strength. Accordingly, it is expected that, to maintain 
the same level of reliability for ductility and strength limit states, higher safety factors 
should be used for the ductility limit state.  
 
4.4.5.2 Statistics of strength and ductility 
The curves of Figure 4.7 exemplify the coefficients of variation and bias factors of the 
ultimate strength and curvature ductility for different levels of concrete compressive 
strength. The yield stress of the steel rebar material (for the results shown in Figure 4.7) is 
400MPa. Furthermore, the coefficients of variation for the ultimate tensile rebar strain 
range from 0.40 to 0.50, based on different design codes (with the AS 3600-09 code 
model showing the least uncertainty). This level of uncertainty is noticeably high in the 
area of structural reliability. Results show that the uncertainty in predicting the curvature 
ductility is nearly four times that for strength. From the discussion previously made in the 
sensitivity analysis section, this result is expected. 
 
Results in Figure 4.7 show that using different design codes does not result in a 
considerable difference in the uncertainty associated with strength; nonetheless, it does 
result in different uncertainty in the curvature ductility. Reasons for this outcome are that 
the ductility depends on all of the ERSB parameters, and that design codes do not agree 
on ERSB models. As the flexural strength is less affected by concrete compressive 
strength, the bias factor and the coefficient of variation of the strength do not vary with a 
change in the concrete compressive strength. On the other hand, the bias factor and the 
coefficient of variation of the curvature ductility do vary with a change in the concrete 
compressive strength. According to the probabilistic model used for concrete, the 
coefficient of variation decreases as concrete strength increases. Therefore, the coefficient 
of variation of the curvature ductility decreases as the concrete compressive strength 
increases.  
 
Bias factor, which is the mean to nominal ratio, is another statistical measure that shows 
the difference between the average and nominal responses. Figure 4.7 illustrates variation 
in the bias factor with concrete compressive strength for both the strength and curvature 
ductility. The bias factor for strength slightly decreases with the increase in the concrete 
compressive strength. However, the bias factor for the ultimate tensile rebar strain 
noticeably decreases with the increase in the concrete compressive strength. According to 
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the statistical model used for the concrete strength (see Table 4.5), by increasing the 
concrete strength, the concrete strength bias factor decreases. Therefore, it is expected 
that the bias factor in ultimate strength and curvature ductility also reduces. However, 
because the ultimate flexural strength of concrete cross-sections is largely not sensitive to 
the concrete compressive strength, the reduction in the strength bias factor is not 
noticeable. Since ACI 318 (2011), AS 3600 (2009) and NZS (2006) design codes use a 
lower bound value of 0.003 for the ultimate strain of concrete, and the mean value used in 
this study is 0.0034, these design codes show a higher bias factor in comparison with the 
CSA A23.3 (2004) and CEB FIP (2010) design codes. The CEB FIP (2010) design code 
uses different provisions for normal- and high-strength concrete materials. Thus, as shown 
in Figure 4.7, there is a sudden change beyond a concrete ultimate strength of 50MPa that 
separates the normal- and high-strength concrete materials. 
 
  
  
a) Curvature ductility b) Flexural strength 
Figure 4.7: Coefficients of variation and bias factors for flexural strength and ductility  
Nowak and Szerszen (2003), in their work on statistical models for resistance based on 
ACI 318 design code,  reported a coefficient of variation of about 0.09 for the flexural 
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capacity of beams with ordinary and high-strength concrete. Bias factors of 1.19 and 1.16 
were also reported for normal- and high-strength concrete. In this study, the bias factor 
and coefficient of variation for normal-strength concrete (ultimate strength of less than 
50MPa) based on the ACI 318 design code were 1.16 and 0.127, respectively. For high-
strength concrete (greater that 50MPa strength), these values were found to be 1.14 and 
0.125, respectively. One reason for the difference in statistics obtained from different 
studies is the use of different statistical models for the main random variable. 
 
4.4.5.3 Reliability indices 
Using the MCS method, the probability of failure and the reliability index for strength and 
ductility limit states can be evaluated. A bias factor and a coefficient of variation of 1.05 
and 0.10 are assumed for the dead load (Ellingwood et al., 1982). Figure 4.8 shows the 
reliability indices for the strength and ductility limit states for different values of concrete 
strengths, and based on different design codes. The results in Figure 4.8 are based on a 
yield stress of 400MPa for the rebar steel material. 
 
  
a) Strength b) Curvature ductility  
Figure 4.8: Reliability indices for ductility and strength limit states 
Figure 4.8 shows that the reliability of the strength limit state is higher than for the ductility 
limit state. Furthermore, the disparity among the design codes concerning the ductility limit 
state is greater than it is for the strength limit state. The CEB FIP (2010) and ACI 318 
(2011) design codes have lower strength reliability indices in comparison with other design 
codes, while they provide safer designs for the ductility limit state. On the other hand, 
despite providing the highest strength safety, the CSA A23.3 (2004) design code 
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possesses the lowest reliability in the ductility limit state. Because CEB FIP (2010) is more 
conservative for high-strength concrete, higher reliability indices result for high-strength 
concrete. The average ultimate strain of concrete used in the reliability analysis is about 
0.0035; thus, by introducing lower concrete ultimate strains, design codes that use 0.003 
as the limiting strain for concrete are expected to provide higher reliability, in comparison 
with other design codes that use 0.0035 as the ultimate strain of concrete. Nevertheless, it 
should be noted that all of the ERSB parameters contribute to the ductility and, as such, to 
the reliability of its limit state.  
 
The reliability indices obtained from the two ductility limit states that were defined in this 
study are shown in Figure 4.9. The first limit state is based on the curvature ductility, while 
the second is based on the strain at the tensile rebar. For comparison, the reliability index 
of the strength limit state is also shown. The results were based on a concrete 
compressive strength of 40MPa and a yield stress of 400MPa for rebar steel. The reliability 
indices for the strength limit states are considerably higher than those for the ductility limit 
states. There is a slight difference between the reliability indices resulting from the limit 
states defining the curvature and strain ductility. High uncertainty in predicting the ductility 
is the main reason for having very low reliability indices for ductility limit states. A 
comparison between the levels of the coefficients of variation for strength and ductility of 
RC beams can be seen in Figure 4.7. 
 
 
 
 
Figure 4.9: Comparison between strength and ductility limit states 
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In order to investigate the effect of the rebar steel yield stress on the reliability of the 
strength and ductility limit states, two different yield stresses of 400MPa and 500MPa were 
considered. The compressive strength of the concrete used for this comparative 
investigation was 40MPa. The effect of the rebar steel yield stress on the reliability indices 
of the strength limit state was negligible (see Figure 4.10). However, the ductility limit state 
was slightly affected by change in the yield stress of the rebar steel material. For design 
codes that provide a constant value for the limiting neutral axis depth parameter, 
increasing the yield stress of rebar from 400MPa to 500MPa decreased the reliability index 
by about 20%. 
 
  
a) Strength b) Curvature ductility  
Figure 4.10: Effect of rebar steel yield stress on reliability of strength and ductility limit states 
For design codes in which the ductility limit is related to yield stress of the rebar steel (CSA 
A23.3, 2004; NZS 3101, 2006), changing the yield stress did not change the reliability 
index. However, for those design codes that use a constant value to limit the cross-section 
ductility (AS 3600, 2009; CEB-FIP, 2010; ACI 318, 2011), increasing the rebar steel yield 
stress reduced the reliability of the ductility limit state. Using a higher yield stress, e.g. 
steel with a higher nominal yield strain, decreased the bias factor of the ultimate tensile 
rebar strain, and consequently led to lower reliability indices for the ductility limit state. It is 
expected that when steel rebar with higher yield stress is used, the reliability indices will 
further decrease. Figure 4.10 shows that when rebar steel with a 500MPa yield stress was 
used, all of the considered design codes resulted in reliability indices smaller than 3.0 (for 
the ductility limit state), while for the strength limit state, the reliability indices were greater 
than 3.0. 
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Statistical analysis of the model error showed that the error in models that predict the 
curvature ductility was considerably higher than when they were used for predicting the 
strength. Although in this study an adequately large experimental database was collected, 
a sensitivity analysis was carried out in order to investigate the effect of model error on the 
reliability analysis of ductility limit states. Three different values were considered. The 
coefficient of variation for all models of the considered design codes was about 0.30. The 
three different model errors considered for the sensitivity analysis were 0.10, 0.20 and 
0.30, respectively. For the sake of comparison, a case with a concrete compressive 
strength of 40MPa and a yield stress of 400MPa for rebar steel was considered. Figure 
4.11 shows the results of the sensitivity analysis for the ductility limit states, based on the 
different design codes. Even with a low coefficient of variation, some design codes still 
showed very low reliability indices for the ductility limit state. The improvement in the 
reliability indices (due to reduction in the coefficient of variation for model error) was 
different for the considered ductility limit states. If the coefficient of variation increased from 
0.30 to 0.10, the reliability index for the limit state of the curvature ductility increased about 
50%, while, for the strain ductility, the increase was about 40%.   
 
  
a) Curvature ductility b) Strain ductility  
Figure 4.11: Sensitivity analysis based on different coefficients of variation for the model error 
The results in Figure 4.11 show that, even for moderate uncertainty in the model error 
(which is highly likely), the reliability indices for the ductility limit state were noticeably 
lower than for the strength limit state. 
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4.5 Stress-strain based approach 
4.5.1 Mechanical concept 
In this section, the fibre model was used for evaluating the moment-curvature relationship. 
Then, using the resultant moment-curvature curve, the yield and ultimate curvatures were 
obtained. The fibre method, used here for deriving the moment-curvature relationship, is a 
well-established method used by many researchers (Cohn and Riva, 1991; Al-Haddad, 
1995; Ho et al., 2004; Arslan and Cihanli, 2010). In this method, in order to determine the 
moment-curvature curves associated with each axial force level (zero axial force for 
beams), the section is divided into a number of discrete lamina or fibre. Each layer of rebar 
in the RC section represents a steel fibre in addition to other concrete fibres. Figure 4.12 
shows the division of a reinforced cross-section into discrete fibres.  
 
 
Figure 4.12: Fibres and stress-strain relationship 
 
The stress-strain relationship should be assigned to each of the fibres. The stress-strain 
curve for concrete is based on the JCSS probabilistic model code (JCSS, 2012). This 
model is similar to the parabolic model proposed in the CEB-FIP (2010) model that is used 
in the section analysis. Rebar steel stress-strain curve is based on a simple model that is 
proposed in CEB-FIP (2010). A thorough discussion of the stress-strain relationship used 
in this study can be found in Chapter 3 of this dissertation. The concrete part of the section 
is divided into two parts, which are core and cover. The core is the inner part of the 
section, which is surrounded by stirrups or ties, while the cover is the outer part of the 
section covering the reinforcement. Although reinforced concrete sections of beams 
always possess stirrups that surround the core, generally the effect of confinement in the 
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core is ignored. One reason for this is that the compressive concrete in beams (although 
surrounded by stirrups) is not completely confined, since a large part of the core is 
subjected to tension and the stirrup is not active in this part. In the current study, the effect 
of confinement was ignored and all section fibres were treated as if unconfined.  
 
Strain variation is assumed linear, even in the inelastic part of the stress-strain 
relationship. This assumption seems to have adequate accuracy and the experimental 
results have proven its validity (Park and Paulay, 1975). Unlike the ERSB, in the fibre 
model, the tensile strength of concrete can also be included in the nonlinear sectional 
analysis. 
 
4.5.2 Model uncertainty 
In what follows, the statistical model (mean, coefficient of variation and probability density 
function) for strength and curvature models are evaluated. Moment and curvature data for 
reinforced concrete sections have been collected from published literature. Table 4.4 
summarises the collected experimental database. Model errors for yield moment, ultimate 
moment, yield curvature and ultimate curvature are separately evaluated. Table 4.6 shows 
the means and coefficients of variation for different components of the model error. As 
well, the best-fit probability density functions for each component of model error are shown 
in this table. Using the technique described for the ERSB method, the outliers of 
experimental data have been removed from the database. In this technique, the statistical 
data from the resultant model error are used to identify the outliers. It should be noted that 
the model errors for the curvature ductility and the yield bending moment are the only 
required model errors that will be used in the reliability analysis. 
Table 4.6: Statistical measures of model errors for moment and curvature 
 Mean COV Skewness 
Best-fit 
distribution 
y  1.09 0.143 0.02 Gamma 
u  0.96 0.284 0.01 Normal 
  0.93 0.330 0.12 Weibull 
yM  0.92 0.080 -0.03 Normal 
uM  0.98 0.137 -0.21 Weibull 
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In Table 4.6,
y , u ,  , yM  and uM  refer to yield curvature, ultimate curvature, curvature 
ductility, yield moment and ultimate moment, respectively. As expected, the uncertainty in 
evaluating the yield point components was lower than it was for the ultimate components. 
Furthermore, the theoretical procedure used in this study underestimated the yield 
curvature and bending moment, while it slightly overestimated the ultimate curvature and 
bending moment.  
 
Skewness values close to zero suggest that the Normal distribution could be the best-fit 
distribution for the data. For more information on the statistical measures of model error, 
the best-fit distribution for each of the model errors representing different measures are 
shown in Table 4.6. The resulting best-fit distributions are in line with the results obtained 
from the ERSB method. Figure 4.13 demonstrates the best-fit distribution for model error 
of the yield strength and the curvature ductility. 
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a) Yield strength b) Curvature ductility 
Figure 4.13: Best-fit statistical models for yield strength and ductility model errors 
 
4.5.3 Statistical models 
The case study used in this section is similar to that used in the ERSB approach. As 
previously stated, the tensile reinforcement was set to the maximum allowed value, while 
the minimum reinforcement was set for the opposite face. The statistical models for all of 
the random variables are shown in Table 4.7. The statistical models used in this section 
were taken from the previous section on the ERSB method. However, here, some new 
statistical models for the concrete model have been added to these models. Models for the 
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concrete modulus of elasticity and modulus of rupture were taken from Chapter 3. 
Parameters δs and δd in Table 4.7 denote the model errors for strength and ductility, 
respectively. The statistics for these model errors were taken from the statistical analysis 
performed in the previous section. However, for consistency with models used in the 
ERSB approach, the means and coefficients of variation for the model errors were 
rounded. It was assumed that the fibre model used in the moment-curvature analysis 
predicts the strength and ductility with an average model error of 1.0, while the coefficient 
of variation in the ductility model error is about three times that for strength. It should be 
noted that the average values of the model error were rounded up to unity. Moreover, the 
coefficient of variation for the strength model error was taken as 0.10. According to the 
previous statistical analysis, for the yield and ultimate strengths, the model errors were 
0.08 and 0.14, respectively. The rounded coefficient of variation was an average of these 
coefficients of variation. 
Table 4.7: Statistical models for random variables (fibre model method) 
Variable Nominal μ/Bias σ/COV Distribution 
b 300 mm 1.00 0.020 Normal 
d 540 mm 1.00 0.030 Normal 
d’ 60 mm 1.00 0.030 Normal 
 
 1.00 0.020 Normal 
 
 1.00 0.020 Normal 
 200GPa 1.00 0.033 Lognormal 
 400MPa 1.15 0.065 Normal 
 500MPa 1.12 0.054  
uf  - 500MPa 0.080 Normal 
 - 600MPa 0.067  
u  - 0.05 0.090 Normal 
 20MPa 1.38 0.218 Lognormal 
 40MPa 1.19 0.126  
 60MPa 1.12 0.089  
 80MPa 1.09 0.068  
3k  - 1.00 0.094 Lognormal 
cu  - 0.0037 0.210 Lognormal 
s  - 1.00 0.100 Normal 
sA max n nb d
'
sA min n nb d
sE
yf
'
cf
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d  - 1.00 0.330 Weibull 
 
For the ultimate strain of concrete, the model based on the results for RC beams was 
used. This model is different from that used in the ERSB method. The strain at peak stress 
of concrete was taken from the model proposed in Chapter 3. Eq. 4-16 shows the 
employed model. 
 
 
0.182
'
0 0.0012c cf   4-16 
 
In deriving a statistical model for the ultimate strength of rebar steel, it is assumed that the 
ratio of ultimate to yield stress of steel material is 1.08. This ratio corresponds to the 
minimum ratio required for Class A reinforcement in CEB FIP (2010). Also, for this steel 
grade, the minimum ultimate strain should be greater than 0.05. 
 
The correlations among steel rebar area, yield strength, ultimate strength and ultimate 
strain of steel material are considered in this research. The correlation model was based 
on the JCSS model code (2012). Moreover, from the previous investigation in Chapter 3, 
the correlations between the concrete compressive strength and the ultimate strain and k3 
parameter were found to be -0.08 and -0.27, respectively.  
 
4.5.4 Results and discussion 
In this section, based on a direct moment-curvature analysis, the yield and ultimate flexural 
capacities as well as the curvatures were calculated. Although the JCSS model was used 
for concrete, different statistical models from those proposed by this code were used in the 
reliability analysis. The MCS technique was used to conduct the simulation. For each 
simulation, the yield strength was used as the strength, and the ratio of the ultimate to 
yield curvatures was used as the curvature ductility. Furthermore, the strain at the tensile 
rebar was also divided by the rebar steel yield strain to give to strain ductility. The mean, 
standard deviation of the yield strength and curvature ductility were evaluated, and using 
limit states, g1, g2 and g2, the reliability indices for the strength and ductility limit states 
were then derived. Figure 4.14 depicts a typical moment-curvature curve obtained from 
one of the considered cases. In this case, the yield stress of the rebar steel was 400MPa, 
while the concrete compressive strength was 40MPa. Furthermore, the ACI 318 (2011) 
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model was used. These curves were used to derive the flexural capacity (yield strength) 
and the curvature ductility of the cross-section. Figure 4.14 shows that the disparity in the 
ultimate curvature is much higher than in the yield curvature.  
 
 
Figure 4.14: Typical moment-curvature graphs extracted from the MCS 
 
4.5.4.1 Sensitivity analysis 
In order to identify the most important random variables affecting the flexural strength and 
ductility, the MCS results can be used for the sensitivity analysis. Pearson’s correlation 
coefficient was used for the sensitivity analysis. The correlation between the response 
(strength and ductility) with each of the input random variables was calculated. The 
resulting correlation coefficients could then be compared to each other. In order to rank the 
importance of each random variable, the resulting correlation coefficients were normalised. 
The absolute values of the correlation coefficients were used for the normalisation. Figure 
4.15 shows these random variables and the corresponding normalised correlation 
coefficients. For both the flexural strength and curvature ductility, the most important 
random variable was the model error. It is worth mentioning that correlation coefficients 
between the random variables and the strain and curvature ductility ratios were very 
similar. Therefore, for the sake of brevity, only the curvature ductility was considered for 
the sensitivity analysis. The mechanical properties of the rebar steel are more important 
for the flexural strength. As can be seen, the mechanical properties of the concrete 
material have a negligible effect on the flexural strength. However, for the curvature 
ductility, their role increases significantly. The ultimate strain of concrete is the second 
most important variable affecting the curvature ductility.  
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Strength Curvature ductility 
Figure 4.15: Sensitivity of strength and ductility to main random variables (fibre model method) 
If variables with less than 5% correlation are neglected, the most important variables 
affecting the flexural strength will be the effective depth of the section (d), the rebar area 
(As), the yield stress of the steel material (fy), the ultimate strength of the steel material (fu), 
the ultimate strain of the steel material (εsu) and the model error (δ). It should be noted that 
the ultimate strength and strain of rebar steel should not have any effect on the yield 
strength of the RC section. However, due to existing correlations among the mechanical 
properties of rebar steel, via correlation with the yield stress, the ultimate strength and 
strain of rebar steel could affect the flexural strength.  
 
Parameters affecting the curvature ductility have a completely different order. A greater 
number of variables demonstrate influence on the curvature ductility. Of these, the model 
error (δ), the ultimate strain of the concrete (εcu), the yield stress of the steel (fy), the 
ultimate stress of the steel (fu), the ultimate strain of the steel (εsu), the rebar area (As), the 
concrete compressive strength (f’c) and the concrete modulus of elasticity (Ec) are the 
most important ones.  
 
If all of the parameters are categorised into three different groups of dimensional 
parameters, concrete material properties, rebar steel parameters and model error, 
normalised correlation coefficients of 0.23, 0.09, 0.40 and 0.28 result for the strength. For 
the curvature ductility, these correlation coefficients for the mentioned groups will be 0.12, 
0.36, 0.29 and 0.24, respectively. The rebar area is one of the dimensional parameters. As 
can be seen, the role of the concrete properties on the curvature ductility is significantly 
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greater than for strength, and the dimensional parameters have a greater impact on the 
strength.  
 
4.5.4.2 Statistics of strength and ductility 
In this study, the simulated strength and ductility were treated as random variables. Before 
extracting the statistical measures of these responses (average and standard deviation), 
using the nominal values, these responses were normalised. By substituting nominal 
values for all the input variables, the nominal strength and ductility could be evaluated. The 
ratio of the average to nominal value is the bias factor. In the current method of analysing 
the strength and ductility of RC beam sections, a unique model based on the nonlinear 
stress-strain behaviour of steel and concrete material was used. This model was applied 
for all of the considered design codes. However, the RC beam sections resulting from 
designs based on each of these design codes were different. The section dimensions were 
the same, but the rebar percentages were different. In evaluating the maximum rebar 
percentage, the effect of minimum rebar percentage on the opposite side was neglected. 
Therefore, it could be expected that, due to inclusion of the compressive rebar, a higher 
level of safety would be attained.  
 
Figure 4.16 illustrates the coefficients of variation and bias factors for the flexural strength 
and curvature ductility of the designed RC sections for different design codes over a range 
of concrete compressive strengths. For different design codes, close bias factors and 
coefficients of variation resulted for strength. This shows that the rebar percentage 
(resulting from designs based on different design codes) does not have any influence on 
the statistics for the flexural resistance. The resulting statistics for the flexural strength are 
in good agreement with those statistics obtained in the ERSB method explained in 
previous sections. 
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a) Flexural strength b) Curvature ductility 
Figure 4.16: Coefficients of variation and bias factors for strength ductility (fibre model method) 
The coefficient of variation for the curvature ductility is considerably higher than that for 
flexural strength. For many of the considered design codes, the coefficient of variation for 
curvature ductility is about four times that for flexural strength. The reason behind this 
difference in the coefficient of variation is the dependence of curvature ductility on all 
ERSB parameters, including the ultimate strain of concrete. The flexural capacity of the 
cross-section depends on fewer random parameters. Furthermore, the model error in 
predicting the curvature ductility is higher than for flexural strength. The average coefficient 
of variation is about 0.50. Considering a coefficient of variation of 0.33 for the model error, 
it can be concluded that the coefficient of variation resulting from other random variables is 
about 0.38. The statistics for the strain ductility are quite similar to those for curvature 
ductility.  
 
When RC sections are designed based on different design codes, different maximum and 
minimum rebar percentages result, and as such, the curvature ductility ratio of the 
designed sections would not be the same. Figure 4.16b shows that design codes do not 
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agree on the bias factor of the curvature ductility. The curvature ductility is significantly 
influenced by the ultimate strain of concrete. In the current study, the average concrete 
compressive strain was 0.0037. Therefore, design codes that provided lower values for the 
ultimate strain of concrete showed higher bias factors. The ACI 318 (2011), AS 3600 
(2009) and NZS 3101 (2006) codes use a lower bound of 0.003 for the ultimate strain of 
concrete. Thus, it is expected that using these design codes would lead to higher bias 
factors for the curvature ductility. On the other hand, the CSA A23.3 (2004) and CEB FIP 
(2010) codes use a value of 0.0035 for the ultimate strain of concrete. As Figure 4.16b 
shows, these design codes provided lower bias factors. The CEB FIP (2010) design code 
reduced the ultimate strain of concrete for concrete strengths higher than 50MPa. 
Therefore, for this design code, higher bias factors can be expected for high-strength 
concrete. The results shown in Figure 4.16b confirm all of these mentioned expectations. 
 
4.5.4.3 Reliability indices 
In this section, the previously defined limit states are used to evaluate the reliability indices 
for the strength and ductility. The limit states g1, g2 and g3 were previously defined. Limit 
state g1 is for the strength. For the strength limit state, only the effect of dead load was 
considered. Limit states g2 and g3 assess the reliability of the curvature and strain ductility 
ratios, respectively. According to definition of these limit states, if the ductility ratio 
becomes less than 1.0, the failure state is deemed to occur. Figure 4.17 shows the 
calculation of the probability of failure for the ductility limit state in a graphical manner. This 
empirical graph is based on the simulated data. The results shown in Figure 4.17 are 
based on a concrete compressive strength of 40MPa and a yield stress of 400MPa for the 
rebar steel. 
 
 Chapter 4: Reliability aspects of the ductility in RC beams 133 
 
 
 
Figure 4.17: Calculating the probability of non-ductile failure 
The intersection of the dashed line at a curvature ductility of 1.0 and each of the ECDF 
graphs gives the probability of failure on the vertical probability axis. However, it should be 
noted that, using the MCS, the probability of failure could be directly calculated. By having 
the probability of failure, the reliability index can be then calculated.  
 
Figure 4.18 shows the reliability indices for the strength and curvature ductility limit states 
for different values of concrete strength and based on different design codes. The results 
shown in Figure 4.18 show that the reliability of the strength limit state is considerably 
higher than it is for the ductility limit state. Furthermore, the use of different design codes in 
the design procedure results in almost the same level of safety for strength. The CEB FIP 
(2010) and ACI 318 (2011) design codes have lower strength reliability indices in 
comparison with the other design codes. In contrast, the safety level of the ductility limit 
state has high disparity for different design codes. The ACI 318 (2011) and AS 3600 
(2009) codes provide safer design for the ductility-based limit state, while the CSA A23.3 
(2004) design code provides the lowest safety level. According to Figure 4.18, a change in 
the concrete compressive strength does not have any measurable effect on the level of 
safety for the strength limit state, while for the ductility limit state, using a different concrete 
strength would result in a completely different safety level. The reason for this is that the 
flexural capacity of an RC beam section does not depend on all of the ERSB parameters, 
while the curvature ductility is highly dependent on the ERSB parameters and the strength 
of the steel. 
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a) Strength b) Curvature ductility 
Figure 4.18: Reliability indices for strength and ductility limit states (fibre model method) 
The average ultimate strain of the concrete used in the reliability analysis was about 
0.0037. Thus, by introducing lower concrete ultimate strains, the ACI 318 (2011), AS 3600 
(2009) and NZS 3101 (2006) design codes were expected to provide higher reliability in 
comparison with the other design codes, which use 0.0035 as the ultimate strain of 
concrete. For high-strength concrete material, the CEB FIP (2010) design code provides a 
lower ultimate strain for concrete. Therefore, as Figure 4.18b indicates, the reliability 
indices for high-strength concrete for this design code are the highest among the design 
codes. Nevertheless, it should be noted that other parameters, such as the shape of the 
concrete compressive block, contribute to the curvature ductility and as such to the 
reliability of the ductility-based limit state. Despite providing the highest safety for strength, 
the CSA A23.3 (2004) design code possesses the lowest reliability for ductility. 
 
Figure 4.18 shows that, in some cases, the reliability of the ductility-based limit state could 
drop to less than 1.5 for some design codes, such as the CSA A23.3 (2004) standard, 
while the corresponding strength-based limit state shows a high reliability index of near 
4.0. The only safety factor that the CSA (2004) standard is relying on is a factor that 
indirectly comes from strength safety factors. Besides, this design code introduces the 
ultimate concrete strain of 0.0035, instead of 0.003. In order to have consistent and 
uniform reliability for ductile design, an appropriate limit state should be defined. Then, 
based on specific target reliability, the safety factors can be calibrated. The level of target 
reliability has a big influence on the calibration of safety factors. Target reliability generally 
depends on the cost of safety measures and the consequences of failure. Discussion of 
the appropriate target reliability for the considered ductility limit state is beyond the scope 
of this dissertation. 
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Increasing the yield stress of steel material results in higher yield strain and yield 
curvature. When the yield curvature increases, the curvature ductility decreases. 
Therefore, it is expected that by increasing the yield stress of the rebar steel material, the 
ductility limit state will show lower reliability indices. For design codes in which the 
maximum rebar percentage does not depend on the yield stress of the rebar steel, this 
conclusion is correct. Figure 4.19b shows that for the ACI 318 (2011), CEB FIP (2010) and 
AS 3600 (2009) codes, in which the maximum rebar percentage is independent of the 
yield stress of rebar steel, the reliability index decreases as the yield stress increases. 
However, for design codes where the maximum rebar percentage depends on the yield 
stress of rebar steel (CSA A23.3, 2004; NZS 3101, 2006), this conclusion is not 
necessarily correct. For these design codes, a lower maximum rebar percentage is the 
result of the higher yield stress. Therefore, by reducing the rebar percentage, the ductility 
increases, and consequently higher reliability indices result for the ductility limit state. 
Nevertheless, it should be noted that other factors, such as the difference between 
statistical models for low- and high-strength steel materials, could also affect the reliability 
analysis results. Generally, high-strength steel materials have lower coefficients of 
variation, and as such using these types of steel would result in higher reliability indices. 
Figure 4.19a shows this enhancing effect on the reliability of the strength limit state.  
 
  
a) Strength b) Curvature ductility 
Figure 4.19: Effect of steel yield stress on the reliability of strength and ductility limit states 
In this study, two different types of limit states were used for calculating the reliability of 
ductility measures in RC beams: one was based on curvature (g2), while the other was 
based on the strain at the tensile rebar (g3). A previous discussion of the ERSB method 
showed that these limit states lead to very close reliability indices. Figure 4.20 shows a 
comparison between the reliability indices of the limit states, g2 and g3. Results in this 
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figure were based on a compressive strength of 40MPa for concrete and a yield strain of 
400MPa for rebar steel. The results in this figure confirm the conclusion drawn from the 
ERSB method. There was a small difference in the reliability indices resulting from these 
ductility limit states. The difference between the reliability indices obtained from the 
considered limit states was about 15%. 
 
 
Figure 4.20: Reliability indices for ductility limit states (fibre model method) 
 
4.6 Summary 
The reliability of RC members, with respect to the strength and ductility limit states at the 
sectional level, was investigated with regard to different design codes. The ERSB models 
proposed by these design codes, along with the fibre model, were used for predicting the 
flexural strength and ductility. Two different approaches were taken for performing the 
nonlinear sectional analysis. The first approach was based on the ERSB parameters, while 
the second one was based on direct use of the stress-strain relationship for the material. 
An extensive experimental database was used for calibrating the model error for the 
flexural strength and curvature ductility of RC sections. 
 
One limit state (considering only the dead load effect) was used for evaluating the 
reliability of the strength limit state. On the other hand, two limit states were considered for 
evaluating the reliability of ductility measures. The first of these was based on the 
curvature ductility, while the second one was based on the strain at the tensile rebar. 
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Using the MCS technique, statistics for curvature ductility and flexural strength were 
calculated. Furthermore, correlations between these responses and all the material and 
model error random variables were investigated. Finally, the reliability indices for the 
considered limit states, based on various design codes and under different concrete and 
steel strengths, were obtained. 
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5.1 Introduction 
Normally, beams are loaded with different patterns of live load, after which an elastic 
analysis is performed for each of the chosen live-load patterns and then designed for the 
envelope of these patterns. Therefore, for any combination of live-load patterns, certain 
critical stations along the beam might reach the ultimate strength while other stations hold 
extra capacity where redistribution would occur. In elastic analysis, this reserve capacity is 
not utilised; however, a full inelastic analysis based on hinge formation could take 
advantage of this reserve capacity. The most common way of dealing with this is to 
perform the analysis elastically, but make use of moment redistribution factors (MRFs) to 
account for the redistribution. The amount of moment redistribution depends on the 
ductility of the inelastic regions, the geometry of the beams and the loading pattern. The 
moment redistribution in continuous RC beams is one of the simplest applications of 
member ductility in the design procedure. This prevents the congestion of reinforcing bars 
at critical sections along the beams and allows a more even distribution of reinforcing bars 
along the length. Design codes worldwide permit a limited amount of moment redistribution 
and each presents a different formula for it. Usually code provisions do not 
comprehensively consider the effect of all of the important parameters in the redistribution. 
 
The amount of reduction in bending moment is related to the rotation capacity of the RC 
beam, which in turn depends on the section’s curvature, and the spread of plasticity along 
the beam. All of these variables in evaluating the MRF are random; consequently, the 
MRF is also a random variable. It is therefore rational to set a probabilistic base for the 
estimation of the moment redistribution factor.   
 
In this chapter, a probabilistic procedure for the evaluation of the MRF and its effect on the 
strength limit state is proposed. A method, based on the demand and capacity rotation 
concept, is used for evaluating this factor. Then, a probabilistic analysis is performed to 
find a statistical model for the MRF. In order to find the reliability of the nominal and the 
code-specified MRFs, a further reliability analysis is conducted. Finally, the effect of 
considering uncertainty in evaluating the MRF associated with the strength limit state is 
investigated. 
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5.2 Literature review  
5.2.1 Evaluation of moment redistribution 
5.2.1.1 Mattock (1959) 
Mattock (1959) conducted one of the first experimental programs on the subject of 
moment redistribution. This study was based only on experimental results. Two series of 
RC beams were tested.  
 
In the first series, four two-span RC beams with rectangular section were tested. A point 
load at the middle of one of the spans was applied. In this series, redistribution of moment 
from the negative bending moment towards the positive bending moment at mid-span was 
investigated. Different levels of moment redistribution (0-30% reductions in the negative 
bending moment) were applied in the design of each beam. Observation of test results 
showed that even in the working load range (service loads), moment redistribution takes 
place. This pre-yield distribution was related to the fact that the moment-rotation 
relationship for RC beams is not linear prior to yield of the rebar. Therefore, because of 
non-uniform distribution of flexural stiffness, the moment redistribution could occur even 
before yielding. It was also reported that, at working loads, the cracking and deflection of 
the beams for which the design moments had been redistributed was no more severe than 
those in the beam designed for the elastic-theory distribution of moments. 
 
In the second series of beams tested by Mattock, three two-span RC beams with T-section 
were tested under point loads at the mid-span. The test arrangement was designed to 
simulate secondary RC beams in frame buildings. One of the beams was designed based 
on bending moments obtained from the elastic analysis. For the other two beams, the 
negative bending moment at the middle support had 25% reduction. In beams that were 
designed based on moment redistribution, two different yield stresses (of about 280MPa 
and 420MPa) were used in the design. Examination of load-moment results for these 
beams showed that the moment redistribution could occur at working load. It was 
observed that, for all ranges of load, the deformation of beams with and without moment 
redistribution design was the same. For all the tested beams, maximum width of crack was 
nearly the same. 
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According to this study, in the case of the beams failing in flexure, the limit analysis gives a 
safe and close estimate of the failure load.  It was concluded that cracking and deflection 
of beams designed for limited moment redistribution (up to 25%) are not significantly 
greater at service loads than for beams designed for the distribution of moments according 
to the elastic theory. This conclusion is currently used as a basis for setting maximum 
permissible moment redistribution in the ACI 318 (2011) design code. 
 
5.2.1.2 Cohn and Lounis (1991) 
Cohn and Lounis (1991) reviewed and compared features of some of the American and 
European standards on moment redistribution. They stated that high amounts of moment 
redistribution sometimes tend to violate the satisfactory serviceability requirements, such 
as maximum crack width and deflection. They highlighted the importance of some of the 
main variables that play a considerable role in ensuring the largest moment redistribution, 
together with satisfactory service behaviour, and which are generally neglected by design 
codes. Some formulae were suggested for including these important variables in 
serviceability checks applied with moment redistribution. These formulas impose an upper 
bound restriction on the moment redistribution factor (MRF). Eqs. 5-1(a to e) show the 
general expressions used for derivation of these upper bound values. 
 
 1p MR uM M   5-1a 
u DL DL LL LLM M M    5-1b 
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In these equations, parameter βMR is the moment redistribution factor. Variable M 
represents the bending moment at the section, at which the redistribution takes place. 
Subscripts DL and LL denote the dead and live loads respectively, while subscripts p and 
s refer to the plastic bending moment and service load moment at the section. The 
subscript u shows the ultimate moment at the section. The parameter λ1 is the ratio of the 
plastic moment to service load moment, while λ0 is the ratio of ultimate moment to the 
service moment. The lower λ1 value is, the higher is the moment redistribution and the 
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more critical are the service conditions of cracking, stresses, and deflection. The scale 
factor, x, can be expressed as the ratio of the first plastic hinge load factor, λ1, to the 
ultimate load factor, λ0.  
 
If crack control is of interest, the λ factor corresponding to this limit should be calculated. 
The λ1 factor for the moment redistribution state should be bigger than the crack limit 
factor, λ1c. Eqs. 5-2(a to c) show the derivation of the upper bound value for moment 
redistribution, based on the serviceability check of crack limit.  
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In the derivation of Eq. 5-2, it is assumed that controlling the crack width corresponds to 
controlling the tensile stress at rebar, and that the applied load and stress at tensile bar (fs) 
are proportional (up to yield stress). Similar restrictions can be applied for other 
serviceability requirements, such as deflection checks. It is worth mentioning that many of 
the current design codes use this methodology for imposing an upper bound value on the 
moment redistribution factor. 
 
5.2.1.3 Cosezna et al. (1991) 
Cosezna et al. (1991) developed a nonlinear procedure for the analysis of continuous RC 
beams with rectangular section. The concept of demand and capacity rotation was used to 
find the relationship between the moment redistribution factor (MRF) and the neutral axis 
depth of the RC section. The proposed procedure was based on the European codes. The 
required rotation was calculated based on structural compatibility, while the code-specified 
values were used for finding the rotational capacity. The parameters affecting the demand 
rotation were classified into three separate groups. The first group was material-related 
parameters, such as concrete strength and modulus of elasticity. The second group 
included section dimension-related parameters, such as the effective depth, width, 
moment of inertia in the cracked and uncracked states, and implicitly the tension-stiffening 
function. Finally, the third group contained parameters related to global structural 
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dimension, such as the span-to-depth ratio. Generally, the required (or demand) rotation 
increases with increase in the neutral axis depth parameter. It was shown that only for very 
low neutral axis depth values is the tension-stiffening function of importance. It was stated 
that assuming fully cracked section (neglecting the tension stiffening) would result in 
design that is more conservative. 
 
By intersecting the demand and capacity curves, the neutral axis depth corresponding to 
the MRF was calculated. The results were compared with the simplified formulas of the 
design codes. In Figure 5.1, typical demand and capacity curves for RC section rotation 
from this study are shown. Steel type 1 is steel with high ductility, while steel type 2 is steel 
material with normal ductility. The ratio l/d represents the ratio of span length to effective 
depth of the section.  
 
 
Figure 5.1: Typical rotation versus neutral axis parameter curves (Cosenza et al., 1991) 
The overall conclusions made in this Cosezna et al. (1991) study can be summarised as 
below: 
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 The neutral axis depth parameter is the most important parameter affecting the 
required rotation. However, effects of other parameters such as material properties, 
section dimension and overall structural parameters cannot be neglected. On the 
other hand, influence of all of the mentioned parameters on the allowable plastic 
rotation should also be studied. 
 
 Span length to depth ratio is an important parameter in evaluating the required 
rotation. However, the allowable plastic rotation does not depend on this parameter. 
Therefore, it was suggested that some restriction on this slenderness ratio be 
imposed in the design. 
 
 It was reported that, with reference to ductile steel, the code-specified moment 
redistribution factors do not seem to be safe. It was suggested that for this type of 
steel material the neutral axis depth parameter should be limited to 0.20. For normal 
ductility steel, it was suggested that design without moment redistribution should be 
considered. Finally, for high ductility steel, an upper bound of 0.35 for the neutral 
axis depth was recommended. 
 
5.2.1.4 Sveinson and Dilger (1991) 
Sveinson and Dilger (1991) developed an analytical procedure for estimating the moment 
redistribution factor (MRF) in continuous RC beams. In this procedure, the effects of shear 
deformations and diagonal shear cracks were also considered. In the proposed nonlinear 
method, the following assumptions were made: (1) plane sections remain plane; (2) 
perfect bond between rebar and concrete; (3) constant axial force; and (4) material 
behaviour can be represented by stress-strain relationship for the material. The shear 
deformations were included in the analysis, and the moment-curvature relationship was 
modified to accommodate shear effects. Angle of compression strut was used to calculate 
the additional shear deformations. Figure 5.2 shows some of the assumptions that were 
made in the Sveinson and Dilger  (1991) study. 
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a) Internal forces and strain with shear cracks b) Compression strut angle in vicinity of support 
Figure 5.2: Some of the assumptions made in the Sveinson and Dilger (1991) study 
A nonlinear program based on displacement method was employed for the analysis. The 
theoretical results were compared with the experimental results. It was reported that both 
the moment and deflection can be accurately predicted using the developed nonlinear 
code. Using the presented nonlinear procedure, three multi-span RC beams with different 
live loads were then analysed. For all these beams, T-section was used. The beams were 
designed for three percentages of moment redistribution (0%, 30% and 40%). It was 
reported that the moment redistribution started well before yield of the steel, and that the 
available MRF computed from the analysis was higher than that provided by the Canadian 
code. Redistribution of elastic bending moments can occur prior to yielding because of the 
change in stiffness due to flexural cracking in the span and over the supports, and prior to 
failure because of inelastic deformations. 
 
Using the results of nonlinear analysis, a relationship between the stress in the steel at 
service load and the MRF was established. Eqs. 5-3(a & b) show the expression resulting 
from the regression analysis and the simplified equation. In these equations, parameter fs 
represents the stress in the steel rebar, and Mu and Me are the factored moment 
resistance and the elastic moment, respectively.  
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By setting the allowable stress for the rebar steel, the upper bound limitation of the MRF 
can be calculated. As previously mentioned, for checking the maximum crack width in RC 
beams, the stress in rebar steel can be limited.  
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It was suggested that the subject of moment redistribution should be divided into 
categories: (1) beams with shear cracks; and (2) beams without shear cracks. Based on 
this classification, two different expressions for the MRF were proposed. Eqs. 5-4(a & b) 
show the proposed expressions. 
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In Eq. 5-4, c/d represents the neutral axis depth ratio. This value may be taken as the 
value after moment redistribution. The upper bound imposed in Eq. 5-4 accounts for the 
serviceability checks. 
 
5.2.1.5 Scholz (1993) 
Scholz (1993) studied deflection and ductility of continuous RC beams and their 
relationship. Although the research was not specifically designed to investigate the 
moment redistribution, the conventional approach for calculating the moment redistribution 
factor (MRF) was followed. Figure 5.3 shows the assumptions made in this approach 
graphically. It is assumed that the flexural rigidity is constant along the beam and that the 
plastic hinge first formed at the end section of the beam. 
 
Eqs. 5-5(a & b) show the proposed expressions for the demand and capacity curvature 
ductility. By equating these formulas, the relationship for the MRF can be obtained. 
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In Eq. 5-5, Lp is the plastic hinge length, c/d is the neutral axis parameter, fy is the yield 
stress of rebar, and εcu is the ultimate concrete strain.  
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Figure 5.3: Moment, curvature and rotation models (Scholz, 1993) 
The main purpose of Scholz’s study was to compare the requirement for the neutral axis 
depth ratio based on the deflection control and the moment redistribution. It was concluded 
that for many practical continuous RC beams it is sufficient to concentrate on meeting the 
deflection limit. Ductility, and thus the capacity for moment redistribution, is then 
automatically satisfied. Except for certain low beam slenderness ratios combined with 
larger percentages of moment redistribution, deflection is critical and not ductility. 
 
5.2.1.6 Lin and Chien, (2000) 
Lin and Chien (2000) investigated effect of cross-section ductility on the level of moment 
redistribution in RC continuous beams. An experimental program with 26 RC beams, as 
well as numerical analysis, was used in this study. The amounts of tensile and 
compressive reinforcement, transverse reinforcement and concrete compressive strength 
were chosen as the main variables controlling the curvature ductility and the moment 
redistribution. Figure 5.4 illustrates the experimental configuration used in this study. As 
can be seen, two series of beams were tested in this study. Series A was designed to 
have the plastic hinge at mid-span, while in series B the plastic hinge was expected to 
form at the support. Strain gauges for recording the strain in the rebar steel and curvature 
ductility were installed in the beam. The beams were monotonically loaded up failure. 
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When the load dropped to 50% of the peak load, the analysis was terminated. Curvature 
ductility at critical section, moment redistribution factor (MRF), and crack width in the 
beams were recorded during the test. 
 
 
 
Figure 5.4: Test set-up in Lin and Chien (2000) 
According to the ACI 318-95 design code, the maximum crack width of 0.3mm and 
maximum mid-span deflection of L/480 (L is the span length) were used as the 
serviceability check. It was reported that the crack width check was more critical. 
Analysing the moment redistribution showed close agreement between the theoretical and 
experimental results. The average maximum MRF was about 23%, which is very close to 
the ACI code recommendation. Furthermore, good agreement between the results of the 
theoretical model and the experiment was reported for the curvature ductility. Based on 
observation of the theoretical and experimental results, they proposed an expression, 
which is shown in Eq. 5-6, relating the MRF to the curvature ductility. This equation 
provides a safe lower bound estimation of the MRF. 
 
 0.9 10 0.20MR      5-6 
 
According to Eq. 5-6, a minimum curvature ductility of 10 is required for the moment 
redistribution. Following the experimental program and in order to investigate the ACI 318-
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95 code provisions on moment redistribution, further parametric analytical analysis was 
carried out. Based on this parametric study, an expression for the relation between the 
MRF and the rebar percentage was proposed. Eqs. 5-7(a & b) show the proposed 
expression and the expression suggested by the ACI 318-95 code. 
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In Eq. 5-7, ρ and ρ’ are the tensile and compressive rebar percentages, and ρb is the 
balanced rebar percentage. The parameter ρs is the transverse rebar percentage. In the 
model shown in Eq. 5-7, an upper limit of 0.02 should be imposed. It was reported that this 
parameter has a very important role in increasing the ductility and the moment 
redistribution of the RC beams. 
 
5.2.1.7 Shakir and Rogowsky (2000) 
Shakir and Rogowsky (2000) presented a theoretical model for calculating the plastic 
rotation capacity and permissible moment redistribution factor in RC beams. The important 
parameters that were considered in this study include the compressive strength of 
concrete, the tensile strength of steel, the bond-slip relationship, reinforcement index, 
member slenderness, transverse reinforcement, and shear cracking near the plastic hinge. 
The basic concept of equal demand and capacity rotation was used for the derivation of 
the moment redistribution factor (MRF). An iterative procedure was used for satisfying the 
equilibrium and compatibility equation. Figure 5.5 shows the theoretical models used in the 
nonlinear procedure used by Shakir and Rogowsky (2000). The crack pattern near the 
interior support is also shown in this figure. As can be seen, diagonal shear cracks are 
considered in this region. At the interior support of the beam, the diagonal cracks, instead 
of being parallel, tend to radiate from the compression zone at the reaction point, forming a 
fan-shaped region. The parameter dv in Figure 5.5 is the distance between the 
compressive and tensile bars, and it shows extension of the fan-shaped region. Beyond 
this region, the shear cracks are parallel and have an angle of 45  with the longitudinal 
axis of the beam. 
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Figure 5.5: Nonlinear procedure for determination of MRF (Shakir and Rogowsky, 2000) 
The accuracy of the proposed model was compared with the experimental data from 
Mattock (1965) and those from Bosco and Debernardi (1993). For most of the cases, the 
proposed model was conservative. Shakir and Rogowsky related this to the fact that high 
ultimate strain values were reported in these studies, while a smaller value (0.005) was 
used in the proposed theoretical model. They showed that using a higher ultimate strain 
for concrete leads to closer agreement with the experimental results. 
 
A parametric study on moment redistribution was then performed. The beam slenderness 
ratio (l/d) and the transverse rebar percentage were used as the main parameters. Based 
on these parameters, two practical extreme cases were considered. For the lower bound 
case, the values of beam slenderness and transverse rebar percentage were 21.0 and 
0.0038, respectively, while for the upper bound case, values of 6.0 and 0.0295 were used. 
The aforementioned procedure was used to calculate the MRFs for the two-bay beam 
shown in Figure 5.5. Figure 5.6 shows the outcome of their study on the MRF. 
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Figure 5.6: Comparison of model and code-specified MRFs (Shakir and Rogowsky, 2000) 
It was concluded that, although the CSA 23.3 design code provides a reasonable estimate 
of moment redistribution factor for unfavourable combinations of important parameters, the 
code could be very conservative when conditions are favourable for moment redistribution 
to occur. For avoiding moment redistribution under the service loads, they proposed the 
expression shown in Eq. 5-8. The ultimate load combination in this expression is based on 
the Canadian code. 
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In Eq. 5-8, subscripts DL and LL refer to the dead and live loads, respectively. Ignoring the 
live-load effect, Eq. 5-8 leads to an upper bound value of 0.20 for the moment 
redistribution factor. It was stated that although the upper bound limit for controlling the 
serviceability requirements given by the design code is conservative, Eq. 5-8 would result 
in more rational upper bound values for the maximum allowable MRF. 
 
5.2.1.8 Gravina and Warner (2003) 
Gravina and Warner (2003) investigated the adequacy of the AS 3600 design code 
regarding moment redistribution. Moment redistribution in steel materials with normal and 
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low ductility was investigated. A parametric study on moment redistribution was carried out 
using a fixed-end beam. It was stated that this beam could represent the interior span of a 
multi-span continuous RC beam. The fixed-end beam required slightly more ductility in 
comparison with an interior span of a multi-span beam. Figure 5.7 shows the fixed-end 
beam used in Gravina and Warner’s study. 
 
 
Figure 5.7: Fixed-end beam used for the parametric study by Gravina and Warner (2003) 
They used a parametric study based on nonlinear analysis of RC beams. This analytical 
model takes into account the progressive formation of cracking. The bond slip between 
steel and concrete in segments between the cracks was considered. The analytical model 
is based on the model initially proposed by Cosezna et al. (1991). The relationship 
between the demand and capacity rotation is separately derived. The intersection of the 
demand and capacity curves determined the moment redistribution factor (MRF). For 
computation of the required rotation, the beam was divided into a number of small 
elements, for which the rotation can be calculated at each step of loading. Equilibrium and 
compatibility equations, as shown in Figure 5.7, were used to find the demand rotation. 
Using the local deformation model, the available or capacity rotation was calculated. By 
plotting the curves of the demand and capacity rotations versus the neutral axis depth 
parameter, and finding the intersection point, the limiting value of neutral axis depth 
corresponding to each moment redistribution factor was obtained. Figure 5.8 shows this 
procedure graphically. 
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Figure 5.8: Evaluation of moment redistribution factor (Gravina and Warner, 2003) 
For the parametric moment redistribution study, three different beam section depths, two 
different concrete compressive strengths, and two span slenderness ratios were used for 
the RC beams. For this case, only normal-ductility steel material was used. For the slab 
case, two different concrete compressive strengths, one effective section depth and two 
types of steel material with low and normal ductility were used. A wide range of rebar 
percentage was covered. This range covers a range of 0.04 to 0.50 for the neutral axis 
depth parameter. The steel properties were chosen to fit the Australian steel standard. In 
order to model real behaviour, rather than the nominal values, the mean values of steel 
properties were used. A summary of the results obtained in the parametric study 
conducted by Gravina and Warner follows: 
 
 Increase in the strain-hardening ratio for steel material, while keeping the ultimate 
steel strain constant, provided a higher degree of moment redistribution. 
 
 To improve the moment redistribution, an increase in the steel ultimate strain should 
be followed by increases in the strain-hardening slope. 
 
 With an increase in the effective depth of RC section, while maintaining constant 
slenderness ratio, the allowable rotation and consequently the moment 
redistribution degree decreased.  
 
 Lower span slenderness ratio resulted in higher moment redistribution factors. 
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 For normal-strength concrete, increasing the concrete compressive strength had an 
improving effect on the moment redistribution factor. 
 
 For RC beams with normal-strength steel, unsafe design may be obtained in cases 
with 30% moment redistribution and a neutral axis depth parameter less or equal to 
0.20. Based on this conclusion, a revision of AS 3600 clauses for moment 
redistribution was suggested. 
 
 For class L ductility, 10% moment redistribution could be allowed for neutral axis 
parameter values up to 0.15. This change was also suggested for the Australian 
code.  
 
5.2.1.9 Scott and Whittle (2005a) 
Scott and Whittle (2005a) conducted an experimental study on two span RC beams. The 
main purpose of this study was to demonstrate that a significant portion of moment 
redistribution occurs at the serviceability limit state. The moment redistribution was divided 
in two parts: elastic and plastic redistribution. The elastic redistribution of moment is due to 
variation in the flexural stiffness, which is itself a result of variation in the reinforcement 
layout along the member and the influence of cracking. The plastic moment redistribution 
is due to the occurrence of plastic deformations in the plastic hinge region. Tests on 32 RC 
beams were conducted. Different variables, such as moment redistribution degree, beam 
depth, reinforcement arrangement, concrete compressive strength and brittleness of rebar, 
were considered in the experimental program. Figure 5.9 shows the typical RC beams 
tested in this study. Most of the beams were designed for 30% moment redistribution. 
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Figure 5.9: Typical arrangement of tested beams (Scott and Whittle, 2005a) 
The test procedure was to load the beams incrementally until failure occurred. Applied 
loads, support reactions and reinforcement strain gauge readings were recorded at every 
load stage. For a majority of tested beams, flexural failure resulted. The test results 
showed that the moment redistribution occurred in subsequent and discrete stages. Figure 
5.10 shows a typical result of moment redistribution stages. It started with elastic 
behaviour where no crack existed along the beam. Very small redistribution, due to 
difference in the reinforcement along the beam, could happen in this stage. Then, further 
load caused the formation of cracks at the interior support. After this stage, the strain at 
top rebar of the support section increased until point D was reached. Development of 
cracks occurred between points A and D in Figure 5.10. At point D, the mid-span section 
cracked, and up to point E, a stable crack pattern developed. Up to point E, all strains in 
bars were elastic. First yield occurred at point E. This point marks the initiation of plastic 
redistribution in the beam. At point F, the rebar at the mid-section of the beam yielded. F to 
G is a region of rapid strain development in both locations, leading to plastic hinges being 
formed. As can be seen, a large portion of the moment redistribution occurred before 
initiation of any plastic deformations. The same observation was reported for other beams 
tested in this study. 
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Figure 5.10: Typical arrangements of tested beams (Scott and Whittle, 2005a) 
The main points of the experimental study that was carried out by Scott and Whittle can be 
summarised as below, 
 
 In analysis of continuous RC beams, the most sensible approach was to use the 
flexural rigidity obtained from the cracked sections.  
 
 Reinforcement arrangement (in terms of using small or large bar sizes) had little 
effect on the moment redistribution. 
 
 Concrete strength could affect the ultimate moment redistribution; however, its 
effect on the moment redistribution at the serviceability level was minimal. 
 
 When elastic and plastic moment redistribution levels were considered, a higher 
upper bound value for the moment redistribution was possible. Nevertheless, 
serviceability checks on maximum crack width or deflection may govern the design 
in these cases, and a lower upper bound value might result. 
 
5.2.1.10 Mostofinejad and Farahbod (2007) 
Mostofinejad and Farahbod (2007) implemented a parametric study on moment 
redistribution in continuous RC beams using the concept of ductility demand and capacity. 
A general case representing an interior span of multi-span continuous RC beam was 
considered for the analytical study. Figure 5.11 shows the concept of calculating the 
required rotation for the moment redistribution to occur. As can be seen, the moment-area 
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method is used to find the required or demand rotation. The effects of shear cracks and 
bond-slip were not considered in the study, and it was assumed that the beam was fully 
cracked in its entire length and had constant flexural rigidity along its length. For 
calculating the capacity rotation, the plastic hinge concept was used. According to this 
concept, the product of the plastic curvature at the critical section and plastic hinge length 
gives the plastic rotation. The effects of different parameters, such as the concrete 
compressive strength, the amount and the strength of reinforcing steel, the magnitude of 
elastic moment at the support and the ratio of the length to the effective depth of the 
continuous beam on moment redistribution, were then investigated. 
 
 
Figure 5.11: Derivation of demand rotation (Mostofinejad and Farahbod, 2007) 
After simplification, the following expression was proposed for calculating the allowable 
moment redistribution factor (MRF) in continuous RC beams. 
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In Eq. 5-9, wu is the ultimate uniformly distributed load and Me is the elastic bending 
moment at the span end. L is the span length and Lp is the plastic hinge length; (c/d)y is 
the neutral axis depth parameter at yield; fy is the yield stress of steel and Es is the 
modulus of elasticity of steel; d is the effective depth of the section; dt is the distance from 
centre of foremost tensile rebar to compressive face of concrete; and finally, εt is the strain 
at the foremost tensile bar.  
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Different expressions for the plastic hinge length were reviewed. In many of the available 
expressions for the plastic hinge length, the distance from the point with zero moment to 
the point with maximum bending moment (shear span) is required. It was stated that this 
parameter varies between 0.15 and 0.20 of the total span length for the interior span of a 
continuous RC beam. It was shown that for this range the practical ratio of L/Lp varies 
from 20 to 50, according to the available models for the plastic hinge length. Based on the 
model shown in Eq. 5-9, a parametric study was carried out and the sensitivity of the MRF 
concerning concrete compressive strength, tensile and compressive rebar percentages, 
elastic moment at end of the span and yield strength of steel was investigated. The 
following conclusions were reported for this parametric study, 
 
 Increasing the net strain in the tensile bar, e.g. decreasing the tensile rebar 
percentage, increased the allowable moment redistribution factor. On the other 
hand, compressive rebar had an advantageous effect on the moment redistribution. 
 
 Increasing the span slenderness ratio decreased the moment redistribution factor. 
 
 An increase in the concrete compressive strength had an enhancing effect on the 
moment redistribution factor. Furthermore, if the yield stress of steel material 
increased, the moment redistribution factor decreased. 
 
 Elastic moment at the span end had an enhancing effect on the moment 
redistribution. 
 
 Permissible moment redistribution in continuous reinforced concrete beams based 
on the current codes is conservative for a majority of cases, but is not safe for 
some. 
  
5.2.1.11 do Carmo and Lopez (2008) 
do Carmo and Lopez (2008) conducted an experimental program to study moment 
redistribution in continuous high-strength concrete beams. Specifically, the influence of 
tensile and transverse percentages on the rotation capacity of plastic hinges was studied. 
Twelve two-span continuous RC beams with 3m span length were tested. All of the beams 
had rectangular section. The span slenderness ratio of all the tested beams was 13.6. 
Figure 5.12 shows the experimental test set-up used in this study. All beams were 
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monotonically loaded up to failure point. The beam reactions at supports were used to 
calculate the moment in different sections of beam and to study the moment redistribution. 
Some strain gauges were also used for recording the strain at tensile bars and concrete. 
 
 
Figure 5.12: Test set-up (do Carmo and Lopes, 2008) 
It was observed that in beams with a high rebar percentage, the flexural cracking did not 
cause moment redistribution, as had been observed in beams with a smaller tensile 
reinforcement ratio. In beams with a high rebar percentage, the reduction in the flexural 
stiffness due to cracking was not significant. Therefore, moment redistribution similar to 
the elastic distribution resulted. In beams with a low rebar percentage, the moment 
redistribution caused by concrete cracking was quite significant, comprising a large part of 
the total moment redistribution (more than half of the total moment redistribution factor in 
one case). The results of this study demonstrated that moment redistribution depends not 
only on the plastic rotation capacity of the critical sections, but also on the relative stiffness 
of those critical sections originated by concrete cracking. This outcome is in line with the 
results reported by Scott and Whittle (2005b), as discussed in the previous section. On the 
other hand, for beams with a high rebar percentage, neither elastic nor plastic moment 
redistribution was significant. It was reported that the provisions of the ACI 318 design 
code were quite conservative for moment redistribution, while the EC2 design code 
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provisions resulted in moment redistribution similar to the experimental results. Based on 
the experimental results, the expression shown in Eq. 5-10 was proposed for calculating 
the moment redistribution factor. 
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It was also shown that for moment redistribution to occur, the section at the intermediate 
support should be designed such that the c/d value is less than 0.40. It was also 
concluded that the prediction model for plastic rotation in RC beams proposed by CEB FIB 
(1990) was in good agreement with the experimental results, especially when the failure 
was due to the rupture of tensile steel. 
 
Interesting outcomes of this experimental study were that the effect of the transverse 
reinforcement on the capacity of moment redistribution was practically insignificant, and 
that the moment-rotation behaviour of the RC cross-section did not depend on the 
transverse rebar percentage. However, it was stated that this conclusion, which is in 
contradiction with results of the previous studies, applied only to the beams tested in that 
study.  
 
5.2.1.12 Oehlers et al. (2010) 
Oehlers et al. (2010) developed combined techniques of shear friction, partial interaction 
and rigid body displacement to develop a novel, structural-mechanics-based mathematical 
model for moment. This model allows for partial interaction slip, shear friction displacement 
of the concrete compression wedges formed in the softening concrete, and interaction of 
these displacements through rigid body movement. It was argued that the conventional 
method, based on plastic hinge length and curvature ductility, could not model the 
mentioned deformations. Providing thorough details of this method is beyond the scope of 
this dissertation and can be found elsewhere. 
 
A parametric study using two basic specimens was conducted in this research: a slab with 
0.6% steel, 125mm thickness and span slenderness ratio of 23; and a beam of total depth 
of 400mm, half the height breadth, 2% rebar percentage and 18 span slenderness ratio. 
Based on the parametric study, it was shown that the moment redistribution capacity 
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increased with increasing bar diameter, concrete confinement and bar fracture strain, and 
reduced with increasing bond strength. Oehlers et al. argued that while the depth of 
neutral axis approach used in most design standards had the correct shape, it was really 
just part of a family of curves. 
  
5.2.2 Reliability of moment redistribution 
No specific direct probabilistic study on moment redistribution can be found in the current 
literature. However, some studies on probabilistic models of rotational capacity of RC 
members can be found. In what is to follow, two of these studies are reviewed. More 
discussion on probabilistic studies on the deformation-based limit states was provided in 
Chapter 4. 
 
5.2.2.1 De Stefano et al. (2001) 
De Stefano et al. (2001) adopted an advanced model for predicting the behaviour of RC 
beams and predicting the rotational capacity. Using this procedure, they investigated how 
randomness in the mechanical properties of steel could affect the rotational capacity. An 
analytical beam model, representing a generic frame element located between a joint and 
a zero-moment section, was selected. After formulation of curvature at each section along 
the beam, the beam rotation was estimated through numerical integration along the beam 
axis. Mander’s model (1988) was used for the confined concrete, while for the consecutive 
model of the rebar steel, the CEB FIP (1990) model was adopted. Only the randomness in 
the mechanical properties of steel material was included. These mechanical properties 
were the yield stress, the ratio of the ultimate to yield stress, and the ultimate strain of 
steel. The correlation among these properties was also considered. The Monte Carlo 
Simulation (MCS) technique was used to simulate the rotational capacity of the considered 
RC beam.  The following conclusions were reached in this study: 
 
 The ultimate strain of rebar steel was the most influential parameter on the 
rotational capacity, followed by the ratio of ultimate to yield stress. It was found that 
the yield stress of rebar steel had a negligible effect on the rotational capacity. The 
coefficient of variation corresponding to variability in the ultimate strain of steel, ratio 
of ultimate to yield stresses, and the yield stress were 0.097, 0.057 and 0.10, 
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respectively. The overall coefficient of variation considering all these variables was 
about 0.12. 
 
 When the 5th percentile values (characteristic values) of the ultimate strain, the ratio 
of ultimate to yield stress and the yield stress were used separately, the resulting 
rotation capacity did not necessarily represent the fifth percentile value of the 
rotation capacity. In these cases, the resulting percentiles were 0.056, 0.027 and 
0.068, respectively. More importantly, if the characteristic values of the random 
variable were used to calculate the rotational capacity, the resulting rotation 
represented the 2nd percentile value of the actual rotational capacity, which is a 
conservative value. 
 
5.2.2.2 Lu and Gu (2004) 
Lu and Gu (2004) used a reliability-based procedure to investigate the uncertainty in 
different curvature and drift performance levels. They used the MCS technique in 
conjunction with nonlinear section analysis to evaluate the uncertainty in curvature, 
rotation and drift capacities of RC members. Functional, Damage control and Ultimate 
levels were considered as the performance levels. The fibre model was used for the 
nonlinear section analysis. The section was divided into confined and unconfined parts. 
The consecutive model for concrete is based on a model proposed in the European code. 
 
Based on the concept of concentrated plasticity, the drift capacity of RC members was 
calculated. A probabilistic model was also developed for the plastic hinge length. By 
having probabilistic models for the ductility and the plastic hinge, the probabilistic model for 
the lateral drift could be developed. Different cross-sections, covering a wide range of 
longitudinal and confining reinforcements, were considered as case studies. All of these 
sections were confined. The effect of different levels of axial force was also included in the 
reliability analysis. Many of the material properties were treated as random variables. The 
important outcomes of Lu and Gu (2004) study can be summarised as follows: 
 
 The curvature and drift at different performance levels generally followed the normal 
distribution. It was also shown that the coefficient of variation of the curvature and 
drift increased as the performance varied from yield to ultimate levels.  
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 The probability of actual curvature and drift capacities exceeding the respective limit 
values predicted by deterministic values was in most cases above 50%; however, 
for heavily confined members under low axial load it could drop to 30%. 
 
 The variability in curvature and member drift at the damage control performance 
level was high, and the axial force had an increasing effect on that variability. For 
low axial forces, the coefficient of variation for these parameters was about 0.30, 
increasing to 0.40-0.45 for higher levels of axial force. For the ultimate performance 
level, the variability was slightly higher. 
 
 The mean curvature and drift generally decreased with an increase in the 
longitudinal reinforcement. On the other hand, an increase in confining 
reinforcement would increase the mean drift and curvature. The longitudinal 
reinforcement percentage had a negligible effect on the probability of actual 
curvature and drift capacities exceeding the deterministic values. 
 
 
5.3 Code provisions on moment redistribution 
By means of plastic hinge length, the plastic hinge rotation can be related to curvature 
ductility. Curvature ductility in RC beams is directly related to the percentage of tensile 
rebar area, which in turn is correlated to the strain in extreme tensile steel, εt, and neutral 
axis parameter, c/d. Current design codes worldwide have different moment redistribution 
forms. Some codes, like the CSA A23.3 design code (2004) and the AS 3600 design code 
(2009), use the neutral axis parameter as the indicator of ductility in high moment sections, 
i.e., the greater the value of c/d, the lower are the ductility and the permissible moment 
redistribution factor (MRF). Other design codes, such as the ACI 318 design code (2011), 
use εt as an indicator of ductility and permissible moment redistribution factors. In the 
previous editions of the ACI 318 design code (1999), the rebar percentage was used to 
calculate the MRFs. Figure 5.13 shows the geometric factors used in the calculation of 
these factors. According to this figure, the relationship between rebar percentages, net 
tensile strain at the extreme fibre and the neutral axis parameter is shown in Eqs. 5-11(a to 
c). 
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In this equation, εcu is the ultimate strain at the extreme concrete compressive fibre, εy is 
the yield strain of extreme tensile steel, εt is the strain at the extreme tensile steel. 
Parameters c and d are the neutral axis depth and effective depth of section, respectively. 
Stresses fy and f’c represent the steel yield stress and concrete compressive stress, 
respectively. Rebar percentages ρ and ρb denote the tensile rebar percentage and the 
rebar percentage at the balance condition, respectively.  
 
 
Figure 5.13: Stress-strain diagram of a typical RC section 
Table 5.1 summarises the expressions proposed by different design codes for the moment 
redistribution factors. According to CEB FIP (2010), for steel material with low ductility 
(Class A), the maximum allowable moment redistribution is 20%, while for other classes of 
steel it is 30%. The AS 3600 design code (2009) uses different expressions for low and 
normal ductility steel material.  
Table 5.1: Moment redistribution expressions in different design codes 
Design code Expression for moment redistribution (%) 
ACI 318, (1999) 
'
20 1 20
b
 

 
  
 
 and 
' 0.5 b     
ACI 318, (2011) 1000 20t   
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CEB FIP (2010) (f’c < 50MPa)  100 0.56 1.25( / ) 30 20c d or   
CEB FIP (2010) (f’c > 50MPa) 
0.0014
100 0.44 1.25(0.60 )( / ) 30 20
cu
c d or

 
   
 
 
CSA A23.3, (2004) 30 50( / ) 20c d   
AS 3600, (2009) 
Normal ductility steel 
75(0.4 / )c d  for / 0.2c d   0.30  
AS 3600, (2009) 
Low ductility steel 
20 100( / ) 10c d   
 
In order to make for some consistency between those codes that do not apply the partial 
safety factors to the material properties, and those that do apply these safety factors, the 
value of c/d for CSA A23.3 (2004) and CEB FIP (2010) design codes is multiplied by ϕc/ϕs 
(the ratio of material partial safety factors). Eq. 5-11 shows that c/d, εt and ρ can be related 
together. Figure 5.14 shows a graphical representation of moment redistribution factors for 
different codes. In this figure, for CEB FIP (2010), the graph shows the MRF with concrete 
compressive strength less than 50MPa (normal-strength concrete). Furthermore, the 
results for the AS 3600 (2009) are based on rebar steel with normal ductility. 
 
 
 Figure 5.14: Moment redistribution in the current design codes 
One of the concerns in the moment redistribution of RC beams is the serviceability limit 
state. Allowing large amounts of moment redistribution, which happens in highly ductile 
sections with low rebar percentages, can create excessive deflection along the beam 
span. In order to limit these deflections, one should prevent redistribution under service 
loads. The upper bound value is imposed on the moment redistribution factor in order to 
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control the serviceability requirements, such as excessive cracking deflection. Shakir 
(2006) proposed some equations to evaluate the maximum allowable moment 
redistribution factor considering the serviceability. 
 
5.4 Mechanical concept 
In this section, a theoretical model for evaluating the moment redistribution factor (MRF) is 
developed. Then, based on the developed model, a probabilistic analysis is conducted, 
which leads to a reliability-based model for the MRF. As a case study, a typical continuous 
RC beam with equal span length under a uniformly distributed load is considered. For the 
sake of simplicity, a beam fixed at both ends (which can approximately represent an 
interior span of a multi-span beam) is considered. While the representation is not exact, 
the results can be trusted to be adequately accurate. This simplification has been used by 
many other researchers (Gravina and Warner, 2003; Mostofinejad and Farahbod, 2007; 
Silva and Ibell, 2008). Steel material with normal ductility is considered for the analysis. 
 
The concept of demand and capacity plastic rotation is used for evaluating the moment 
redistribution factor. According to this concept, the demand rotation required for 
development of plastic hinges at the ends and middle of the span should be lower than the 
rotational capacity of the plastic hinge that forms first. The rotational capacity in members 
can easily be transferred to the section curvature capacity, using the concept of plastic 
hinge length. Despite having shortcomings, this method has been widely used by many 
researchers. The Equivalent Rectangular Stress Block (ERSB) model can be used for 
evaluating the curvature ductility. The rational capacity is simply the product of plastic 
curvature and plastic hinge length. The curvature ductility and the plastic hinge length are 
the most important variables in this method. Figure 5-15 shows the plastic hinge regions 
and the equivalent plastic hinge length that is a basis for finding the rotational capacity of 
the end hinges. It is assumed that the RC beam has a constant stiffness, EI, along its 
length, and that plastic hinges are first formed at the ends of the beam. The flexural rigidity 
is based on fully cracked section. The end hinges should show adequate ductility and 
deform adequately to allow the formation of another hinge at the middle span of the beam. 
Eq. 5-12 illustrates the basic equation used in this method.  
 
capacity demand   5-12 
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The demand rotation depends on the arrangement of the load and the boundary 
conditions, while the rotation capacity depends on the plastic hinge rotation. 
 
 
Figure 5.15: Concept of demand and capacity rotations for moment redistribution 
Using the concept of equivalent plastic hinge length, the rotational capacity of the end 
hinges can also be calculated as shown in Eq. 5-13. 
 
( )
capacity u y p
l     5-13 
 
In Eq. 5-13, 
y
 and 
u
  are the yield and ultimate curvature at the end sections of the 
beam, while 
p
l  is the equivalent length of plastic hinge. The ultimate curvature is 
expressed through the ultimate curvature of the section. The ultimate curvature is a state 
in which either the specific ultimate compressive strain in the concrete or the specific 
ultimate strength of extreme tensile rebar is reached. Usually, for unconfined concrete, 
which is assumed for RC beams, reaching the ultimate compressive strain in concrete 
governs the ultimate curvature, because the ultimate concrete compressive strain of 
unconfined concrete is relatively low and the rebar steel (even for high-strength concrete) 
has adequate ductility prior to rupture. The ERSB method developed in Chapter 4 is used 
for calculating the yield and ultimate curvatures. Furthermore, the empirical-based model 
developed in Chapter 3 of this dissertation is used for modelling the plastic hinge length.  
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The demand ductility (rotational or curvature) depends on the geometry of the RC beam, 
the type of loading and the plastic hinge length in the critical regions. Referring to Figure 
5.15, and using the moment-area method, the demand rotation for the formation of plastic 
hinges at the ends and middle of the beam can be calculated as shown in Eq. 5-14. 
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The relationship between the parameters of ultimate uniform load, wu, moment 
redistribution factor, βMR, ultimate moment at beam ends, Mu, and elastic moment, Me, can 
simply be written as shown in Eq. 5-15. 
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Equating Eqs. 5-14 and 5-13 and substituting Eq. 5-15 results in Eq. 5-16 for demand 
curvature ductility at the end critical sections. 
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Finally, rearranging parameters in Eq. 5-16 results in Eq. 5-17, in which the permissible 
moment redistribution factor can be found.  
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In Eq. 5-17, 

  is the curvature ductility of the section. The expression shown in Eq. 5-17 
for the moment redistribution factor is a fundamental equation based on the ductility, and it 
has been utilised by other researchers (Scholz, 1993; Silva and Ibell, 2008). Applying 
different end boundary conditions for the RC beam would result in different values for the 
MRFs. In the case considered in this study, which is a fixed-end beam, the bending 
moment is
20.083
u
l . In three-bay continuous RC beams, the maximum bending moment is 
20.10
u
l , which is less than that of a fixed-end beam. The smaller values of maximum 
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bending moments at supports result in lower plastic rotation, and consequently lower 
curvature ductility demands, so they are more conservative when it comes to the 
investigation of moment redistribution factors (Silva and Ibell, 2008). 
 
5.5 Reliability analysis 
Important parameters for the estimation of moment redistribution factors (MRFs) are 
presented in Eq. 5-17. This equation shows that the plastic hinge length and the curvature 
ductility at the critical section are the main random variables in the probabilistic analysis of 
the MRF. The curvature ductility itself is a function of many other parameters (previously 
discussed in Chapter 4) that relate to dimensions and material.  
 
In order to investigate the probabilistic nature of the moment redistribution factor, a case 
study is designed. A fixed-end beam with a rectangular section of 600mm height and 
300mm width is considered. It is assumed that the concrete cover to the centre of the 
tensile and compressive bars is 60mm. While the section height is kept constant, different 
span slenderness ratios are considered. The maximum span length is normally controlled 
by serviceability checks, such as a deflection check. According to the ACI design code, for 
multi-span one-way slabs, the maximum span-to-thickness ratio is about 28, while for 
continuous beams this ratio is about 21. It should be noted that these values are extreme 
values and that the practical span length is lower than these ratios. For the purpose of 
comparison, span slenderness ratios of 5, 10, 15 and 20 are considered. However, for the 
reliability analysis, only the span-to-depth ratio of 12 is used. To compare provisions of 
different design codes, four design codes are considered (CSA A23.3, 2004; AS 3600, 
2009; CEB-FIP, 2010; ACI 318, 2011). The moment redistribution over a wide range of 
neutral axis depth parameters (c/d) is calculated. For the sake of comparison, three 
different concrete grades, as well as two different rebar steel materials, are considered. 
 
The nominal, mean and standard deviation values, as well as the best-fit probability 
density function for each variable, are taken from statistical models developed in Chapter 
3. Many of these variables were previously used in Chapter 4. Table 5.2 summarises the 
random variables used for the reliability analysis, along with their statistical measures and 
probability density function.  
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Table 5.2: Statistical models of the basic random variables 
Variable Nominal μ/Bias σ/COV Distribution 
b 300 mm 1.00 0.020 Normal 
h 600 mm 1.00 0.020 Normal 
d 540 mm 1.00 0.020 Normal 
cover 60 mm 1.00 0.030 Normal 
 
'
1 1 c
y
f c
f d
   
 
 
 1.00 0.020 Normal 
 
 1.00 0.020 Normal 
 200GPa 1.00 0.033 Lognormal 
 400MPa 1.15 0.065 Normal 
 500MPa 1.12 0.054  
uf  - 500MPa 0.080 Normal 
 - 600MPa 0.067  
u  - 0.05 0.090 Normal 
 20MPa 1.38 0.218 Lognormal 
 40MPa 1.19 0.126  
 60MPa 1.12 0.089  
 80MPa 1.09 0.068  
cu  - 0.0037 0.210 Lognormal 
pl  0.05 0.5z d  1.08 0.310 Lognormal 
d  - 1.00 0.300 Weibull 
 
As can be seen, the amount of tensile rebar varies with the neutral axis depth parameter 
(c/d). The probabilistic model for the plastic hinge length is taken from Chapter 3. This 
model is based on Mattock’s model (1967), and it relates the plastic hinge length to both 
the section depth and the shear span length (z). For the case of the fixed-end beam 
considered here, this parameter is about 20% of the span length. The model error for the 
curvature ductility is taken from Figure 4.4 of Chapter 4. Previous calculations showed that 
using the ERSB of different design codes leads to different model errors for the curvature 
ductility. Nevertheless, the difference is not noticeable.  
 
Only the ductility model is implemented in this study, and no serviceability check is 
imposed for finding the upper bound values limiting the moment redistribution factor. The 
MCS technique is employed for the reliability analysis. Using the simulated data, the 
probability density function of the MRF is evaluated. However, as there is no need to find 
the best-fit distribution, the empirical cumulative density function is used for calculating the 
sA
'
sA min n nb d
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'
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probability. All other measures, such as the mean and coefficient of variation, are found 
based on the simulated results.  
 
5.6 Results and discussion 
Using a lower bound moment redistribution factor (MRF) is one of the common methods of 
evaluating the permissible moment redistribution factor. In this method, an upper bound 
value for the span slenderness ratio and a lower bound value for the plastic hinge length 
are used. This approach does not necessarily guarantee safe design for moment 
redistribution. The reliability-based approach is the more rational method of dealing with 
the moment redistribution factor. In this section, before conducting the reliability analysis, 
the effects of different parameters, such as the span slenderness ratio, concrete 
compressive strength and rebar yield stress on the MRF are investigated. Then, results of 
the probabilistic analysis on the moment redistribution factor are discussed.  
 
5.6.1 Parametric study on moment redistribution  
Figure 5.16 shows the effect of the span slenderness ratio on the moment redistribution 
factor (MRF). The values shown are the nominal values. The results in this figure are 
based on a concrete compressive strength of 40MPa and rebar steel yield of 400MPa. All 
other nominal values are shown in Table 5.2. As expected, the span slenderness ratio has 
an adverse effect on the MRF. Furthermore, increasing the neutral axis depth parameter, 
e.g. higher rebar percentage, reduces the ductility and consequently the moment 
redistribution capacity decreases.  
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Figure 5.16: Effect of span slenderness ratio on the MRF 
The ACI 318 (2011) and CSA (2004) design codes use an upper bound value of 0.20 for 
the moment redistribution factor. Results in Figure 5.16 show that even for high span 
slenderness ratios, these design codes provide safe design for the moment redistribution. 
On the other hand, the AS 3600 and CEB FIP design codes allow for up to 0.30 for 
moment redistribution. For these design codes, the design for moment redistribution is 
safe except in some cases. For a neutral axis parameter close to 0.20, the AS 3600 design 
code (2009) slightly overestimates the MRF. It should be noted that the results for the 
nominal MRF are highly dependent on the plastic hinge length model. Considering the 
highly uncertain nature of the plastic hinge length, providing an accurate and reliable 
model for evaluating the plastic hinge length is crucial in evaluating the moment 
redistribution capacity.  
 
The compressive strength of concrete and the mechanical properties of rebar steel can 
also affect the level of moment redistribution in RC beams. High-strength steel rebar and 
concrete materials are generally less ductile. Therefore, it is expected that using these 
materials will decrease the level of moment redistribution. However, if, as in this study, the 
ultimate strains of concrete and rebar steel were not decreased with increasing strength of 
material, the reduction in ductility would not be accounted for in the analysis. The 
probabilistic analysis presented in Chapter 3 of this dissertation did not show any 
noticeable negative correlation between concrete compressive strength and strain. On the 
other hand, as the curvature ductility in unconfined concrete is generally controlled by the 
failure of concrete, the ultimate strain of rebar steel material does not have a considerable 
effect on the curvature ductility. Therefore, for both high- and low-strength steel materials, 
the same ultimate strain is considered in this study. Through influencing the neutral axis 
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depth, the yield strength of steel rebar and the concrete compressive strength could affect 
the curvature ductility and consequently the moment redistribution factor. The parametric 
analyses showed that the concrete compressive strength had a negligible effect on the 
MRF, while yield stress had a slightly adverse effect on the moment redistribution capacity. 
Figure 5.17 shows the variation of the moment redistribution factor for a range of concrete 
strengths and yield stresses. In Figure 5.17, the considered span slenderness ratio is 10. 
For the figure that compares the moment redistributions for different concrete strength 
materials, the steel yield stress of 400MPa is considered, while for the one comparing the 
results for different yield stresses, the concrete compressive strength is 40MPa. 
 
  
Figure 5.17: Effect of material properties on the MRF 
The curvature ductility of high-strength steel is lower than that of low-strength steel. 
Therefore, it is expected that due to reduction in the curvature ductility, the moment 
redistribution capacity will decrease. For a specific neutral axis parameter, using high-
strength concrete leads to a higher rebar percentage. Therefore, because the rebar 
percentage has an adverse effect on the curvature ductility, the moment redistribution 
decreases as the concrete strength increases. However, as Table 5.2 shows, the tensile 
rebar percentage depends on the product term of α1β1f’c, and as α1 and β1 decrease by 
increasing the concrete compressive strength, the term α1β1f’c does not vary considerably 
by changing concrete compressive strength. As Figure 5.17a shows, the effect of the 
properties of concrete on moment redistribution is not appreciable. 
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5.6.2 Probabilistic study on moment redistribution 
In order to investigate the probabilistic model of the moment redistribution factor (MRF), 
rather than an upper limit for span slenderness ratio, a practical average ratio of 12 is 
considered. All other properties of the considered case study are shown in Table 5.2. The 
extreme value of 20 used in the previous section is an unusual case. Generally, the span 
length to depth ratio is controlled by serviceability checks, such as a deflection check. 
When the code provisions on serviceability requirements are satisfied, a moderate span 
slenderness ratio usually results. Considering a section depth of 0.60m, a span length of 
7.2m is the result for the considered slenderness ratio. 
  
Design codes use the 5th percentile value (95% chance of being exceeded) as the nominal 
value for resistance-related parameters. Moment redistribution factor could be treated in a 
similar manner. However, this may result in very conservative results for the probabilistic 
lower bound case. For variables that are related to the deformation capacity of materials or 
structures, higher percentile values are used. For example, in EC2, for the characteristic 
value of the ultimate strain of rebar steel, the 10th percentile value is proposed. Therefore, 
in this study, as the moment redistribution capacity mainly depends on the ductility, the 
10th percentile value is considered as the probabilistic lower bound value. In evaluating the 
10th percentile values, simulated data are used to find the probability density function of 
the MRF. The probability of code-specified moment redistribution values being exceeded 
is also calculated. Figure 5.18 shows a schematic representation of the probabilistic 
procedure used for derivation of the 10th percentile value and the reliability of the code-
specified values. 
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Figure 5.18: Graphical illustration of probabilistic model for moment redistribution 
Figure 5.18 shows the theoretical 10th percentile and code-specified values of the moment 
redistribution factor as a function of neutral axis depth for different design codes. In this 
figure, a yield stress of 40MPa is used for steel. Moreover, the concrete compressive 
strength is 40MPa. The results show that the ACI 318 design code (2011) is the only code 
that provides a safe moment redistribution factor for the considered case. The Canadian 
design code shows a nearly safe design. On the other hand, those design codes that 
advise an upper bound value of 0.30 for the MRF do not provide entirely safe design. It 
seems that if the threshold value of 0.20 for neutral axis, at which the upper value of 0.30 
meets the descending line, is shifted to about 0.10, the provided equation for the moment 
redistribution factor would be safe. Another option would be to adopt an upper bound value 
of 0.20 for the MRF. Nevertheless, it should be noted that the considered case is just a 
case study, and no definite conclusion can be drawn from this investigation.  
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Figure 5.19: Nominal and lower bound (10
th
 percentile) values for the MRF 
The investigation in the previous section showed that the effect of the concrete 
compressive strength on the moment redistribution factor is minimal. However, the yield 
stress of rebar steel has an appreciable effect on the moment redistribution factor. Figure 
5.20 shows a comparison between the lower bound 10th percentile value for the moment 
redistribution factor for a range of concrete compressive strengths and steel yield stresses. 
The results in Figure 5.20 are based on the ACI 318 (2011) design code model. For other 
design codes, similar results are obtained. In the figure that compares the results for 
different concrete strengths, the yield stress of steel is 400MPa, while for the one that 
compares results for different yield stresses, the concrete compressive strength is 40MPa. 
As can be seen, using either concrete or steel materials of high strength has an adverse 
effect on the 10th percentile value of the MRF. In the material models used in this study, 
higher-strength concrete or steel materials have lower coefficients of variation, and it is 
expected that for these materials, higher moment redistributions would result. However, 
because the uncertainty in material properties is considerably lower than the model error 
uncertainty, this improvement in uncertainty in the properties of materials does not change 
the results noticeably. As previously discussed, using a higher concrete strength means 
0.00
0.20
0.40
0.60
0.80
0 0.1 0.2 0.3 0.4 0.5
β
M
R
 
c/d 
Nominal
10th percentile
ACI 318 (2011)
0.00
0.20
0.40
0.60
0.80
0 0.1 0.2 0.3 0.4 0.5
β
M
R
 
c/d 
Nominal
10th percentile
CEB FIP (2010)
0.00
0.20
0.40
0.60
0.80
0 0.1 0.2 0.3 0.4 0.5
β
M
R
 
c/d 
Nominal
10th percentile
CSA A23.3 (2004)
0.00
0.20
0.40
0.60
0.80
0 0.1 0.2 0.3 0.4 0.5
β
M
R
 
c/d 
Nominal
10th percentile
AS 3600 (2009)
 Chapter 5: Reliability aspects of the moment redistribution in RC beams 177 
 
 
allowing higher tensile rebar area and consequently lower curvature ductility, which in 
turns results in lower moment redistribution capacity. Apart from the result for 20MPa 
concrete strength, the effect of concrete strength on the 10th percentile value of the MRF is 
not considerable. Furthermore, the effect of yield stress on this value is also not 
noticeable.  
 
  
Figure 5.20: Effect of material properties on the lower bound (10
th
 percentile) value of the MRF 
Design codes such the ACI 318 design code use the lower bound value for the moment 
redistribution factor, based on an upper bound value for the span slenderness ratio and 
high-strength steel material. In a study that was later incorporated into the ACI 318 design 
code (2011), Mast (1992) used an upper bound value of 23 for the span slenderness ratio. 
Furthermore, a yield stress of about 580MPa was used for finding the lower bound value of 
the moment redistribution. If a continuous beam or slab were designed for serviceability 
limit state according to any design code, the extreme span slenderness ratio of 23 would 
not result. Maybe using the most-probable span slenderness ratio, considering the 
serviceability checks, and then applying a probabilistic procedure for finding the lower 
bound value for the moment redistribution capacity is the best solution for dealing with 
moment redistribution. Assessing short-term and long-term serviceability checks is beyond 
the scope of this study.  
 
In order to compare the effects of uncertainty and span slenderness ratio on the moment 
redistribution capacity, two different cases are considered. For both, the ACI 318 model, a 
concrete compressive strength of 40MPa and a steel yield stress of 400MPa are used. In 
one case, an upper bound value of 23 is considered for the span slenderness, while in the 
second case, a slenderness ratio of 12 is considered. However, in this case, the 
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probabilistic lower bound value (10th percentile) is calculated. Figure 5.21 shows a 
comparison between the results of these cases. The results in Figure 5.21 show that the 
probabilistic lower bound for span slenderness ratio of 12 could be as low as the lower 
bound values based on a high span slenderness ratio. The best way of dealing with the 
lower bound value for the moment redistribution factor would be to use the serviceability 
checks for dimensioning the span. Then, a probabilistic study should be performed for 
calculating the lower bound values of the moment redistribution factor, based on 
predefined target reliability. 
 
 
Figure 5.21: Comparing the typical and probabilistic lower bound values of MRF 
In order to compare levels of safety in those provisions of the considered design codes 
regarding the moment redistribution capacity, the reliability of code-specified values is 
calculated. In Figure 5.18, a graphical illustration of the code-specified values of the 
moment redistribution factor based on probability density function of this variable is shown. 
In this figure, the area filled with the lime green colour on the probability density function 
shows the reliability of the code-specified values. The code-specified nominal and mean 
values are treated as deterministic values and the probability of exceeding these values is 
calculated using the simulated data. The calculated reliability gives estimation for the 
safety of the calculated moment redistribution factors and those specified by the codes. 
Figure 5.22 shows the reliability of code-specified values for the moment redistribution 
factor for different design codes. The results in Figure 5.22 are based on the span-to-depth 
ratio of 12, concrete strengths of 40MPa and 80MPa, and steel yield stress of 400MPa. 
Results show that the reliability of the code-specified values for moment redistribution 
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varies with the neutral axis parameter. The variation depends on the code equations for 
evaluating the moment redistribution factor. Generally, the reliability of code-specified 
values for the MRF is greater than 0.80. The CEB FIP design code uses different 
provisions for normal- and high-strength concrete materials. As Figure 5.22 shows, 
provisions in this code are more conservative for high-strength concrete. Varying the 
neutral axis depth changes the tensile rebar area, and as a result, the probabilistic model 
for the moment redistribution factor would change. 
 
  
f’c = 40MPa f’c = 80MPa 
Figure 5.22: Reliability of code-specified values for the MRF 
 
5.7 Effect of uncertainty in MR factor on the strength reliability 
The reliability of RC beams under dead and live loads is a classic issue in structural 
reliability and has been investigated by many researchers. Here, the reliability of RC 
beams is evaluated, taking into consideration the additional uncertainty of the moment 
redistribution factor (MRF). As seen in the previous section, the MRF itself is a random 
variable and its random nature can be expected to affect the reliability of the strength limit 
state. The extra degree of uncertainty added through the moment redistribution factor 
reduces the overall strength reliability. The limit state function of moment resistance of any 
RC beam can be stated as shown in Eq. 5-18. In this limit state, both the dead load and 
the live load are considered. Loading with the dead load only is also a possibility as a 
separate load combination, but that is not considered in this study. 
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In Eq. 5-18, MR, MDL, and MLL represent the moment resistances of RC section, dead-load 
effect and live-load effect, respectively. The βMR factor stands for the moment redistribution 
factor. When an RC beam is designed based on elastic analysis, and the effect of moment 
redistribution is not considered, the βMR factor is set to 0.0, and the conventional limit state 
for moment resistance of the RC beam is obtained. The MRF can be calculated using Eq. 
5-17. The resistance of an RC section depends on its dimensions, and on the material 
properties of the concrete and steel used. According to Figure 5-19, the moment 
resistance of a singly reinforced rectangular section is calculated as shown in Eq. 5-19.  
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All variables of Eq. 5-19 were defined in the previous sections. These variables are 
random in nature. Therefore, the moment resistance of an RC section is random and its 
statistical model is derived using the statistical model of these random variables. The 
actual flexural resistance of an RC section is directly derived from the iterative procedure 
used for evaluation of the section curvature. Furthermore, the model error in predicting the 
flexural strength is taken from Chapter 4. 
  
Dead load is treated as a normal variable, with the mean of 1.05 times its nominal value 
and the coefficient of variation of 0.10 (Ellingwood et al., 1980). Live load in Eq. 5-18 is the 
maximum lifetime live load and is modelled by extreme Type-I distribution with bias factor 
(mean to nominal) and coefficient of variation of 1.0 and 0.23, respectively (Ellingwood et 
al., 1980). For the design to suit, the demand must be less than the capacity. Eq. 5-20 
shows the governing equation relating the load effects (demand) to the capacity (moment 
resistance). 
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In Eq. 5-20, subscript n denotes the nominal value of the variable. The factor γ represents 
the load factor. In this study, the nominal value of the MRF, βMR, is calculated either by 
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using Eq. 5-17 by inserting the nominal values of all variables, or based on the ACI 318 
(2011) design code. The MCS technique is utilised to find the probability of failure and the 
reliability index of the strength limit state shown in Eq. 5-18. Two cases are considered in 
the reliability analysis. In the first case, the effect of moment redistribution is not 
considered, i.e. elastic analysis and design is considered, while in the other case, the MRF 
is calculated using Eq. 5-17, i.e. based on the section capacity. 
 
Figure 5-18 shows the results of the reliability analysis for two different concrete 
compressive strengths and a span-to-depth ratio of 12.0. The properties of 400MPa steel 
rebar are used in the reliability analysis, and the live-to-dead load ratio is considered 1.0. 
The reliability indices for the elastic analysis are constant and do not depend on the rebar 
percentage or the concrete properties.  As expected, considering the uncertainty in the 
MRF causes a reduction in the reliability index. The amount of reduction for low neutral 
axis parameter values (low rebar percentage) is more than for high neutral axis parameter 
values. The reason behind this result is that the moment redistribution factors for low 
neutral axis parameters are higher and the MRF has a proportionately larger contribution 
in the design. On the other hand, when a high neutral axis parameter is used in the design, 
lower ductility is produced and consequently the role of moment redistribution uncertainty 
is decreased. In the case of βMR=0.0, this case converges to the elastic case.  
 
  
f’c = 20MPa f’c = 60MPa 
Figure 5.23: Reliability indices of strength limit state with and without moment redistribution 
The results in Figure 5-23 indicate that effect of uncertainty in the moment redistribution on 
the reliability index is relatively high, being in the order of about 1.0 in the reliability index 
scale. In order to investigate the effect of different live-to-dead load ratios, several 
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reliability analyses with various live-to-dead ratios were conducted. The results in Figure 5-
24 show variations in the reliability index with respect to strain at tensile rebar. Results in 
this figure are based on a concrete compressive strength of 40MPa and a span-to-depth 
ratio of 12.0. As can be seen, although the reduction in the reliability index due to 
uncertainty in the MRFs is not large, it is comparable to the reduction in the reliability index 
resulting from increasing the ratio of live-to-dead load. 
 
  
fy = 400MPa fy = 500MPa 
Figure 5.24: Effect of live-to-dead load ratio and MRF on the reliability indices 
The reduction in the reliability index is higher for the region with a higher moment 
redistribution capacity. However, it should be noted that in this region, due to serviceability 
limits, design codes do not allow a high moment redistribution factor. Therefore, by limiting 
the moment redistribution factor in regions with high ductility, the amount of reduction in 
the strength reliability index would not be considerable. Results in Figure 5.24 show that in 
order to have uniform safety levels for the strength limit state, the moment redistribution 
factor in a high ductility region should be adjusted. 
 
5.8 Summary  
A lack of probabilistic models for important parameters, such as plastic hinge length, 
ultimate strain of concrete, concrete stress block parameters and other important 
variables, complicates the judgment on reliable values for moment redistribution factors 
(MRFs). The study presented here shows the importance of probabilistic evaluation of 
MRFs. A probabilistic procedure for calculating the lower bound values of MRF is 
proposed. First, a review of methods of evaluating the MRF is presented. Then, an 
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approach based on the demand and capacity rotation concept is used for evaluating the 
MRF. In order to find a probabilistic model for the MRF, the analytical procedure for 
calculating it is combined with the MCS procedure. Statistical models for curvature ductility 
are taken from Chapter 4 of this dissertation, while the probabilistic model for the plastic 
hinge length is taken from Chapter 3. 
 
Sensitivity of the moment redistribution factor to the concrete compressive strength, the 
yield stress of rebar and the span-to-depth ratio is investigated. Using some upper bound 
values for the span-to-depth ratio, the lower bound MRFs were evaluated. Then, based on 
probabilistic analysis, the reliability of code-specified MRFs is found. Furthermore, the 
probabilistic lower bound value based on the 10th percentile value is evaluated.  Finally, 
the effect of uncertainty in the moment redistribution factor on the reliability of the strength 
limit state is investigated. 
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6.1 Introduction 
Like other granular materials, it is well known that concrete is a brittle material when 
subjected to uniaxial stress, and that it shows very limited deformability in this stress state. 
On the other hand, it is also known that multi-axial stress states have a positive effect on 
the behaviour of the concrete material, compared to its behaviour under uniaxial loading. 
Lateral confinement of RC columns is one of the effective and practical means of creating 
a multi-axial stress state, which can significantly improve the compressive strength and 
ultimate axial strain. In conventional RC columns, confinement usually takes the form of 
hoops, ties or spirals, with the hoops or spirals confining the concrete core and limiting its 
expansion. External confinement is also possible, either by steel jackets grouted to the 
concrete core or by wrapping the columns with FRP (Fibre Reinforced Polymers). 
 
Richart et al. (1928) were among first researchers to study the effects of lateral 
confinement on the strength and deformation characteristics of concrete. Based on their 
experimental studies on specimens confined by either hydrostatic pressure or spiral steel 
reinforcement, it was reported that laterally confining the concrete improved its strength 
significantly and allowed large deformations to occur laterally, while the unconfined 
concrete failed at relatively lower strength and ductility, and in a brittle manner. Their 
research set the basics of investigating the effects of confining concrete.  
 
Since then, numerous experimental and analytical studies have been conducted on 
confined concrete. These studies generally concentrated on investigating the behaviour of 
concrete under active confinement and on developing the associated constitutive models. 
In active confinement, using hydrostatic pressure, the multi-axial stress states are 
investigated. However, in practice, confinement is usually passive, and is provided by 
using transverse steel hoops and ties. Due to the elongation imposed on transverse hoops 
by expansion of the inner concrete core, lateral pressure is induced on the external 
perimeter of the concrete core. At the beginning of loading, the equivalent lateral pressure 
resulting from transverse steel confinement increases linearly. However, after reaching the 
yield strength of steel, the lateral pressure provided by steel confinement does not change, 
and it can be assumed as uniform lateral pressure acting like an active confinement 
loading. 
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In this chapter, using an extensive experimental database, the parameters required for 
defining the Drucker-Prager yield surface will be calibrated. Furthermore, using this 
database, a new analytical confinement enhancement coefficient for Richart’s model is 
proposed. Using another experimental database, the plastic flow potential function used in 
the Drucker-Prager criterion is also deliberated and calibrated. Furthermore, analytical 
models for predicting the FRP-confined concrete’s dilation are also developed. The least 
square regression analysis is used to calibrate the frictional angle and the dilation angle of 
confined concrete. A statistical analysis will then be used to find the model error in 
predicting these angles. These model errors will be later used in the reliability analysis of 
the strength and ductility of FRP-confined circular columns.  
 
6.2 Concrete plasticity 
To elucidate the theoretical model used in this study, a brief review of the relevant 
plasticity theory is presented here.  
 
6.2.1 Yield surface 
An important component of any material plasticity model is the failure surface. In traditional 
plasticity theory, this surface is also referred to as the yield or loading surface. The yield 
surface defines the boundary of elastic deformation. The definition of the yield surface will 
clearly depend on the stress variables, but can also depend upon other variables, such as 
the plastic strain, or constant parameters. For a plasticity model to be most useful, the 
model itself should be defined independently of the coordinate system attached to the 
material. Thus, it is necessary to define the model in terms of stress invariants, which are, 
by definition, independent of the coordinate system selected. Yield criteria for concrete can 
be expressed in the form shown in Eqs. 6-1(a to d). 
 
1 2 3
( , , ) 0f I J J   6-1a 
1 1 2 3I       6-1b 
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2 2 2
2 1 2 2 3 3 1
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3 1 2 3J s s s  6-1d 
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In these equations, I1, J2 and J3 are the first, second and third stress invariants, and 1 , 2  
and 3 show the principal stresses. The stresses s1, s2 and s3 are the principal deviatoric 
stresses. The yield functions are calibrated based on fracture test data. By treating the 
three principal stresses as one point in a three-dimensional stress space, the simplest 
geometric representation of the stress state can be obtained. Figure 6.1 shows a graphical 
presentation of a general yield function in a general version of the three-dimensional 
Haigh–Westergaard stress space. In this space, the yield surface can be conventionally 
presented in the following form: 
 
( , , ) ( , , ) 0
HW HW oct oct
f f        6-2a 
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J J
J


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The new coordinates of HW and HW represent the location of the stress point along the 
hydrostatic and the deviatoric axes. The magnitude of the hydrostatic load is equal to the 
stress invariant, HW. Therefore, it is clear that this invariant represents the hydrostatic 
component of the current stress state. Considering the planes that lie perpendicular to this 
hydrostatic axis, for any given stress state, lying in one of these planes, the distance 
between the point representing the stress state in the principal stress coordinate system 
and the hydrostatic axis is related to the deviatoric stress. The magnitude of this distance 
is equal to the invariant, HW. Thus, HW represents the stress invariant measure of the 
deviatoric stress. In Eqs. 6-2 (a to d), oct and oct are the octahedral stresses. A plane that 
makes equal angles with all of the principal stress directions is the octahedral plane. The 
normal and shear stresses in this plane are the octahedral stresses (oct and oct). 
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Figure 6.1: General yield surface function 
The Lode angle defines the direction of the octahedral shear stress. The angle,  is called 
the angle of similarity, or the Lode angle. This invariant is controlled by the relationship of 
the intermediate principal stress to the major and minor principal stresses. The Lode angle 
is an indication of the magnitude of the intermediate principal stress in relation to the minor 
and major principal stresses. As is shown in Figure 6-2, for an isotropic material it follows 
that the cross-sectional yield surface must have three-fold symmetry. In addition, 
experimental results imply that these meridians should be convex and smoothly curved. It 
should be noted that for tensile and small compressive hydrostatic pressures (small HW 
coordinates) the shape of the deviatoric plane is very close to a triangular shape. 
 
 
 
 
a) 3-D coordinates b) Deviatoric plane 
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Figure 6.2: Haigh-Westergaard coordinates and the deviatoric plane 
The shape of the yield surface in a 3-D stress space can generally be described by its 
cross-sectional shape in the deviatoric planes and by its meridians in the meridian planes. 
The two meridian planes corresponding to these two extreme values of the Lode angle are 
called the tensile and compressive meridians, respectively. Thus, in the model’s meridian 
planes: (1) the deviatoric stress increases with the Lode angle; (2) the compressive 
meridian lies outside the tensile meridian; and (3) the intersection of the surfaces in all 
meridian planes is convex.  
 
When the intermediate principal stress, 2, is equal to the major principal stress, , the 
value for  becomes zero. The tensile meridian is so named because uniaxial tension is 
one of the load cases, which corresponds to a Lode angle of 0.0. This case corresponds to 
the case in which a concrete cylinder is subjected to hydrostatic pressure in the radial 
direction while a force is applied by a piston in the axial direction. 
 
1 2 3r zf f       6-3 
 
In Eq. 6-3, the subscripts r and z show the radial and the axial directions, respectively. The 
compressive meridian is given that name because uniaxial compression corresponds to a 
Lode angle of 60. When the intermediate principal stress, 2, is equal to the minor principal 
stress, 3, the value for  becomes 60. Again, for a concrete cylinder, this corresponds to a 
case in which a force is exerted in the axial direction while lateral pressure is applied by a 
pressure cell along the radial direction. Eq. 6-4 shows the relationship between principal 
stresses in the triaxial compressive test, which corresponds to the compressive meridian. 
 
1 2 3r zf f       6-4 
 
When concrete is subjected to load with a Lode angle value near 60, it will withstand 
higher deviatoric stresses than when loading occurs near a Lode angle value of 0.0. 
Because of the specific loading path, for the special case of circular confined concrete 
members, only the compressive meridian with a Lode angle of 60 is of importance. In this 
case, there is no need to identify and calibrate test data for Lode angle. Therefore, in this 
study, only available test data that lie on the compressive meridian are used. 
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6.2.2 Plastic potential function 
Determining the amount of plastic strain that has occurred requires a concept known as 
plastic flow. When the stress state reaches the yield surface, further loading induces 
plastic flow. For materials with elastic-perfectly-plastic properties, by the definition of a 
yield surface, the stress state must stay on the yield surface. Therefore, rules need to be 
established to determine the behaviour of this plastic flow. Similar to the yield surface in 
the stress space, a plastic potential function, G, is defined in the strain space. In flow 
plasticity theory, it is assumed that the total strain in a body can be decomposed into an 
elastic part and a plastic part. Eq. 6-5 shows this decomposition. The superscripts e and p 
show the elastic and plastic strains respectively.  
 
e p
ij ij ijd d d     6-5 
 
The elastic part of the strain can be computed from a linear elastic constitutive model, 
such as Hook’s law. However, determination of the plastic part of the strain requires a flow 
rule and a hardening model. To evaluate plastic deformations, the existence of a plastic 
potential, G, is assumed. While the potential function is considered to lie in the strain 
space, the stress and strain variables are commonly thought of as being interchangeable. 
The assumption that the plastic strain increment and deviatoric stress tensor have the 
same principal directions is encapsulated in a relation called the flow rule. For granular 
material such as concrete, it is typically assumed that the plastic strain increment vector 
and the normal to the pressure-dependent yield surface are parallel. Eq. 6-6 describes the 
flow rule used to relate the plastic strain to the flow potential function. 
 
p
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ij
dG
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d
 
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In Eq. 6-6, pijd  is the incremental plastic strain, while ijd  is the incremental stress. G and 
parameters represent the potential function and the potential rate (a positive scalar factor 
of proportionality), respectively. The plastic potential provides the direction of the plastic 
strain. The vector of the plastic deformations is normal to the plastic potential function, G. 
On the other hand, it is also necessary to define the flow rule, which controls the 
magnitude of plastic deformation. Eq. 6-6 implies that the plastic flow vector is directed 
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along the normal to the surface of the potential flow function. In Figure 6-3, the direction of 
the plastic strains is graphically shown. It is worth mentioning that the plastic deformations 
depend on the stress state rather than on the increment of the stresses applied. 
 
 
Figure 6.3: Yield surface and flow potential functions 
Yield surface, F, and plastic potential, G, are generally different functions. In a special 
case when the yield surface function is used as the potential function, the plasticity is 
called the associated flow rule. In developing a plastic stress-strain relationship for metals, 
the associated flow rule is generally used. However, for granular materials, usually a non-
associated plastic flow rule is needed, because many of them do not obey the associated 
flow rules.  
 
In order to properly model concrete, it is necessary to incorporate a phenomenon called 
hardening into the model. This allows the failure surface to expand and change shape as 
the concrete is plastically loaded. This requires that the failure surface depend on the 
plastic strain. Due to the presence of hardening in the model, the yield surface can move 
or change shape due to the plastic flow. In this study, the elastic-perfectly-plastic model is 
used to represent the concrete material. Therefore, any plastic hardening is ignored. 
 
6.3 Drucker-Prager model 
Many failure criteria are available for isotropic materials. However, these existing yield 
criteria are normally suitable for the analysis of specific materials and can hardly be 
extended to cover all cases and materials. The number of parameters included in these 
functions range from one, e.g. Von-Mises, to five, e.g. William-Wranke. There are two 
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types of yield or failure criteria, theoretical and empirical. The theoretical criteria are based 
on clear theoretical background. On the other hand, the main advantage of empirical 
failure criteria is that they are in good agreement with experimental results, although they 
are lacking clear theoretical backgrounds and are only suitable for a certain type of 
materials. The Drucker-Prager yield criterion is one of the theoretical yield criteria. Despite 
its simplicity, the Drucker-Prager criterion has been successfully applied to concrete, and 
this simplicity keeps the criterion convenient for practical applications. Use of the Drucker-
Prager yield criterion is a compromise between simplicity and accuracy. Advanced 
plasticity models, involving many parameters for concrete that might be only suitable for 
specific applications, are obviously too difficult to implement, and using simpler plasticity 
models, such as Drucker-Prager, minimises the number of parameters that need to be 
dealt with. Furthermore, using the least number of parameters in any plasticity model 
makes the experimental parameter calibration more convenient. 
 
As the case of circular confined concrete only requires the compressive meridian to be 
known, the focus of this discussion is on the compressive meridian. However, where 
appropriate, the yield criterion proposal for other aspects of the yield surface function is 
also discussed.  
 
6.3.1 The classic Drucker-Prager model 
The Drucker-Prager yield criterion is a modification of the Von-Mises criterion, which 
accounts for the influence of the hydrostatic stress component – the higher the hydrostatic 
stress (confinement pressure), the higher would be the yield strength. Eq. 6-7 shows the 
yield function that defines the Drucker-Prager yield surface: 
  
1 2 0yI J        6-7 
 
In Eq. 6-7, parameters and y are the yield function parameters or material constants. 
Figure 6.4 shows the graphical 2-D and 3-D representations of the Drucker-Prager yield 
surface in the principal stress space. The Drucker-Prager yield surface combines the 
advantages of both the Von Mises (smooth and convenient for mathematical modelling) 
and Mohr-Coulomb (pressure-dependent yield surface) yield criteria. Unlike the Von-Mises 
function, which depends on only one stress invariant and does not include the effect of 
hydrostatic stresses, the Drucker-Prager model includes the effect of hydrostatic stresses 
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by adding another stress invariant. Furthermore, the yield surface is smooth. Therefore, it 
overcomes one of the major shortcomings of the Mohr-Coulomb yield criteria. 
 
 
Figure 6.4: The Drucker-Prager and Mohr-Coulomb yield criteria 
Since the Drucker-Prager yield surface is a smooth version of the Mohr-Columb yield 
surface, it is often expressed in terms of the cohesion, cc, and the angle of internal friction, 
ϕf, that are used to describe the Mohr-Coulomb yield surface. If it is assumed that the 
Drucker-Prager yield surface inscribes the Mohr-Coulomb yield surface, then the 
expressions for finding parameters and y will be as follows: 
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In Eqs. 6-8(a & b), ϕf is the angle of internal friction and cc is the cohesion value. Figure 6-
5 represents the tensile and compressive meridians and the deviatoric plane for the 
Drucker-Prager yield surface. As can be seen, the tensile and compressive meridians are 
identical and the deviatoric plane shape is circular. There are different methods to 
approximate the Mohr-Coulomb hexagonal surface by the Drucker-Prager cone. 
Parameters shown in Eq. 6-8 are based on making the hexagonal and the cone agree 
along the compressive meridian. 
 
 
 
 
 
a) Meridians b) Deviatoric plane 
Figure 6.5: Meridians and deviatoric plane of the Drucker-Prager yield criterion 
The Drucker-Prager failure criterion is not perfect for modelling concrete because of the 
round shape of its failure surface in the deviatoric plane (that is, the difference between the 
tensile and compressive strengths of concrete cannot be reflected). This means that the 
yield surface is independent of the angle of similarity. This independence disagrees with 
the experimental observations. The other shortcoming is that the tensile and compressive 
meridians are linear. The experimental results on confined concrete have shown that, 
although for low hydrostatic pressure the meridians can be reasonably represented by a 
line, for higher hydrostatic pressures, this linear relationship cannot be true. Further 
generalisation of the Drucker-Prager surface, through the introduction of the Extended 
Drucker-Prager criteria, has to a large extent addressed these shortcomings. In the 
subsequent sections, this generalisation will be discussed in detail. 
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6.3.2 Extended Drucker-Prager model 
The yield function in the classic Drucker-Prager yield criterion can be seen in Eq. 6-7. As is 
seen, this function is linear and the yield value is constant, and it can describe for example 
the elastic-perfectly-plastic behaviour. The Extended Drucker-Prager model was 
introduced to address some shortcomings of the classic Drucker-Prager model, namely 
the use of perfectly-plastic behaviour and the requirement of a linear yield surface. The 
yield functions can also be combined with an isotropic or kinematic hardening rule to 
evolve the yield stress during plastic deformation. The different yield functions that can be 
used in the Extended Drucker-Prager yield criterion are linear, power and hyperbolic. Eqs. 
6-9(a to c) show these yield functions. 
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In the above equations, 23q J  is the equivalent stress and 
1
3
m
I
   is the hydrostatic 
stress. The additional constant, 0, is used to calibrate the power and the hyperbolic yield 
functions. It should be noted that the power and the hyperbolic functions are curved, 
especially for positive and very low compressive hydrostatic pressures. By increasing the 
hydrostatic pressure, these functions will approach the linear function. Figure 6.6 shows 
the modified compressive meridian, based on both power law and the hyperbolic yield 
functions. In the Extended Drucker-Prager model, the yield parameter is not a constant 
value. It depends on the plastic strain and, in this case, hardening or softening functions 
can be incorporated in the model. Different yield functions have been proposed by 
researchers (Karabinis and Kiousis, 1996; Karabinis and Rousakis, 2002; Jiang and Wu, 
2012). In this study, as the elastic-perfectly-plastic model is employed, the yield function is 
not used. 
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a) Hyperbolic meridian b) Parabolic meridian 
Figure 6.6: Compressive meridian of the hyperbolic and parabolic yield functions 
The above model modifies only the meridians of the Drucker-Prager yield criterion. To 
change the circular shape of the deviatoric plane, further modifications are required. The 
general form shown in Eq. 6-9 is generally suggested to modify the deviatoric plane shape. 
 
2 1( ) ( ) 0y pF J f K I        6-9 
 
In the above equation, function ( )f K  is a modifying function, which depends on the third 
stress invariant, the Lode angle. Karabinis and Kousis (1996) proposed the following 
function, Eq. 6-10, for modifying the deviatoric plane. 
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Karabinis and Kousis (1996) presented the above general version of the Drucker-Prager 
model to simulate the response of the rectangular columns. The shape of the deviatoric 
plane changes from a circle to a curved triangle for different values of the material 
parameter, r. In Figure 6.7a, effect of this material property is shown. Karabinis et al. 
(2008) later employed another modification function, which is shown in Eq. 6-11.  
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In Eq. 6-11, K is a material parameter that accounts for stress-path with the variation of 
shear strength under a given hydrostatic pressure and determines the shape of the 
yielding function in the deviatoric plane, ranging from 0.778 to 1.0. In Figure 6.7b, the 
effect of parameter K in changing the deviatoric plane is shown. This modification function 
is implemented in ABAQUS software and has been used by other researchers (Yu et al., 
2010; Jiang et al., 2011).  
 
  
a) Based on Eq. 6-10 b) Based on Eq. 6-11 
Figure 6.7: Deviatoric planes for Extended Drucker-Prager yield surface 
It should be noted that in Figure 6.7, the circular shape represents the classic Drucker-
Prager deviatoric shape. As is seen, for the compressive median, the modification factors 
do not have any effect on the stress state representing the compressive meridian. 
Generally, using the original Drucker-Prager deviatoric plane, which has a circular shape, 
leads to overestimation of the multi-axial strength of concrete. 
 
In circular confined cylinders, the stress state always lies on the compressive meridian. In 
this case, the third stress invariant, which is the Lode angle, is not important. On the other 
hand, for regular confinement pressure levels, the compressive meridian can be 
reasonably represented as a line. Therefore, the simplest form of Drucker-Prager yield 
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surface can be used. In this simple case, only two parameters, the friction angle and the 
yield stress, are required. 
  
6.3.3 Applications in confined concrete 
Different researchers have used the Drucker-Prager yield surface for studying the 
behaviour of confined concrete. In the following, some of these studies are reviewed. 
 
6.3.3.1  Karabinis research group studies 
Karabinis and Kiousis (1994) proposed a plasticity-based method to analyse the effect of 
steel confinement on circular concrete columns. They used a non-associative Drucker-
Prager model with circular deviatoric plane and linear meridians together with strain 
hardening. In a complementary study [1996], by modifying the deviatoric plane, they 
expanded the model to the analysis of the confined rectangular columns. In their study, an 
equivalent sleeve surrounding the concrete replaced the lateral steel confinement. 
Karabinis and Rousakis (2002) employed this model to analyse circular FRP-confined 
concrete columns. They concluded that the model could accurately predict the bilinear 
behaviour of composite systems. Rousakis et al. (2007) used exactly the same non-
associative Drucker-Prager model to analyse square FRP-confined concrete columns. 
They reported that the employed plasticity model reproduced the behaviour of the tested 
specimens with reasonable accuracy. They concluded that the plasticity model could also 
be used in the FE analysis of FRP-confined sections or structural members, reproducing 
the dilation characteristics of concrete and hardening/softening behaviour. Karabinis et al. 
(2008) recently used a non-associative Drucker-Prager plasticity hardening model within 
the commercial program ABAQUS. The model was used for 3-D analysis of both circular 
and rectangular columns. Their model showed an accurate prediction for concrete 
columns under uniform elastic confinement by FRP materials. They also reported 
satisfactory agreement of their analytical predictions with the experimental behaviour of 
steel reinforced columns and external FRP confinement. Rousakis et al. (2008) developed 
a new advanced non-associative Drucker–Prager model with hardening/softening function. 
They combined this model with an empirical parameter estimation, in which the Drucker-
Prager yield and potential flow functions parameters were related to the properties of FRP 
and concrete materials. Prediction of ultimate axial failure strain of FRP-confined columns 
using this model showed quite accurate results. 
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6.3.3.2  Mirmiran research group studies 
Mirmiran et al. (2000) employed the associated Drucker-Prager to analyse the FRP-
confined concrete. They concluded that the Drucker-Prager elastic-perfectly-plastic yield 
criterion could not properly model the cyclic behaviour of FRP-confined concrete, 
especially concerning the strength and stiffness degradation. To better understand the 
effect of the dilatancy angle on the stress-strain response of FRP-confined concrete, they 
carried out a sensitivity analysis. By comparing the FE response with test results, they 
concluded that the response of FRP-confined concrete could best be modelled by a zero 
dilatancy angle. Shahawy et al. (2000) employed the associated Drucker-Prager model in 
a nonlinear finite element analysis using ANSYS software. They concluded that the results 
compared well with the experimental results. However, due to the elastic-perfectly-plastic 
model that was used in the analysis, the model could not capture the dilation behaviour of 
the FRP-confined cylinders. They proposed the use of a non-associated flow rule in 
possible combination with a material hardening/softening function, mentioning that it could 
lead to results that are more accurate.  
 
6.3.3.3  Eid and Paultre study 
Eid and Paultre (2007) used a non-associative Drucker-Prager model with linear meridians 
to analyse confined concrete. They used an extensive experimental database to calibrate 
the model parameters. They concluded that the proposed model could be applied to 
describe the behaviour of concrete confined by transverse steel reinforcement, by FRP 
composites, or by both. It was shown that the analytical results were in good agreement 
with both experimental and the finite element method results. 
 
6.3.3.4  Teng research group studies 
Yu, Teng, Wong and Dong (2010) reviewed the existing Drucker-Prager models employed 
in the previous studies. They pointed out three important characteristics that a complete 
Drucker-Prager model should possess: (a) a yield criterion including the third deviatoric 
stress invariant; (b) a hardening/softening rule which is dependent on the confining 
pressure; and (c) a flow rule which is dependent not only on the confining pressure but 
also on the rate of confinement increment. They stated that none of the existing Drucker-
Prager models possessed all of these characteristics, and proposed a modified model to 
incorporate all of these properties. They implemented the model in the commercial 
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program ABAQUS. They concluded that the modified model still sufferered from 
shortcomings, such as an inability to capture the stiffness degradation and numerical 
solution difficulties. To overcome these issues, they proposed the use of a plastic-damage 
model for concrete. Jiang et al. [2012] used a similar plasticity model in the ABAQUS 
software. Through analytical studies of the test results and finite element modelling, they 
derived explicit models for the Drucker-Prager model parameters. A database of about 97 
circular FRP-confined columns was used for the calibration procedure. The model was 
limited to normal-strength concrete and a specific range of lateral confinement pressures. 
They concluded that the assumption of elastic-perfectly-plastic behaviour generally could 
not lead to close predictions of the stress-strain behaviour of FRP-confined concrete, but 
that it may produce reasonably close predictions when the FRP jacket stiffness is within a 
certain range, and if the dilation of the confined concrete is closely predicted. 
 
6.3.3.5  Arslan research group studies  
Arslan (2007) conducted a sensitivity analysis (using the LUSAS FE program) on the 
classical Drucker-Prager parameters. Based on a parametric study, for use in nonlinear 
analysis of RC beams without stirrups, the cohesion parameter was calibrated. The 
calibrated cohesion was related to the concrete compressive strength, the longitudinal 
rebar percentage, the maximum aggregate size and the section height. Doran et al. used 
nonlinear finite element analysis to investigate rectangular FRP-confined columns. The 
Drucker-Prager criterion was used for the concrete plasticity. For the compression 
meridian, a nonlinear piecewise relationship was used. In their study, the predicted axial 
stress-strain showed good agreement with the experimental results. Arslan and 
Hacisalihoglu (2013) have used the classical Drucker-Prager yield criterion within the 
nonlinear finite element analysis using ANSYS program to analyse RC columns (confined 
with stirrups) subjected to concentric loading. Using a database of about 28 tests, they 
carried out a parametric study to calibrate the cohesion factor. The cohesion was related 
to the concrete strength, the column aspect ratio and the axial load applied to the column. 
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6.4 Strength of confined concrete 
6.4.1 Existing models 
In the Drucker-Prager model, the pressure sensitivity parameter dominantly controls the 
shear strength of concrete. This parameter can be related to the Mohr-Coulomb frictional 
angle and cohesion parameter. When it is assumed that the Drucker-Prager cone 
circumscribes the Mohr-Coulomb hexagonal, the following equation can be used to find 
the frictional angle and cohesion in parameters of Drucker-Prager parameters. It should be 
noted that, as the classical Drucker-Prager model is used here, a linear relationship for the 
compressive meridian is assumed. 
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In order to evaluate the cohesion constant and the frictional angle, both Drucker-Prager 
parameters, that is, the pressure sensitivity parameter () and the yield parameter (y) 
should be known. Many expressions for calculating these parameters can be found in the 
literature. Table 6.1 summarises all of these expressions suggested in the literature.  
Table 6.1: Summary of the available models for frictional angle 
Reference Expression Comment 
Deniaud (1994) 
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Shahawy et al. (2000) 
'
3
arcsin( )
2
1
3(5 / )
f
cf
 

 
Taken from Rochette and 
Labossiere study 
Mirmiran et al. (2000) 
'
3
arcsin( )
2
1
3(5 / )
f
cf
 

 or  
Taken from Rochette and 
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calculated from confinement 
effectiveness factor, k , 
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Samaan et al. (1998) and 
Mander (1988) models were 
used for calculating the 
confined strength of 
concrete.  
Karabinis and Kiousis 
(1994) 
48  = 0.38. It was stated that 
previous data on confined 
concrete indicate that most 
concretes have a frictional 
angle approximately equal to 
48. 
Karabinis and Kiousis 
(1996) 
48 Similar to Karabinis and 
Kiousis (1994) study. 
Karabinis and Rousakis 
(2002) 
48 Similar to Karabinis and 
Kiousis (1994) study. 
Rousakis et al. (2007) 48 - 
Rousakis et al. (2008) '
0
36 45
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f’c is the strength of 
unconfined concrete, and 
fcm0 is a unit parameter 
equal to 10MPa. 
Karabinis et al. (2008) From Rousakis (2005) study β was related to unconfined 
plain concrete strength. 
Arslan (2007) 37 It was stated that this angle 
ranges approximately 
between 30 and 37, which 
can be found by drawing 
various tangent lines to the 
compressive meridian, 
obtained from the 
experimental data of 
concrete. 
Arslan and Hacisalihoglu 
(2013) 
33, normal-strength concrete 
37, high-strength concrete 
Range of 30-37 similar to 
Arslan (2007) study. 
Koksal et al. (2009) 33 Range of 30-40 was 
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Doran et al. (2009) 30-40  
Yu et al. (2010) Based on Richart (1928) and 
Teng et al. (2009) 
confinement models. 
 = 0.2934 for Richart’s 
model, and  = 0.2634 for 
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confinement model is also 
introduced. Parameter k is 
the confinement-
effectiveness coefficient, 
and can be found from any 
of the available models. 
 
As shown in Table 6.1, in most of the expressions, the friction angle is indirectly calculated 
using the confinement effectiveness coefficient, k, or the pressure-dependent Drucker-
Prager parameter, .  
 
6.4.2 Methodology 
In the triaxial tests of confined concrete specimens (active or passive), a linear or 
nonlinear expression can be derived by relating the axial and lateral stresses. If a least-
square regression analysis is used to fit the data to a line relating the axial and the lateral 
stresses, the slope of this line represents the confinement-effectiveness coefficient. This 
coefficient can then be used to find the friction angle using the Mohr-Coulomb criterion. 
Eqs. 6-13(a & b) show this approach for finding the friction angle. 
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It should be noted that in the regression analysis that leads to the determination of the k 
parameter, the fitting line is forced to pass through the point representing the uniaxial test 
of plain unconfined concrete. This means that for zero confinement pressure the confined 
concrete strength is equal to the uniaxial concrete strength (the line should pass the point 
(0, 1) in Eq. 6-13a). Figure 6.8a shows a schematic view of the fitting process. In the 
widely used model proposed by Richart et al. (1928), a confinement effectiveness factor of 
4.1 was suggested for actively confined concrete. For FRP-confined concrete, based on 
the widely used model proposed by Lam and Teng (2003), this factor is 3.3. Other 
researchers have suggested a nonlinear relationship between the confining stress and the 
axial stress of confined concrete (Newman, 1979; Samaan et al., 1998). In this study, 
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using the collected experimental database, the best-fit line relating the lateral and axial 
stresses in actively confined concrete specimens is derived. 
 
 
 
 
 
 
a) Lateral-axial space b) I1-J2 space 
Figure 6.8: Best-fit lines for lateral-axial stresses and I1-J2 relationships 
In the classical Drucker-Prager yield criterion, a linear relationship between the stress 
invariants, 1I  and 2J , is sought.  This linear model can be used to find the line of fit to 
any meridians. In this study, the compressive meridian is of interest. Similar to the 
relationship between the axial and the lateral stresses, the fitted line in the stress invariant 
space should pass through the point, which represents the uniaxial stress state of plain 
concrete. If the stress invariants, 1I  and 2J , are normalised with respect to the 
compressive strength of unconfined concrete, the classical Drucker-Prager model can be 
written as: 
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Eqs. 6-14(a to d) show that by forcing the fitted line to cross the point (1,1/ 3)  in the 
normalised stress invariant space, the cohesion parameter will be dependent on the 
pressure sensitivity constant, .  In this case, the Drucker-Prager yield surface parameters 
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reduce to only one parameter. The slope parameter can be found for each of the available 
experimental data points. In the following, the collected database on the actively confined 
concrete specimens will be used to find the best-fit model for this slope parameter. Figure 
6-8b graphically shows the procedure for finding the slope parameter for each data point. 
The model that was proposed by Deniaud (1994) and used by many other researchers (as 
shown in Table 6-1) follows the same linear relationship in the normalised stress invariant 
coordinate system. 
 
6.4.3 Loading path effect 
One important issue in studying confined concrete is the dependence of the yield surface 
parameters on the applied load paths. Several researchers have studied this problem 
(Chern et al., 1993; Laine, 2004; Lu and Hsu, 2007; Gabet et al., 2008). Figure 6.9 
illustrates different stress states that can produce different load paths. In the case of active 
confinement, concrete is subjected to uniform lateral stress, while the axial stress is 
increased until failure. As previously discussed, concrete confined by steel hoops or 
spirals can practically represent actively confined concrete, as once the steel yields, the 
confining pressure remains constant. In the case of FRP-confined concrete (passive 
confinement), the axial and lateral stresses increase proportionally. The lateral pressure in 
FRP-confined concrete varies linearly with the radial axial strain, whereas in active 
confinement the confining pressure does not change. 
 
 
Figure 6.9: Different loading paths (Gabet et al., 2008) 
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Gabet et al. (2008) carried out tests with hydrostatic, triaxial and proportional loading paths 
on dried plain-concrete cylindrical specimens. In particular, their results showed that under 
high confinement, the concrete limit state remained relatively independent of both the 
loading path and the Lode angle. Laine (2004) investigated the difference between the 
active confinement loading and the passive or proportional loading. Using multi-step lateral 
pressure, the proportional loading path was simulated. They reported that the use of a 
simulated passive load path for the triaxial tests produced similar results to an active load 
path for the peak stress and strength, and for the ductility. Multi-step load path tests were 
conducted as part of the testing program. Imran and Pantazopoulou (1996) investigated 
the effect of different loading paths, such as cyclic loading and stepwise lateral pressure 
loading. They concluded that the strength of concrete was observed to be path-
independent. Lan and Guo (1997) studied the effect of four biaxial and two triaxial loading 
paths on the behaviour of confined concrete. By comparing the results of different load 
paths, they concluded that there was no evident difference between the triaxial 
compressive strength obtained under non-proportional loading and proportional loading. 
Generally, in triaxial tests, the axial and confining pressures were increased 
simultaneously at a constant rate until the targeted confining pressure value was reached. 
At this point, the confining pressure was kept constant, while the axial load was varied. Lu 
and Hsu (2007) investigated the effect of different initial rates (before reaching constant 
confinement pressure) on the behaviour of confined concrete. Their results showed that 
these load paths seemed to have an insignificant effect on the ultimate strength of 
concrete. 
 
As previously discussed, in the analysis-oriented methods, active confinement models are 
normally used as a basis to relate the axial strain and stress of FRP-confined concrete. 
This means that the axial stress and strength of FRP-confined concrete at a specific lateral 
strain are equal to those of actively confined concrete with a constant confining pressure 
equal to the pressure exerted by the FRP membrane. This fundamental assumption 
means that the stress path of confined concrete does not affect its stress-strain behaviour.  
 
Since the loading path has no visible influence on the concrete confined strength, test 
results from all different loading paths can be considered in developing the concrete yield 
surface model. However, a majority of the collected experimental data in this study are 
tested in a conventional triaxial cell. In this type of test, the lateral confinement level is 
increased to the predefined lateral stress level and kept constant throughout the test. The 
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axial deformation is then slowly increased until failure. Lateral confinement is normally 
provided using pressurised hydraulic oil. In another type of triaxial test, the axial and lateral 
stresses are proportionally increased until reaching the predefined lateral pressure. The 
axial stress will then increase only up to the failure point.  
 
6.4.4 Size effect 
The validity of using models, which have been calibrated based on small-scale specimens 
for real full-size columns has been a subject of research in many studies of actively or 
passively confined concrete. Li and Ansari (2000) found that for high-strength concrete in 
triaxial compression and under high confining pressure, the size effect of cylindrical 
specimens was negligible. Laine (2004) also observed no appreciable size effect in the 
stress-strain behaviour of confined concrete. On the other hand, Wang and Song (2009) 
have shown that there is an evident size effect on the failure strength. Li and Ansari (2000) 
concluded that even though the size effect depends to a large extent on the aggregate 
size and the cement paste interface, the size effect phenomenon is not well understood, 
and that more research is required in this area. In this study, the focus is on the reliability 
analysis of the confined concrete. Therefore, for the sake of simplicity and because there 
is no clear and convincing evidence regarding the effect of specimen size on the behaviour 
of confined concrete, the size effect is ignored. 
 
6.4.5 Material type effect 
Chern et al. (1993) showed that the addition of steel fibre to concrete does not have any 
significant effect on the behaviour of concrete subjected to lateral confinement pressures 
up to 70MPa. They stated that adding fibre might be beneficial in cases where the 
confining pressure was higher. Lu and Hsu (2006) concluded that the addition of steel fibre 
to concrete had an insignificant effect on the internal frictional angle of the concrete. By 
observing the experimental data on conventional and steel fibre reinforced concrete, 
Farnam et al. (2010) reached the same conclusion that the steel fibre slightly varied the 
internal frictional angle. Based on the conclusions of these studies, the experimental data 
on steel fibre reinforced concrete are also included in the collected experimental database. 
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6.4.6 Experimental database 
Through an extensive literature survey, experimental data on actively confined concrete 
from 34 different sources with, in total, 568 tests from 34 sources have been collected in 
this study. These data include unconfined specimens as well. The collected sources cover 
the period from 1928 to 2013. Where numerical values of the residual strength were not 
tabulated in the original publications, approximate values were read from published stress-
strain curves. These data cover a wide range of concrete strengths and confining 
pressures. Table 6.2 shows source of data, type of test, specimen dimensions, range of 
concrete strength and the lateral pressure range. As Table 6.2 shows, specimens with 
different shapes and sizes have been used in these studies. The range of concrete 
strengths shown in this table shows the measured strength, not the specified or 
characteristic strength. Some special comments on the collected sources can be 
summarised as below: 
 
 Experimental program by Hammoud et al. (2013) investigated the behaviour of 
concrete subjected to elevated temperature; from this study, only experiments 
conducted in ambient temperature were used.  
 
 In Mei et al. (2001), steel tube was used for exerting confinement pressure. 
Practically, this type of test can resemble the active confinement case. 
 
 Tests by Zeng et al. (2013) and Yan et al. (2009) were conducted to investigate the 
effect of dynamic loading on the triaxial behaviour of concrete. Only slow-rate 
experiments, which represent static loading, were used in this study. 
 
  Tests by Farnam et al. (2010), Chern et al. (1993) and Lu and Hsu (2006) included 
steel fibre reinforced concrete. 
Table 6.2: Experimental database for specimens subjected to triaxial stress state 
Reference Shape 
Dimensions 
(mm) 
Concrete 
strength 
(MPa) 
Lateral 
pressure 
(MPa) 
No. 
Hammoud et al. (2013) Cylinder 83×166 45.0 1.38-24.13 6 
Zeng et al. (2013)  Cylinder 100×200 47.8 20.0-40.0 3 
Farnam et al. (2010) Cylinder 75×150 76-171 5.0-21.5 16 
Yan et al. (2009) Cube 100×100×100 9.84 4.0-16.0 5 
Lu and Hsu (2007) Cylinder 100×150 67 3.5-56.0 11 
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Lu and Hsu (2006) Cylinder 100×150 69 3.5-56.0 15 
Tan and Sun (2006) Cylinder 100×300 27.2-51.8 1.9-12.5 21 
Laine (2004) Cylinder 150×300(200) 36-120 5.0-50.0 14 
Sfer et al. (2002) Cylinder 150×300 32.8 1.5-60.0 12 
Mei et al. (2001) Cylinder 102×203 71.0 2.8-18.7 9 
Candappa et al. (2001) Cylinder 100×200 41.0-104.0 4.0-12.0 16 
Li  and Ansari (2000) Cylinder 150×300 71.0-103.0 8.3-82.7 13 
Ansari and Li (1998) Cylinder 100×200 42.0-103.0 8.3-82.7 17 
Nielson (1998) Cylinder 100×200 165.0 5.6-140.2 17 
Van Geel (1998) Cube 50×50×50 40.0-80.0 1.0-195.0 15 
Lan and Guo (1997) Cube 70×70×70 24.0 7.2-21.6 25 
Rutland and Wang (1997) Cylinder 50×100 40.0 1.7-56.0 7 
Imran and Pantazopoulou (1996) Cylinder 54×108 18.62-73.65 3.2-51.2 41 
Xie et al. (1995) Cylinder 55.5×110 60.0-120.0 2.3-60.0 28 
Setunge et al. (1993) Cylinder 100×200 45-109 0.5-15.0 64 
Hammons and Neeley (1993) Cylinder 53×89 105.0 50-200 5 
Chern et al. (1993) Cylinder 54×108 20.5-24.5 10.0-70.0 24 
Lahlou et al. (1992) Cylinder 52×104 46.0-113.0 7.6-22.0 9 
Bellotti and Rossi (1991) Cylinder 160×320 56.0 4.9-39.3 9 
Smith et al. (1989)  Cylinder 54×108 20.7-44.2 0.7-34.5 17 
Chuan-Zhi et al. (1987) Cube 100×100×100 9.37 3.88-29.33 8 
Jamet et al. (1984) Cylinder 110×220 30.0 3.0-50.0 5 
Kotsovos and Newman (1980) Cylinder 100×250 15.3-62.1 7.0-70.0 16 
Newman (1979) Cylinder 100×250 21.0-93.0 3.5-138.2 24 
Miles and Zimmerman (1970) Cube 57×57×57 23.0-36.0 1.45-8.70 10 
Gardner (1969) Cylinder 76×152 29.0 8.6-25.8 4 
Cordon et al. (1963) Cylinder 150×300 14.1-51.0 2.7-13.8 54 
Balmer (1949) Cylinder 152×305 24.6 6.9-172.4 9 
Richart et al. (1928) Cylinder 102×203 7.24-25.24 1.24-28.21 19 
 
The experimental data collected include test results from normal-strength and high-
strength concrete at a wide range of confinement levels, covering most practical cases of 
concrete confinement in structures. Figure 6.10 shows the distribution of the concrete 
strength and the normalised confining pressure (with respect to the unconfined strength) 
used in this study. As shown in the histogram of Figure 6.10, the collected data cover both 
NSC and HSC materials from 10 MPa up to 170 MPa. The normalised confining pressure 
extends beyond 2.5; however, for better visibility of lower confining pressure distribution, 
only the range up to 2.5 is shown in Figure 6.10b. The range of normalised confining 
pressures is from 0.0 to 7.0 in this study. 
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a) Concrete strength b) Normalised pressure 
Figure 6.10: Distribution of the concrete strength and the normalised lateral stress 
 
6.4.7 Results and discussion 
6.4.7.1  Probabilistic model 
The best-fit line for both sets of principal stresses and stress invariants is evaluated for 
each of the sources of data. The slope of the line relating the normal and the lateral 
principal stresses shows the confinement efficiency factor, k, while the slope of stress 
invariant parameters ( 1 2,I J ) shows the pressure sensitivity factor for the Drucker-Prager 
yield criterion. In Table 6.3, the results of fitted lines and the corresponding correlation 
coefficient, R2, values are shown. As indicated by the high R2 values, the lines resulting 
from the regression analyses generally fit the experimental data well. The confinement 
efficiency factor ranges from 2.31 to 7.64, while the pressure sensitivity factor ranges from 
0.18 to 0.40. The high value of 7.64 for the k factor is drawn from the study conducted by 
Xie et al. (1995). Instead of the conventional active-confined test, Xie et al. used steel tube 
confined concrete in their test. The second highest k value obtained is 5.45, which is 
considerably lower than that obtained in the Xie et al. study. When all of the data are 
considered in the statistical analysis, an efficiency factor of 3.29 and a pressure sensitivity 
factor of 0.25 result. Table 6.3 also shows the friction angle for each of the collected 
sources. According to the results, this angle ranges from 23 to 50 degrees. It should be 
noted that the frictional angle can be evaluated using either the confinement efficiency 
factor or the pressure sensitivity factor. Eqs. 6-13 shows the relationship between these 
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factors and the frictional angle. Either equation results in the same internal frictional angle 
for concrete. 
Table 6.3: Results of regression analysis for confinement model measures 
Reference k R2 β R2 ϕf No. 
Hammoud et al. (2013) 2.31 0.91 0.18 0.85 23.36 6 
Zeng et al. (2013)  2.54 0.95 0.20 0.94 25.75 3 
Farnam et al. (2010) 3.56 0.95 0.27 0.97 34.18 16 
Yan et al. (2009) 4.14 0.98 0.30 0.99 37.64 5 
Lu and Hsu (2007) 3.94 0.99 0.29 0.99 36.51 11 
Lu and Hsu (2006) 3.95 0.97 0.29 0.99 36.61 15 
Tan and Sun (2006) 3.22 0.83 0.25 0.88 31.75 21 
Laine (2004) 4.24 0.96 0.30 0.98 38.22 14 
Sfer et al. (2002) 2.80 0.99 0.22 0.99 28.27 12 
Mei et al. (2001) 7.64 0.99 0.40 1.00 50.21 9 
Candappa et al. (2001) 5.27 0.97 0.34 0.99 42.91 16 
Li  and Ansari (2000) 2.77 0.90 0.22 0.89 28.02 13 
Ansari and Li (1998) 2.76 0.92 0.22 0.92 27.88 17 
Nielson (1998) 4.05 0.89 0.30 0.95 37.14 17 
Van Geel (1998) 2.86 0.92 0.23 0.93 28.81 15 
Lan and Guo (1997) 5.26 0.92 0.34 0.98 42.87 25 
Rutland and Wang (1997) 4.12 0.97 0.30 0.99 37.58 7 
Imran and Pantazopoulou (1996) 3.66 0.98 0.27 0.99 34.79 41 
Xie et al. (1995) 5.45 0.91 0.35 0.98 40.91 28 
Setunge et al. (1993) 4.80 0.92 0.33 0.97 43.61 64 
Hammons and Neeley (1993) 2.78 0.99 0.22 0.99 28.07 5 
Chern et al. (1993) 2.94 0.93 0.23 0.93 29.52 24 
Lahlou et al. (1992) 4.17 0.98 0.30 0.99 37.82 9 
Bellotti and Rossi (1991) 4.25 0.98 0.30 0.99 38.23 9 
Smith et al. (1989)  4.41 0.94 0.31 0.98 39.06 17 
Chuan-Zhi et al. (1987) 3.32 0.87 0.26 0.91 32.45 8 
Jamet et al. (1984) 2.40 0.97 0.19 0.95 24.31 5 
Kotsovos and Newman (1980) 3.55 0.97 0.27 0.98 34.07 16 
Newman (1979) 3.23 0.99 0.25 0.99 31.81 24 
Miles and Zimmerman (1970) 4.94 0.91 0.33 0.97 41.55 10 
Gardner (1969) 4.71 0.99 0.32 1.00 40.54 4 
Cordon et al. (1963) 2.99 0.87 0.24 0.91 29.92 54 
Balmer (1949) 3.18 0.97 0.24 0.98 31.45 9 
Richart et al. (1928) 4.10 0.99 0.29 1.00 37.42 19 
All 3.29 0.94 0.25 0.96 32.85 568 
 
Apart from the results of the Xie et al. (1995) study, the results in Table 6.3 show that there 
is acceptable consistency amongst the statistics obtained from each of the considered 
sources. Therefore, the test results from all of these sources can be statistically combined 
into one extensive database and the model error in evaluating the required parameters (k, 
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β, ϕf) can be extracted from this database. Figure 6.11 illustrates all of the experimental 
data and the fitted lines for both k and β parameters. 
 
  
a) Lateral vs axial stresses b) Relationship of stress invariants 
Figure 6.11: Best-fit models for confinement models 
The disparity of the actual data from the predictive model is known as the model error 
associated with that model. In the current study, the last row of the results shown in Table 
6.3 is considered as the predictive model for each of the parameters. As will be discussed 
later, there is no clear relationship between the predicted parameters and the dependent 
variables, such as the concrete compressive strength. Therefore, the predictive model in 
this study only consists of a single constant value. At this stage, each of the 568 collected 
data can be used for evaluating the required parameters. Each of the experimental data, 
which consists of a normal and a lateral stress, can be used to find the k,  and ϕf 
parameters. Then, the ratio of the individually calculated parameters to the corresponding 
predictive model will give the model error. Finally, in order to find the best-fit probabilistic 
model for the model error, the statistics of the resulting model error can be further 
assessed. A summary of the statistical measures of the considered parameters is shown 
in Table 6.4.  
Table 6-4: Statistical measures of concrete confinement measures 
Parameter Predicted Mean Bias SD COV Skewness Kurtosis 
k 3.29 4.71 1.43 1.64 0.35 1.04 4.17 
 0.25 0.30 1.20 0.06 0.20 -0.27 2.94 
0.0
5.0
10.0
15.0
20.0
0.0 1.0 2.0 3.0 4.0
Experimental Data Regression Line
R2 = 0.94 
0.0
2.5
5.0
7.5
10.0
0.0 5.0 10.0 15.0 20.0
Experimental Data Regression Line
R2=0.96 
' '
1 3.29ccu r
c c
f f
f f
   
'/r cf f
 
 
'
1 / cI f  
 
2 1
' '
0.33 0.25
c c
J I
f f
   
 Chapter 6: Probabilistic models for the strength and dilation of confined concrete 213 
 
 
ϕf 32.85 38.88 1.18 7.44 0.19 -0.23 2.98 
 
The predicted value shown in Table 6.4 represents the result of the best-fit line in the 
regression analysis. The uncertainty in the k parameter seems to be much higher than for 
the other two parameters. This is due to the type of nonlinear relationship between these 
parameters.  
 
In addition to the statistical measures, it is necessary to fit a distribution function to the 
model error data. For the purposes of the current investigation, four specific distributions – 
Normal, Lognormal, Weibull and Gamma, were used. These represent common 
distribution types used in the reliability analysis of civil structures. In Table 6.5, parameters 
of the best-fit probability distribution for each of the investigated variables are shown. 
Table 6.5: Probabilistic model parameters for concrete confinement measures  
Parameter Normal Lognormal Weibull Gamma 
 Mean SD Shape Scale Shape Scale Shape Scale 
k 1.43 0.50 0.30 0.34 2.97 1.60 8.94 0.16 
β 1.20 0.24 0.16 0.22 5.70 1.29 22.36 0.05 
ϕf 1.18 0.23 0.15 0.21 5.94 1.28 25.11 0.05 
 
The Anderson Darling (AD) statistic was selected to check the goodness-of-fit and to 
compare the fit of several distributions. The better the distribution fits the data, the smaller 
this measure would be. Table 6.6 shows the ranked best-fit distributions for all of the 
parameters. In this table, the distributions are ranked from one to four, with rank one 
showing the best-fit probability distribution. As is seen, the best-fit probability distribution 
for each of the investigated parameters is different. For the confinement efficiency factor, 
k, the best option is the Lognormal distribution, and the other distributions are not viable. 
Both Normal and Weibull distributions can be used for modelling the Drucker-Prager 
pressure sensitivity factor and the internal friction angle. However, with slight superiority, 
Weibull and Normal distributions are the most suitable probability distributions for the β 
and ϕf parameters, respectively. 
Table 6.6: Goodness-of-fit measures for concrete confinement model measures 
 Goodness-of-fit rank 
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Parameter 1 2 3 4 
k Lognormal Gamma Weibull Normal 
 0.68 1.83 8.03 8.05 
 Weibull Normal Gamma Lognormal 
 0.70 0.95 3.54 5.69 
ϕf Normal Weibull Gamma Lognormal 
 0.84 1.00 3.00 4.84 
 
The fitted distributions and the related probability density plot of model errors are shown in 
Figure 6.12. A histogram of the model error for each investigated parameter shows that 
the fitted probability density functions properly represent the probability distribution of 
these model errors. In Figure 6.12, the p-value, which is another measure of goodness-of-
fit, is also shown. The larger the p-value, the better the fit is. It is interesting to note that, in 
a probabilistic-based regression analysis, the average values of random variables do not 
generally represent the best predictive values for the random variables. The average 
values could be higher or lower than the best-fit predictive models. In this study, for all of 
the investigated parameters, the average values of parameters are larger than the 
predictive values that result from the regression analysis. In the least-square regression 
analysis used in this study, the best-fit line is a line that (on average) is located at equal 
distance from all experimental data on either side. The difference between the predictive 
model and the average values (bias factor shown in Table 6-4) indicates that the actual 
experimental data do not follow the considered model. In this study, linear models in axial-
lateral and stress invariant spaces were used to find the best-fit k and β values, 
respectively. The results of the regression analysis show that the linear relationship 
between the stress invariants is stronger than that between the principal stresses.   
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a) Best-fit distribution b) Probability plot 
Figure 6.12: Fitted probability density functions for concrete confinement parameters 
 
6.4.7.2   Correlation between frictional angle and concrete strength 
The predicted variables (here k,  and f) can be influenced by the independent variables, 
such as specimen size, load path, concrete compressive strength, and confinement 
pressure. In this study, based on previous discussions, the effect of load path and 
specimen size is neglected. However, the other two parameters could have a relation with 
the predicted parameters. The extent of dependence of the predicted parameters 
(especially the internal frictional angle on the concrete strength) has been an area of 
discussion. However, it seems that there is no strong relationship between the friction 
angle and the concrete compressive strength. Confinement pressure level, type of 
concrete and aggregate type could also change the failure mode of concrete specimens. 
 
When high-strength concrete is used, because of the higher strength of the cement paste, 
the failure path could pass through the aggregates as well (Li and Ansari, 2000). In this 
case, less aggregate interlock would contribute to the shear strength of the material 
(Setunge et al., 1993). On the other hand, failure paths that cross the aggregate are 
generally smoother than those that cross the cement paste, and as a result, less friction 
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would result on these paths. Therefore, reduced aggregate interlock and smoother failure 
paths would lead to lower expected ultimate strengths (lower k, β and ϕf values) under 
confinement. In Figure 6.13, effect of aggregate interlock on the shear strength of the 
failure path is shown graphically. In a further discussion on this issue, Neilson (1998) 
suggested that by adding stronger aggregates to concrete, the failure mechanism of HSC 
could be altered to a mechanism similar to that of NSC. 
 
  
a) Normal strength b) High strength 
Figure 6.13: Failure planes of NSC and HSC 
Many researchers have included HSC in their studies, and revised the confinement 
efficiency factor empirically. In these studies, and with reference to the discussion made in 
the above paragraph, the general conclusion is that the shear strength of HSC is less than 
that of NSC. This decreasing angle of friction is understood from the fact that NSC 
primarily cracks along the paste-aggregate interfaces, while HSC cracks through the 
aggregate as well. The smoother crack surfaces result in a reduced coefficient of friction 
(Nielsen, 1998). Dahl (1992) suggested two different linear equations relating the axial and 
lateral stresses of confined concrete. In these equations, for low- and normal-strength 
concrete, an angle of friction of about 37° was proposed, while for high-strength concrete, 
a lower angle of around 30° was suggested. Neilson (1998) concluded that generally the 
Mohr-Coulomb failure criterion gives satisfactory results for describing the strength of 
confined high-strength concrete. An angle of internal friction of 30° for high-strength 
concrete was reported. Setunge et al. (1993) proposed a lower bound of 3.0 for the 
confinement efficiency factor, which is less than the value of 4.1 earlier suggested by 
Richart et al. (1928). Xie et al. (1995) concluded that the confinement efficiency becomes 
smaller as the compressive cylinder strength becomes higher. According to their study, the 
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confinement efficiency varied from 4.67 to 4.24 as the concrete strength increased from 60 
to 120. 
 
Contrary to the above studies, Li et al. (2003) stated that the angle of internal friction of 
concrete depends on the concrete strength, and that for most strengths of concrete it is 
between 36° and 40°. They proposed a linear expression relating this angle to the 
concrete strength. In this expression, the angle of internal friction increases with the 
increase in the concrete strength. As shown in Table 6.1, this expression was later used 
by Rousakis et al. (2008). Arslan and Hacisalihoglu (2013) also proposed a higher 
frictional angle for high-strength concrete. Folino et al. (2009) proposed a new 
performance-dependent failure criterion for normal and HSC. They based their proposed 
model on experimental data collected from different sources, many of which are included 
in this study. From observation of the experimental data, they found that the angle of 
internal friction gradually increased with the increase in concrete strength. This finding 
opposes the outcomes of the above-mentioned studies. In this study, by statistical 
observation of the collected data, a similar conclusion was made. A positive correlation, 
though small, was found between the angle of internal friction and the concrete 
compressive strength. Figure 6-14a illustrates the scatter of the test data for the internal 
friction angle and the concrete compressive strength. As is seen in this figure, the internal 
friction angle shows a slight gradual increase as the concrete strength increases. In Table 
6.7, the correlation between the concrete compressive strength and the predicted values is 
also shown.  
Table 6.7: Correlation between confinement parameters and other parameters 
Parameter f’c fr / f’c 
k 0.25 -0.39 
β 0.24 -0.41 
ϕf 0.24 -0.40 
 
Considering the scatter shown in Figure 6-14a, the linear relation between the internal 
friction angle and the concrete compressive strength can be written as shown in Eq. 6-17. 
This equation is similar to that proposed by Li et al. (2003). However, it is a result of a 
direct regression analysis rather than a linear assumption between two extreme values. 
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a) Concrete strength b) Normalised pressure 
Figure 6.14: Relation between frictional angle, concrete strength and lateral pressure 
 
6.4.7.3 Correlation between the friction angle and the confinement pressure 
It is generally agreed that the addition of confinement pressure changes the failure 
mechanism to shear failure and leads to higher ductility (Lahlou et al., 1992; Chern et al., 
1993; Xie et al., 1995; Ansari and Li, 1998; Mahboubi and Ajorloo, 2005). Similar to the 
effect of using high-strength concrete, the confinement pressure level changes the 
confined concrete failure mechanism. High confinement pressure tends to produce failure 
paths that crack the aggregate and result in smoother paths, consequently lowering the 
shear strength. In Figure 6.15, effect of confinement pressure on the failure mechanism is 
shown. Under uniaxial and triaxial compression with low confinement pressure, fracture 
occurs via formation of cracks parallel to the loading direction. In cylindrical concrete 
specimens, the outer parts of the cylinder tend to spall off. At the failure state, a conical 
shape is formed. Under low confinement pressures, micro-cracks parallel to the loading 
direction start to form and, as a result, brittle splitting failure may occur. Higher 
confinement pressure prevents unstable wing-crack growth, and instead a sliding shear 
failure takes place when the frictional resistance of the material is exceeded, resulting in a 
much more stable and ductile failure mechanism. 
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a) Low lateral pressure b) High lateral pressure 
Figure 6.15: Effect of the lateral confinement pressure on failure plane 
Neilson (1998) obtained an angle of friction governing the behaviour under small 
confinement pressures equal to 51° instead of 37°. It was stated that when the normalised 
confinement pressure decreased below approximately 0.10, the triaxial strength followed a 
rather steeper line. A bilinear relationship between the axial and lateral stresses with steep 
slope for low confinement pressure and gradual slope for higher confinement pressures 
was suggested. Candappa et al. (2001) suggested that for low confinement levels (smaller 
than the normalised pressure of 0.20), a value of 5.3 for the confinement efficiency factor 
was more suitable than the traditional value of 4.0. In a comparison between the results of 
confined concrete and those of normal and high strengths, Cui (2009) showed that the 
strength enhancement due to confinement tends to be lower for HSC and is more obvious 
for a higher confinement ratio. After examining experimental data, Ansari and Li (1998) 
reported that for high-strength concrete, a nonlinear expression would result in a better 
correlation between the lateral pressure and the confined strength. These kinds of 
nonlinear relationships give lower confinement enhancement for higher lateral pressures. 
They concluded that, although the strength of high-strength concrete increased with 
increased confinement pressure, its failure strength was less sensitive to the confinement 
pressure. This means that, for HSC, lower confinement efficiency factors can be expected. 
They proposed a confinement efficiency factor of about 2.6 in their study. This conclusion 
was also reported by Cui (2009). 
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Figure 6.14b depicts the correlation between the normalised confinement pressure and the 
internal friction angle. By looking at the data scatter in this figure, it is apparent that there is 
a tendency for the friction angle to decrease as the confinement pressure increases. The 
correlation factors between the normalised confinement pressure and the predicted values 
are shown in Table 6.7. As is seen, a negative correlation exists between the confinement 
pressure and the entire range of investigated variables. In this research, because of using 
the classical Drucker-Prager criterion, a linear relationship between the stress invariants is 
assumed. Using other yield criteria, or perhaps the Extended Drucker-Prager criterion with 
nonlinear meridians, might result in less uncertainty and a better fit to the experimental 
data. Nevertheless, for the sake of simplicity, the simplest form meridian has been used in 
this study. 
 
6.5 Dilation of confined concrete 
Concrete exhibits lateral expansion, or dilation, when subjected to an axial compressive 
force. The ratio of axial to lateral strains is the Poisson ratio and more broadly can be 
called the dilation ratio. It is well known that the Poisson ratio for concrete remains 
constant until cracking. The ratio of the lateral to axial strains before cracking ranges from 
0.15 to 0.25. Different values have been proposed for the cracking state of concrete (Dahl, 
1992; Candappa et al., 2001). Due to micro-cracking, the dilation ratio increases rapidly 
after the concrete stress reaches about 50% of the concrete compressive strength. For 
unconfined concrete, after this level of stress, the dilation rate becomes unstable and the 
concrete fails in an uncontrolled and brittle manner. Figure 6.16 shows a schematic curve 
relating the axial and the lateral strains for cases of unconfined and confined concrete. In 
this figure, typical graphical relationships between the axial stress-strain, variation of 
volumetric strain and variation of dilation ratio with the axial strain are also shown. In each 
of the illustrated graphs, the effect of confinement pressure on the dilation behaviour of 
confined concrete is illustrated. As indicated in the figure, the dilations of unconfined and 
confined concrete are different. Therefore, the relationships proposed for the dilation of 
unconfined concrete are not suitable for confined concrete.  
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a) Axial and radial strains vs axial stress b) Axial vs radial stress 
 
 
c) Dilation ratio d) Volumetric vs shear strains 
Figure 6.16: Dilation behaviour of FRP-confined concrete 
 
6.5.1 Existing models 
Many researchers have studied the dilation properties of actively or passively confined 
specimens (Imran and Pantazopoulou, 1996; Spoelstra and Monti, 1999; Candappa et al., 
2001; Laine, 2004; Teng et al., 2007a; Cui, 2009). In these studies, different expressions 
relating the volumetric or radial strains to axial strain, or expressions describing the dilation 
ratio have been proposed. For example, Teng et al. (2007a) proposed an equation relating 
the axial to radial strains. Their equation can be used for both active and passive 
confinement cases. In Eq. 6-18, this proposed expression is shown. It was reported that 
this equation agrees with the experimental data quite well. 
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In Eq. 6-18, εc0 and f’c are the strain and strength of unconfined concrete at the peak point. 
The strains, εz and εr, represent the axial and lateral strains, respectively. The lateral 
confining pressure is shown by fr. Teng et al. (2007a) assumed that the axial strain of 
FRP-confined concrete at a given lateral strain was the same as that of the same concrete 
actively confined with a constant confining pressure equal to that supplied by the FRP 
jacket. The proposed expression relating the axial and lateral strains, which is shown in 
Eq. 6-18, was derived based on this assumption. It is worth mentioning that this 
fundamental assumption has been adopted by all analysis-oriented models based on an 
active confinement model. Generally, under confinement pressure, the dilation behaviour 
of concrete is enhanced. The unstable condition (after developing micro-cracks) is 
stabilised and high confinement pressure would result in a nearly constant dilation ratio.  
 
The rate of change in the Poisson ratio (or the dilation ratio) is another important dilation 
measure often used along with, or as an alternative to, the dilation ratio. By definition, the 
first derivative of lateral strain with respect to the axial strain is called the dilation rate. In 
Eq. 6-19, the mathematical definition of dilation rate is shown. 
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In Eq. 6-19, the parameter μ represents the dilation rate. The dilation rate can be used to 
interpret the expansion or contraction behaviour of FRP-confined concrete. Figure 6.17 
shows typical dilation rate variations for cylindrical specimens confined with different 
numbers of FRP layers. These results are extracted from the study by Mirmiran et al. 
(1997). As is seen, at the beginning of loading, the dilation rate equals the dilation ratio (or 
Poisson ratio) of unconfined concrete. As the load increases, the micro-cracks develop 
and the initial volume contraction rate decreases. In Figure 6.17, a point corresponding to 
maximum contraction shows this state. If the concrete is unconfined, this state is the 
beginning of an unstable condition and the concrete tends to fail in a brittle and rapid 
manner after this stage. However, if the concrete is confined, its dilation will reach a 
maximum value before beginning to decrease. As the micro-cracks expand in the 
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concrete, the effectiveness of the jacket increases. Once the jacket takes full control of 
lateral expansion, the dilation will decrease, gradually reaching a stable and asymptotic 
ultimate value (Mirmiran and Shahawy, 1997). The shape of the dilation rate variation with 
the increase in loading depends on the degree of confinement. 
 
 
Figure 6.17: Typical dilation of FRP-confined concrete (Mirmiran and Shahawy, 1997) 
Since the dilation behaviour of confined concrete depends on the confinement level, as an 
indicator of volumetric dilation, the dilation rate could reasonably be related to the 
properties of the FRP jacket and in particular to the jacket stiffness. Different researchers 
have tried to establish empirical relationships between the jacket stiffness and the dilation 
rate. Mirmiran et al. (1997) developed two logarithmic expressions relating the normalised 
stiffness of the jacket to the maximum and ultimate dilation rate. Eqs. 6-20(a & b) show 
these two expressions. 
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In Eq. 6-20, Ef and tf are the young’s modulus and the thickness of the FRP jacket, 
respectively. D is the diameter of the cylindrical specimen and f’c is the concrete’s 
compressive strength for the unconfined specimen. Xiao et al. (2003) studied the 
relationship between the axial and radial strains for CFRP-confined concrete. They stated 
that the initial slope of the axial strain vs radial strain (initial dilation rate) is close to the 
Poisson ratio of the unconfined concrete. It was also recognised that the value of the axial-
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radial curve slope, which is the dilation rate, depends on the jacket stiffness as well as on 
the concrete strength. The following equation, relating the dilation rate to the normalised 
jacket stiffness, was proposed. 
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All of the parameters in Eq. 6-21 were previously explained. As shown in Eq. 6-21, as the 
jacket stiffness approaches infinity, the dilation rate will converge to zero, that is, for very 
stiff jackets, the dilation rate is zero. Xiao et al. (2003) stated that this model is consistent 
with the experimental observations made in other studies for concrete specimens with very 
high stiffness. Although the equation proposed by Mirmiran et al. (1997) is expressed 
using a different function, it indicates the same result.  
 
Harries and Kharel (2003) studied the effect of jacket stiffness on the dilation ratio of FRP-
confined cylindrical specimens. It was observed that the initial dilation ratio was equal to 
the Poisson ratio and that it remained constant to about 60% of the axial strain, 
corresponding to the peak point of the stress-strain curve for unconfined concrete. Beyond 
this point, the dilation ratio increased linearly until about 200% of the axial strain, 
corresponding to the peak point. After this state, the increase stopped and remained 
constant throughout the loading. According to their results, the ultimate dilation ratio was 
inversely proportional to the level of confinement provided. An equation relating the dilation 
ratio to the axial compressive strain was proposed. In this equation, using a logarithmic 
function, the ultimate dilation ratio was related to the jacket stiffness. It was also observed 
that the ultimate dilation ratio for all of the experimental specimens exceeded the ratio of 
0.5. In Eqs. 6-22(a & b), the proposed expression is shown. 
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The above equations relate to glass and carbon FRP cases, respectively. In these 
equations, nlayer denotes the number of FRP plies and Ej represents the FRP jacket 
stiffness. All cases studied by Harries and Kharel (2003) experienced dilation.  
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Tamuzs et al. (2006b) developed a semi-empirical expression for evaluating the ultimate 
strain of FRP-confined concrete. Relationships between both the dilation ratio and the 
dilation rate to the jacket stiffness were investigated. It was observed that the variations in 
these dilation measures with the axial strain were quite similar. The initial dilation equals 
the Poisson ratio. Both the dilation rate and the dilation ratio eventually approach 
asymptotic values. Although in general the values of the dilation ratio and dilation rate are 
not equal, it can be shown that their asymptotic values are approximately equal (Tamuzs 
et al., 2006b). In the following, the mathematical proof for this statement is presented:  
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In Eqs. 6-23(a to c), μ and η represent the dilation rate and dilation ratio respectively. 
When the dilation ratio reaches its ultimate value, the value of / zd df  will approach zero. 
Therefore, it can be concluded that the ultimate values of the dilation ratio and dilation rate 
are equal. Tamusz et al. (2006b) used a regression analysis to relate the dilation rate to 
the normalised stiffness of the FRP jacket. The following power function expression (Eq. 6-
24) is a result of this regression analysis. 
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The above equation was used as a basis for calculating the ultimate axial strain of FRP-
confined concrete. A recent study by Ozbakkaloglu and Lim (2013) has shown that this 
semi-empirical expression is a very reliable predictive model for the ultimate axial strain of 
circular FRP-confined specimens. 
 
Berthet et al. (2006) used their experimental results with FRP-confined cylindrical 
specimens to develop an empirical stress-strain relationship. They observed that by using 
a bilinear curve, the relationship between the axial and radial strains could be accurately 
modelled. The first branch of this bilinear curve described the elastic behaviour, while the 
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second branch represented the post-yielding part of the behaviour. The axial strain 
corresponding to the peak stress of unconfined plain concrete (about 0.002) was found to 
be a limit between the elastic and the plastic parts of the bilinear relationship. The initial 
slope of the bilinear curve equals the Poisson ratio, while the post yield slope is the 
ultimate dilation rate. The relationship between the ultimate dilation rate and the jacket 
stiffness was further studied. It was observed that by using a power function, these 
variables could be accurately related. The proposed expression for this relation is as 
follows: 
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The above equation was further used to find the ultimate axial strain of FRP-confined 
concrete. The bilinear assumption for the dilation ratio simplifies the procedure for 
evaluating the ultimate strain of FRP-confined concrete. In the case of having an 
adequately stiff jacket, this approximation is reasonably accurate. 
 
Samdani and Sheikh (2003) adopted the expression proposed by Vecchio (1992) for the 
dilation ratio (Poisson ratio). In this model, the dilation rate, prior to the axial strain 
reaching about 60% of the peak strain, is constant and equal to the Poisson ratio of 
unconfined concrete. For larger axial strains, a nonlinear equation is proposed. The 
maximum dilation ratio in Vecchio’s model, which was originally proposed for steel 
reinforced concrete, is 0.50. Based on the observation of available experimental results in 
the literature, Samdani and Sheikh (2003) suggested a lower bound value of 0.20 for the 
ultimate dilation rate. The following expression, relating the ultimate dilation rate to the 
jacket stiffness, was proposed. 
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In Eq. 6-26, nlayer represents the number of FRP layers. The minimum value proposed for 
the ultimate dilation rate is in good agreement with the test results as reported by Mirmiran 
et al. (1997). 
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6.5.2 Methodology 
There is a direct relationship between the dilation rate and the angle of dilatancy, which is 
used in the Drucker-Prager plasticity model. This relationship will be discussed in the 
following sections.  
 
Plastic potential function controls the direction of plastic strain. A Drucker-Prager-type 
plastic potential function, G, is used. Similar to yield surface, different plastic potential 
surfaces can be used in plasticity analysis. The simplest form of these functions is a linear 
function, which is used in this study. In Eq. 6-27, the general form of a linear plastic 
potential function is shown. 
 
2 1G J I    6-27 
 
In the above equation, the parameter α is called the dilatancy parameter. I1 and J2 are the 
first and second stress invariants, respectively. In the Drucker-Prager plasticity model, the 
amount of dilatancy (the increase in material volume due to yielding) can be controlled via 
the dilatancy parameter. This parameter is the slope of the plastic potential function in the 
stress invariant space. The corresponding angle to this slope is called the dilatancy angle. 
Therefore, if the dilatancy angle is equal to the friction angle, the flow rule is associative. If 
the dilatancy angle is zero (or less than the internal friction angle), there is no (or less) 
increase in material volume when yielding, and the flow rule is non-associative. A positive 
value for the dilatancy parameter or angle indicates volumetric dilation, while a negative 
value is an indication of volumetric contraction. 
 
The slope of the plastic potential function in the stress invariant space, α, depends on the 
rate of plastic strain in the stress invariant space. This parameter is in a direct relationship 
with the volumetric dilation rate. In Eqs. 6-28(a to c), the definition of the volumetric strain 
rate is shown: 
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In the above equation, ψ is the volumetric dilation rate. Parameters I’1 and J’2 are the first 
and second plastic strain invariants. In Figure 6.16d, a graphical representation of the 
volumetric dilation rate is shown. Note that in finding these strain invariants, the plastic 
strains are used, not the total strains. For the stress state on the compressive meridians, 
the volumetric dilation rate can be written as: 
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In Eqs. 6-29(a to c), p
z  and 
p
r  are the plastic strains in the axial and radial directions. The 
ratio of the radial to axial strain is called the dilation rate. This ratio is similar to the Poisson 
ratio, which is the lateral to axial strain ratio. The term “Expansion Rate” is also used along 
with the term “dilation rate”. Taking advantage of this definition of the plastic dilation rate, 
the volumetric dilation rate can be expressed in the form shown in Eqs. 6-30(a & b). 
 
 
1 2
1 2
11 11
33
p
r
p
z
p
r
p
z
d
d
d
d

 

 



 
   
 
 6-30a 
p
r
p
z
d
d



  6-30b 
 
In this equation, μ represents the plastic dilation rate. Next, in order to find a relationship 
between the volumetric dilation rate and the slope parameter in the plastic potential 
function, the original definition of the plastic potential function is used. In Eqs. 6-31(a to c), 
the derivation of the relationship between the volumetric dilation rate and the slope 
parameter in the plastic potential function is shown. 
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By combining Equations 6-30 and 6-31, a relationship between the volumetric dilation rate 
and the slope parameter in the plastic potential function can be evaluated as below: 
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Therefore, in order to find the slope parameter in the plastic potential function, the 
volumetric dilation rate should be calculated. Eqs. 6-32(a & b) show the direct relation 
between this volumetric dilation and the axial and radial plastic strains in the case of a 
triaxial stress state.  
 
By subtracting the elastic strain from the total strain, the plastic strain can be calculated. 
Therefore, it is necessary to define the elastic limit. An elastic strain corresponding to a 
fraction of the concrete compressive strength is generally used in this case. For example, 
Rousakis et al. (2007) used 30% of the concrete compressive strength as the elastic limit. 
Equations 6-33(a & b) demonstrate the plastic strain as a function of the total and the 
elastic strains. 
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In Eq. 6-33, the subscripts z and r denote the axial and radial directions, respectively. As 
Figure 6.16 shows, the volumetric dilation rate, which is a function of plastic strains, is not 
a constant rate.  At the beginning of loading, the concrete specimen that is subjected to a 
triaxial stress state experiences compaction. By increasing the load, the compaction will 
change to dilation, with a nearly constant dilation rate at the final stages of loading. 
Nevertheless, as will be discussed in the following sections, the dilation rate depends on 
the concrete strength and the lateral stiffness of the FRP jacket.  
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6.5.3 Experimental database 
The parameter defining the plastic dilation of concrete (which also affects the direction of 
plastic strain vector) was found to be strongly dependent on the plain concrete strength 
and the FRP jacket stiffness, with a closed-form relation (Rousakis, 2005). Discussions in 
the previous section showed that many researchers have related dilation measures, such 
as the dilation ratio and dilation rate, to the jacket stiffness. This supports the idea of 
relating the dilation angle to jacket stiffness and the concrete compressive strength, as the 
dilation angle in the Drucker-Prager plasticity model is in direct relation with other dilation 
measures.  
 
Derivation of the dilation measures from the experimental results in the available literature 
is a challenging task, as limited numbers of studies have reported the dilation measures 
directly. In order to evaluate the dilation measures of confined concrete, the relationship 
between the axial stress and both the axial and radial strains is required. Therefore, 
knowing the full history of axial and radial strains is an essential contributor for calculating 
the dilation properties of confined concrete. For this study, the current literature was 
extensively surveyed and those studies that have reported the dilation measures directly 
were collected. Furthermore, all other studies that have reported only the history of axial 
and radial strains were also collected. By further processing, the dilation measures were 
extracted from the axial and radial strains versus the axial stress curves. Readings of 
strain and stress from the available literature were performed using digital software, which 
converted the graphical curves to tabulated data. There is some possible error associated 
with this conversion, but it is believed that the error would not be sufficient to affect the 
integrity of the extracted results. In Table 6.8, all of the sources of data are collected. 
These data cover both the glass and carbon fibre wrapped specimens with different sizes, 
as shown.  
Table 6.8: Experimental database for calculating the dilation parameters 
Reference FRP type Dimensions 
Concrete 
strength 
Thickness/n No. 
Mirmiran and Shahawy (1997) Glass 152×300 32.0 1.30-3.00 3 
Toutanji (1999)  Carbon 76×305 30.9 0.118-0.165 3 
Saafi et al. (1999) Glass/Carbon 75×150 35.0 0.11-2.4 6 
Shahawy et al. (2000)  Glass 150×300 19.4-49.0 0.36-1.03 9 
Xiao et al. (2000) Glass 152×300 33.7-55.2 0.38-1.14 9 
Pessiki et al. (2001) Carbon 152×610 26.2 1-2 4 
Harries and Kharel (2003) Glass 152×305 32.1 1-15 7 
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Lam and Teng (2004) Carbon 152×305 35.9-38.5 0.165-2.54 5 
Berthet et al. (2005) Carbon 160×320 25.0-170.0 0.165-0.495 16 
Mathyas et al. (2006) Glass 400×2000 34.3-39.1 0.585-1.80 5 
Lam et al. (2006) Carbon 152×305 38.9-41.1 0.165-0.330 2 
Valdmanis et al. (2007) Carbon 150×300 20.5-61.6 0.17-0.51 15 
Cuipala (2007) Glass/Carbon 100×200 31.0-33.0 0.23-0.54 4 
Jiang and Teng (2007) Carbon 152×305 38.0-47.6 0.17-0.68 11 
Cui (2009) Glass/Carbon 150×300 40-110 3-60 60 
Benzaid et al. (2010) Glass 160×320 26.0-63.0 1-3 12 
Chastre and Silva (2010) Carbon 250×750 35.2-38.0 0.17-0.7 7 
Mohammad and Masmoudi (2010) Glass 152×305 30.0-45.0 2.65-6.40 6 
Xiao et al. (2010) Carbon 152×300 70.8-110.6 0.34-1.70 6 
Elsanandady (2012) Carbon 150×300 44.1-53.8 1-3 6 
Wang et al. (2012) Carbon 204×612 24.5 0.17-0.34 6 
 
The collected data consists of 202 test data from 21 different sources. In some of the 
included sources, the dilation measures such as dilation ratio were given. However, for 
consistency, for all these sources, the dilation measures are directly taken from the 
available stress-strain curves. The dilation parameter in the Drucker-Prager plastic 
potential function, α, and the dilation rate, μ, are the major parameters used in the current 
study.  
 
6.5.4 Results and discussion 
In previous sections, derivation of the plastic dilation measures was discussed. Although 
the dilation parameters varied with the axial strain, only the ultimate asymptotic values 
were calculated. For the dilation parameter in the Drucker-Prager plasticity model, the 
ultimate slope of the curve in strain invariant space is used as the dilatancy parameter. 
The asymptotic value of the dilation rate is also chosen as the dilation rate. In Figure 6.18, 
which shows results for tests by Toutanji (1999), derivation of the plastic dilation 
parameters is shown. As can be seen in this figure, two of the specimens show 
contraction, while the other shows dilation. The slope of the curve in the strain invariant is 
a representative of the dilation parameter for plastic potential function, while the slope of 
the axial-radial strain shows the dilation rate. As previously discussed, the asymptotic 
values of the dilation ratio and the dilation rate are nearly identical in many cases. 
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a) Volumetric vs shear strain b) Axial vs lateral strain 
Figure 6.18: Dilation graphs based on Toutanji’s (1999) experimental results 
 
To find the slope of the curves for both of the dilation measures, the slope of the best-fit 
line to the tail of the curves was used. One way of indirectly calculating the dilation 
parameter is via the dilation rate. In Eq. 6-32, the relation between these parameters is 
shown. In this study, the plasticity dilation parameter is calculated using two methods, one 
based on direct measurement of the slope, and the other based on the dilation rate. The 
results of these methods are very close. In Table 6.9, details of the dilation calculations for 
the data from Toutanji (1999) are shown. In this Table, D and H are the diameter and 
height of the concrete cylinder, while tf, σfu and Ef are the FRP jacket thickness, ultimate 
strength and modulus of elasticity. Similar calculations were made on all of the considered 
sources of data. f’c and εc0 are the stress and strain of unconfined concrete at its peak 
stress. The parameter Ej is the jacket stiffness. fccu and εccu are the ultimate strength and 
strain of confined cylinders. 
Table 6.9: Details of calculating dilation parameters based on Toutanji’s (1999) tests 
D H tf σfu Ef f’c εc0 fr Ej/f’c fccu εccu ψ μ 
76 305 0.118 1518 72600 30.9 0.002 3.7 7.3 60.8 0.015 0.666 0.857 
76 305 0.110 3485 230500 30.9 0.002 8.3 21.6 95.0 0.025 -0.342 0.365 
76 305 0.165 2940 372800 30.9 0.002 8.9 52.3 94.0 0.016 -0.612 0.275 
 
As shown in Table 6.9, by increasing the jacket stiffness, the dilation parameter 
decreases. When the stiffness is low, the specimens experience dilation, while for the 
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other two cases with relatively higher stiffness, contraction occurs. Moreover, the dilation 
rate decreases with the increase in the jacket stiffness.  
 
6.5.4.1 Plastic dilation angle 
As previously discussed, Logarithmic or Power functions have been used by researchers 
to relate the dilation measures to the normalised jacket stiffness.  In this study, standard 
Logarithmic function is used for relating the normalised jacket stiffness to the dilation 
parameter, . In Eq. 6-34, the general form of this function is shown. The function has two 
coefficients. Using the least-square regression analysis, these coefficients are calibrated 
for each data set. 
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In Eq. 6-34, parameters m1 and n1 are the calibration model parameters. All other 
parameters in this equation have been previously defined. Figure 6.19 shows the result of 
the regression analysis for this set of data. As can be seen, the Logarithmic function 
accurately fits the data. 
 
 
Figure 6.19: Relation between dilation parameter and FRP jacket stiffness 
Since from a statistical point of view, fitted curves with few data (like the one shown in 
Figure 6-19) cannot be used to represent a real model, the curve shown in this figure is 
y = -0.659ln(x) + 1.8862 
R² = 0.9324 
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used only to show the employed regression procedure. Many expressions relating the 
dilation measures to the FRP jacket stiffness suffer from this issue of having a limited 
number of data. An appropriate model should cover the whole range of the considered 
variables and should have an adequate number of data points to fit a curve. In Table 6.10, 
the results of curve fitting for all considered experimental sources are shown. The 
calibrated coefficients, as well as the R2 parameter, are presented in this table. A model 
containing all of the collected data is also shown in this table.  
Table 6.10: Results of regression analysis for dilation parameter 
Reference Ej a b R
2
 No. 
Mirmiran and Shahawy (1997) 19.9-50.3 0.40 0.73 0.99 3 
Toutanji (1999)  7.3-52.3 0.66 1.88 0.93 3 
Saafi et al. (1999) 9.6-85.6 -0.70 2.57 0.97 6 
Shahawy et al. (2000)  19.9-174.9 -1.40 5.23 0.97 9 
Xiao et al. (2000) 9.5-36.1 -1.99 6.62 0.90 9 
Pessiki et al. (2001) 10.8-38.3 -0.97 3.05 0.99 4 
Harries and Kharel (2003) 2.0-30.10 -0.57 3.30 0.92 7 
Lam and Teng (2004) 9.7-41.7 -1.11 3.65 0.95 5 
Berthet et al. (2005) 7.9-166.3 -0.54 2.00 0.85 16 
Mathyas et al. (2006) 4.6-65.8 -0.52 2.23 0.86 5 
Lam et al. (2006) 13.2-27.6 1.05 3.40 1.00 2 
Valdmanis et al. (2007) 7.4-78.3 -0.90 3.83 0.74 15 
Cuipala (2007) 17.0-51.1 -1.80 6.99 0.96 4 
Jiang and Teng (2007) 5.4-113.3 -0.90 3.05 0.97 11 
Cui (2009) 6.7-49.2 -0.85 3.57 0.72 12 
Benzaid et al. (2010) 3.2-69.4 -0.85 3.26 0.66 60 
Chastre and Silva (2010) 9.6-38.6 -1.45 4.85 0.70 7 
Mohammad and Masmoudi 
(2010) 
16.0-66.3 -0.26 1.40 0.67 6 
Xiao et al. (2010) 15.0-75.1 -1.11 3.82 0.97 6 
Elsanandady (2012) 31.5-70.1 -1.44 6.00 0.84 6 
Wang et al. (2012) 16.3-32.7 -0.88 2.44 0.84 6 
All 6.7-174.9 -0.85 3.21 0.66 202 
 
As can be seen, there is a large disparity in the fitted mode coefficients. However, the 
goodness-of-fit for each of the sources is in the acceptable range. The collected data 
cover a wide range of FRP jacket stiffnesses. Therefore, the model, which is fitted using 
this set of data, is a reliable model. In Figure 6.20, the scatter of the collected data and the 
best-fit model are shown. Although the scatter seems to be high, the trend of variation is 
uniform, indicating that the normalised stiffness of the FRP jacket and the dilation 
parameter are inversely correlated. The final equation involving all of the collected data 
can be written as: 
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As previously mentioned, the slope of the plastic potential function in the Drucker-Prager 
plasticity model is one-sixth of the parameter shown in Eq. 6-35. It is worth mentioning that 
in the derivation of Eq. 6-35, the dilation parameter was calculated using the ultimate 
dilation rate. Two methods of calculating the volumetric dilation parameters lead to very 
close values. Therefore, only one of these methods is used to find the dilation parameter, 
. 
 
 
Figure 6.20: Scatter of dilation parameter vs FRP jacket stiffness 
To assess the error associated with Eq. 6-35, the model error should be evaluated. The 
model error is a measure of the reliability of the presented model. Having a high 
goodness-of-fit measure does not guarantee the reliability of any best-fit model. In order to 
find the model error, a statistical approach is followed. Statistically, the best-fit model in 
any regression analysis is a predictive measure of the considered response. The average 
of the residuals (difference in the model prediction and the measured data) is zero, and the 
model sits exactly in the middle of the data (average of the top and bottom residuals is 
zero). For well-behaved data that can reasonably fit a mathematical function, the 
distribution of residuals follows a Normal distribution. The mean of this distribution is zero 
and the standard deviation is the standard deviation of the residuals. In Figure 6.21, the 
distribution of the residuals for the fitted model is shown. As indicated in the figure, the 
residuals’ distribution is close to a Normal distribution. The average of this distribution is 
y = -0.846ln(x) + 3.2175 
R² = 0.6576 
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zero, while its standard deviation is 0.47. The probabilistic model for the model error can 
be written as shown in Eqs. 6-36(a to c). 
 
exp model      6-36a 
mod '
2
0.846 ( ) 3.218
f f
el
c
E t
LN
Df
     6-36b 
 0.0,0.47Normal  6-36c 
  
Because the average value in this statistical model is zero, the standard deviation cannot 
be defined. However, the standard deviation of 0.50 can be compared with the data range 
for the response, which is between -1.5 and 3.0.  
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Figure 6.21: Scatter of error residuals for the proposed dilation model 
 
6.5.4.2 Plastic dilation rate 
A similar procedure can be used for fitting the dilation rate to the normalised stiffness of 
the FRP jacket. In the following, the Power function will be used to find a best-fit model 
relating the dilation rate and the normalised stiffness of the FRP jacket. In Eq. 6-37, the 
general form of this function is shown. Similar to the Logarithmic function, this function has 
two parameters.  
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Figure 6.22 illustrates the scatter of the dilation rate data, as well as the best-fit Power 
function model. The best-fit Power function model is shown in Eq. 6-38. As can be seen, 
the goodness-of-fit for this model is very close to that for the Drucker-Prager plastic 
dilation parameter.  
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The calibrated coefficients are rounded off in Eq. 6-38. Scatter of the data shows that the 
Power function represents well the variation of the data. The upper tail asymptotic value 
for the dilation rate is about 0.20. This value was also suggested by Samdani and Sheikh 
(2003) as a lower bound value for the dilation rate. Low FRP jacket stiffness would result 
in a high dilation rate similar to that could occur in unconfined concrete. Scatter of the data 
for low stiffness values clearly is in line with this idea. 
 
 
Figure 6.22: Scatter of the ultimate dilation rate vs FRP jacket stiffness 
The fitted model can now be further compared with the available models in the literature. 
Some of the available models were described in previous parts of this study. Table 6.11 
summarises these models. In order to compare each of these models with the test data, 
the model error describing the difference between the experimental and model values is 
used. Here, the ratio of the experimental to the predicted value is used as the model error. 
The statistical measures of the model error are also shown in Table 6.11. The model 
proposed by Tamuzs et al. (2006b) is close to the proposed model. However, it shows 
y = 7.9659x-0.743 
R² = 0.6606 
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higher disparity when compared to the experimental data. Although Mirmiran’s model 
(1997) provides a relatively low coefficient of variation for the model error, according to the 
collected test data, it underestimates the dilation ratio. By looking at the statistical 
measures of the model error for other considered models, it can be concluded that these 
models do not provide good estimations of the dilation rate. One reason for the better 
performance of the proposed model over the considered models might be that more data 
have been used in fitting this model, while in establishing each of the considered models, 
fewer test data (the data that were obtained by the researcher in that particular 
experimental program) were used. It might be worth mentioning that in comparison with 
the strength-related measures, deformation-related parameters (such as the dilation rate, 
which is used here) generally show more uncertainty.  
  Table 6.11: Performance of different FRP-confined concrete dilation rate models 
Reference Model Mean COV 
Mirmiran et al. (1997) '
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It should be noted that the Logarithmic functions, such as that proposed by Samdani and 
Sheikh (2003), may result in negative values for the dilation rate, while the Power functions 
always result in positive values. Therefore, theoretically the Power function is more 
appropriate for modelling phenomena that cannot physically accept negative values. In 
Figure 6.23, distribution of the model error for the proposed model is shown. In order to 
find the best-fit model, the Anderson Darling (AD) goodness-of-fit measure was used. For 
the considered Normal, Lognormal, Weibull and Gamma distributions, the AD goodness of 
fit measures are 5.61, 1.39, 3.87 and 2.49, respectively. The goodness-of-fit results 
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indicate that the Lognormal distribution provides the best-fit distribution for model error of 
the proposed model with regard to the dilation rate. The best-fit lognormal distribution is 
shown in Figure 6.23. Visual observation of the frequency distribution of the model error 
shows that the Lognormal distribution can accurately be used for modelling the model 
error of the proposed model. It can be seen that although the average of the model errors 
shown in Table 6.11 is close to 1.0, the mode or the value with the highest frequency is 
about 0.80.  
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Figure 6.23: Distribution of model error for the ultimate dilation rate 
 
6.6 Summary 
An extensive review of existing models for strength and dilation of confined concrete, 
mainly FRP-confined concrete, is presented in this chapter.  
 
Using an extensive experimental database focused on plain concrete that is actively 
confined, the widely used Drucker-Prager plasticity model and the Richart model were 
calibrated. A detailed statistical analysis was used for assessing the reliability of the 
calibrated models. Through this statistical analysis, the correlation between the 
confinement enhancement factor and the concrete compressive strength was evaluated. 
These models can be used for any reliability analysis involving confined concrete. 
 
Another extensive experiment was used for calibrating the dilation models for FRP-
confined circular columns. A direct graphical procedure was used for calculating the 
dilation rate and the dilatancy angle of concrete, which is used in the plastic potential 
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function of the Drucker-Prager-type material. The dilation rate model is related to the FRP 
jacket stiffness. The calibrated model for the dilation rate is compared with some of the 
available models. Through statistical model error analysis, the reliability of the calibrated 
model was investigated. 
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7.1 Background 
In the past decade, various constitutive models have been proposed for the stress-strain 
behaviour of FRP-confined concrete under compression. The early models proposed for 
FRP-confined columns were adapted from those for steel-confined concrete (Fardis and 
Khalili, 1982; Saadatmanesh et al., 1994). However, because of the linear stress-strain 
relationship of FRP materials (with no yield point), the passive pressure provided by these 
materials is different from that of transverse steel confinement. The qualitative difference 
between steel and FRP confinement is illustrated in Figure 7.1. For the same confinement 
ratio, steel-confined concrete normally experiences a softening after reaching maximum 
stress. On the other hand, FRP-confined concrete shows a discrete bilinear response with 
a sharp softening and a transition zone at the level of its unconfined concrete strength. 
After that, the tangent stiffness tends to stabilise at a constant value until reaching the 
ultimate strength. The tangent stiffness is significantly affected by the concrete and FRP 
properties due to the passive nature of FRP-confined concrete. 
 
 
Figure 7.1 Behaviour of confined concrete (Spoelstra and Monti, 1999) 
To date, considerable research effort has been directed towards investigating the 
behaviour of concrete members that are externally confined with FRP materials. A large 
number of researchers have investigated the behaviour of FRP-confined concrete and 
proposed constitutive models. These models can be classified into two categories: 1) 
design-oriented models; and 2) analysis-oriented models (Lam and Teng, 2003). For the 
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first category, closed-form equations were calibrated empirically with the experimental 
results observed for FRP-confined concrete. For the second category, constitutive models 
were developed using an incremental procedure. For this, a variety of experimental tests, 
mainly under uniaxial compression, were carried out on both small and large-scale column 
specimens, having different cross-sections (circular, square, rectangular, and elliptical). 
 
Figure 7.2 illustrates the stress state of circular concrete columns wrapped with FRP. In 
circular RC columns, FRP wraps effectively curtail the lateral expansion of concrete shortly 
after the unconfined strength is reached, and then reverse the direction of the volumetric 
response, so that the concrete responds through large and stable volume contraction. As a 
result, the stress-strain response of FRP-confined concrete is completely different from 
those of unconfined or steel-confined concretes. The confining action of the FRP is 
schematically illustrated in Figure 7.2. Using the force equilibrium, the lateral (radial) 
confining pressure acting on the concrete core, fr, is given by: 
 
2 f f
r
t
f
D

  7-1 
 
where σf and tf are the FRP stress and thickness, respectively, and D represents the 
diameter of the concrete member. Due to the linearity of the stress-strain response of the 
FRP materials, Eq. 7-1 can be rewritten as shown in Eq. 7-2. 
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  7-2 
 
In Eq. 7-2, the parameters Ef and εf denote the young’s modulus and the radial strain in 
the FRP shell. The confinement action exerted by the FRP shell on the concrete core is of 
the passive type. Therefore, this pressure arises because of the lateral expansion of 
concrete under axial compression. Assuming a perfect bond between the FRP shell and 
the concrete core, the radial strain of the FRP membrane would be equal to that of the 
concrete core. The confining pressure around the concrete core increases proportionally 
with the FRP hoop strain, until eventually the whole system fails due to the failure of the 
FRP fibres. Thus, at the onset of the failure state, Eq. 7-2 can establish a relationship 
between the ultimate passive pressure and the rupture strain of the FRP shell. 
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Figure 7.2: Confining action of FRP confinement on concrete core 
The ultimate state is characterised by the tensile fracture of the wrap. However, it has 
been observed that, at failure, the tensile strength of the FRP wrap is generally lower than 
the uniaxial tensile strength of the FRP material (Pessiki et al., 2001; Lam and Teng, 
2003). Pessiki et al. (2001) were the first researchers to introduce a strain reduction factor 
(called the FRP efficiency factor) in order to establish the relationship between the hoop 
rupture strain of the FRP shell and the ultimate tensile strain of the material. The reliability 
of any suggested model for FRP-confined columns is linked to the correct definition of the 
effective confining pressure exerted by the FRP system to the concrete member. To 
address the difference between the actual rupture strain and the ultimate strain of FRP 
material, Lam and Teng (2003) proposed use of the term ‘actual confining pressure’, raf , 
by replacing the FRP ultimate tensile strain, εfu, with the actual hoop rupture, εf,rup, as 
shown in Eqs. 7-3(a & b). 
 
,f rup fuk   7-3a 
,2 f f rup f
ra
E t
f
D

  7-3b 
 
Results from different test results show that the so called ‘strain efficiency factor’, k , given 
by the ratio 
,f rup
fu


 varies for different types of FRP materials. A complete discussion of this 
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factor will follow in subsequent sections. Another term that is usually used regarding FRP-
confined concrete is the so-called ‘jacket lateral stiffness’, which is here denoted using the 
symbol Ej. Using Eq. 7-3, and taking advantage of Hook’s law, Eqs. 7-4(a & b) result. 
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The jacket lateral stiffness (sometimes called jacket lateral modulus) plays an important 
role in the derivation of expressions for the concrete dilation rate and the dilatancy angle, 
which was previously discussed in Chapter 6. 
 
If FRP-confined cases with ascending post-yield slope are considered, the stress-strain 
behaviour can be represented as shown in Figure 7.3. The widely-used model of Lam and 
Teng (2003) can be used to define the stress-strain relationship. In this model, it is 
assumed that the post-yield behaviour of the stress-strain curve can be represented by a 
line. Prior to yield, a parabolic shape is assumed. 
 
 
Figure 7.3: Stress-strain relationship assumed for confined concrete 
The stress-strain results from Eqs. 7-5(a to e) can be represented graphically, as in Figure 
7.3. This model is one of the simplest models proposed and is consistent with the common 
models used for unconfined concrete. 
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In Eq. 7-5, the parameter Ec is the modulus of elasticity of concrete, and f’c is the strength 
of unconfined concrete. As can be seen, by knowing the ultimate strength and strain of 
confined concrete, all required parameters in Eq. 7-5 can be evaluated. Therefore, if 
probabilistic models of the ultimate state condition in FRP-confined concrete are 
established, a reliability-based stress-strain relationship for FRP-confined concrete can be 
obtained. 
 
Although the behaviour of FRP-confined concrete (especially the circular members) has 
been extensively studied, the reliability issues in this area have not been adequately 
investigated. Application of reliability analysis theory to the design of FRP-strengthened 
concrete members is a new subject. ACI 440-08 (2008) allows the design of strengthened 
structures based on the conventional ACI 318 (2011) requirements. However, in order to 
incorporate the effect of uncertainties in the mechanical properties of FRP materials and 
the strengthened systems, use of additional reduction factors is recommended. Much of 
this research is still relatively centralised around the area of flexural strengthening of RC 
beams. There are too many unknowns to describe the behaviour of concrete subjected to 
a multi-axial stress state (in particular confined concrete) in a useful quantitative manner. 
Therefore, insight in the behaviour of concrete under this type of loading is important with 
respect to the safety of strength and deformational capacity of concrete structures. Using 
reliability-based procedures to quantify the uncertain variables and models is one of the 
most rational methods for dealing with problems involving many unknowns. On the other 
hand, in using FRP in any application, important consideration should be given to its highly 
uncertain properties when compared to conventional materials. In the application of FRP, 
the fibres and resin materials are mixed together. If the correct resin-to-fibre ratio is not 
followed, unfavourable results will be achieved, which imposes high uncertainty in 
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predicting the mechanical properties of the FRP material. Another important issue in 
assessing the reliability of structures is the model error. Due to simplifications made and 
the existing limitations in any analytical approach, the real response of structures cannot 
be perfectly captured. 
 
In this chapter, the main goal is the development of probabilistic models for the ultimate 
strength and strain of circular FRP-confined columns. Analytical as well as FE analysis 
techniques are used to calibrate models for predicting the ultimate strength and strain of 
circular FRP-confined columns. These models are statistically assessed, and their 
associated model errors are evaluated. An extensive experimental database is used for 
probabilistically evaluating the model error. Performance of the proposed models will be 
compared with some of the models proposed by other researchers. Although the focus in 
this study is on circular FRP-confined columns, the methodology can be extended to cover 
FRP-confined columns of any shape. The analytical model, which is a design-oriented 
model, is based on the models calibrated in Chapter 6, and the FE method, which is an 
analysis-oriented model, is based on the Drucker-Prager plasticity model for concrete. A 
probabilistic procedure is utilised to investigate the effect of the randomness of the major 
contributing factors, including the model error, on the ultimate strength and ductility of 
FRP-confined columns. Finally, some lower bound value expressions for predicting the 
ultimate strength and strain of circular FRP-confined concrete members are proposed. 
 
7.2 Existing models 
A comprehensive review of models developed to predict the axial stress-strain behaviour 
of FRP-confined concrete in circular sections can be found in Ozbakkaloglu et al. (2012). 
For the sake of brevity, only a brief review of the available models for predicting the 
ultimate strength and strain of circular FRP-confined columns is presented in this section. 
The complete stress-strain relationship for FRP-confined members is not of direct interest 
in this study. Few probabilistic models for evaluating the ultimate strain and strength of 
FRP-confined models can be found in the literature. Some of these models are discussed 
in this section. 
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7.2.1 FRP-confined models 
The design-oriented models for FRP-confined columns are simply defined as a closed-
form expression, established based on experimental tests. In these models, the stress-
strain curve is generated using a simple closed-form solution, based on evaluation and 
interpretation of experimental data. Table 7.1 shows some of the available design-oriented 
models.  
Table 7.1: Some of the design-oriented models for FRP-confined circular columns 
Model Ultimate strength Ultimate strain 
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In Table 7.1, fccu and εccu are the ultimate strength and the strain of FRP-confined concrete, 
respectively. Parameters f’c and εc0 are the strength and the strain of unconfined concrete 
at peak stress. Parameter νc is the Poisson ratio of concrete. In the Ozbakkaloglu and Lim 
model, parameters k11 and k22 depend on the type of FRP material, and apply to different 
cases. 
 
Analysis-oriented models are more versatile and flexible than design-oriented models. 
However, these advantages are accompanied by more complexity and a greater time 
requirement. Because the procedure in analysis-oriented models is an iterative one, it 
cannot generally be performed without computer programming. Although, as the name 
implies, the whole procedure is analytical, some experimental-based properties for 
concrete and FRP materials are needed. In this approach, it is assumed that the lateral 
pressure induced by the FRP material is applied prior to evaluation. At each of the 
pressure levels, the stress-strain relationship from actively confined concrete is used. It 
should be noted that analysis-oriented models are based on the assumption that for a 
given lateral confining stress, the confined concrete stress is independent of the level of 
damage in the core concrete (that is, resulting from the previous stages of loading). On the 
other hand, to relate the lateral stress to the vertical compressive stress, a dilation 
relationship is required for concrete. Considering the limitations of the existing database, 
the analysis-oriented models appear to be superior, as they were developed using an 
incremental procedure based on force equilibrium, strain compatibility and material 
properties. The deficiency comes from the base models for the stress-strain response and 
the dilation behaviour of concrete with constant confinement. As stated by Lam and Teng 
(2003), the analysis-oriented models are not desirable for direct use in design, due to their 
complexity. They are, however, suitable for incorporation into the computer-based 
numerical analysis models, such as non-linear finite element. To date, many analysis-
oriented models have been proposed. Thorough discussion of these analytical models can 
be found in studies carried out by Jiang and Teng (2007) and Ozbakkaloglu et al. (2012). 
 
In addition to experimental studies and analytical modelling, finite element (FE) method 
has also been employed to model confined concrete. Studies regarding the FE analysis of 
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FRP-confined concrete generally lie in the analysis-oriented category. The FE method is 
particularly advantageous in the modelling of non-uniformly confined concrete, as it is 
capable of capturing complex stress variations in the concrete. Moreover, analysis of 
complex and highly indeterminate structures requires vigorous FE analysis. Many studies 
have recently been conducted in this area. A review of the literature regarding FE analysis 
of FRP-confined concrete can be seen in Chapter 6. 
 
7.2.2 Probabilistic models 
Various studies can be found in the open literature within the area of FRP-strengthened 
structures (Plevris et al., 1995; Val, 2003; Atadero et al., 2005; Pham and Al-Mahaidi, 
2008; Zou and Hong, 2011). Many of these studies focused on RC beams strengthened 
with FRP plates. In this study, the focus is on finding a probabilistic model for the ultimate 
strength and strain of FRP-confined concrete, and a full reliability analysis involving the 
load and resistance sides is not of interest. Probabilistic models for the ultimate strength 
and strain of FRP-confined concrete are very limited. In the following, some of the more 
recent studies, which were performed parallel to, and in the same time period as the 
current study, are discussed.  
  
7.2.2.1 Ozbakkaloglu et al. (2012) 
Ozbakkaloglu and Lim (Lim and Ozbakkaloglu, 2013; Ozbakkaloglu and Lim, 2013) 
collected a comprehensive test database, constructed from the results of axial 
compression tests on 832 circular FRP-confined concrete specimens from 99 different 
sources. Based on this database, they proposed a new design-oriented model. Close 
agreement between the test results and the proposed model was reported. It was shown 
that the proposed model provided improved predictions of the ultimate conditions of FRP-
confined concrete compared to any of the existing models. Ozbakkaloglu et al. (2012) 
investigated the model error in predicting the ultimate strength and strain of circular FRP-
confined concrete specimens for the available design- and analysis-oriented models. 
However, they did not provide any probabilistic model for the model error. Furthermore, no 
probabilistic analysis was conducted. Their study showed that a considerable scatter 
exists between the analytical models and the experimental data. They also found that 
some of the available models that exhibit very high standard deviations are highly 
unreliable in predicting the ultimate state of FRP-confined concrete. One of the most likely 
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reasons for this high scatter is that these models are calibrated using a limited number of 
specimens – when they are tested against a larger database, they may not perform well. 
As will be discussed later, the uncertainty in predicting the ultimate ductility (deformation 
capacity) of confined concrete is much higher than it is for the strength capacity.  
 
7.2.2.2 Realfonzo and Napoli (2011) 
Realfonzo and Napoli (2011) collected an extensive experimental database of 450 tests on 
Carbon Fibre Reinforced Polymer (CFRP) and Glass Fibre Reinforced Polymer (GFRP) 
confined concrete cylinders. Using this database, a new relationship for estimating the 
compressive strength of the FRP-confined concrete was then developed through best-fit 
analyses. Considering a circular shape for the column section, this general predictive 
model can be written as: 
 
0
0' '
1
b
cc r
c c
f f
a
f f
 
   
 
 7-6a 
 
2 f f
r fu conf fu
t E
f k k k
D
     
7-6b 
 
In their work, they considered both the mean square error (MSE) method and the mean 
absolute percentage error (MAPE) methods as measures of goodness-of-fit. Considering 
all of the collected database tests, they presented the two following general relationships 
as suitable models of predictive strength, based on the two considered goodness-of-fit 
measures. 
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The model error (ratio of the experimental result to the values predicted by the best-fit 
models shown above) was then derived. Considering the whole range of concrete 
compressive strengths, and both the CFRP and GFRP wrapped specimens, and based on 
the MAPE measure, the mean and standard deviations of the model error were 1.049 and 
0.195, respectively. They obtained a new design strength model for FRP-confined 
concrete by applying a general procedure based on a probabilistic approach which had 
 Chapter 7: Reliability aspects of the FRP-confined Columns 252 
 
 
been recently proposed by Monti et al. (2009). Considering a linear relationship, the 
capacity model can be written in terms of strength increase, as shown in Eq. 7-8, 
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The probabilistic model shown in Eq. 7-8 was then used to derive the mean, the standard 
deviation and the characteristic values of the FRP-enhanced strength. The characteristic 
value is the value that represents the statistical lower bound of a considered random 
variable (normally 95% chance of exceedance is used for this value). Assuming Normal 
distribution for the random variable, the relationship between the mean and the 
characteristic values of strength enhancement can be written as shown in Eq. 7-9. 
 
1.64 ( )cck ccm ccf f Var f      
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In Eq. 7-9, cckf  and ccmf  represent the characteristic and the mean values, respectively. 
By using appropriate mean and coefficient variation values for the FRP efficiency factor, 
FRP modulus of elasticity and the model error, Realfonzo and Napoli (2011) presented a 
relationship between the characteristic value of the strength enhancement and the mean 
value.  
 
In a parallel study, Realfonzo and Napoli (2013) used the same database to find a 
probabilistic model for the ultimate strain of FRP-confined concrete. In this study, the 
compressive strength of unconfined concrete was limited to 40MPa. The probabilistic 
procedure used for evaluating the lower bound value of the ultimate strain of FRP-confined 
concrete is similar to that used for ultimate strength, as described above. However, instead 
of the 5th percentile value, they used the 10th percentile value for calculating the lower 
bound of the ultimate strain. The general model used in the probabilistic analysis is shown 
in Eq. 7-10. 
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In Eq. 7-10, C1, C2 and C3 are the model parameters. These parameters were calibrated 
based on the collected experimental data. εccu and εcu are the ultimate strains of 
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unconfined and confined concrete, respectively. The parameter δ is the model error. The 
probabilistic model shown in Eq. 7-10 was used for calculating the probabilistic lower 
bound value. The 10th percentile lower bound value was used. These researchers used 
three other models in their study: Teng et al. (2009), De Lorenzis and Tepfers (2003) and 
the Italian Guidelines CNR-DT200 (2004). The final probabilistic analysis was conducted 
based on CNR-DT200 guidelines. Two different models for CFRP and GFRP materials 
were calibrated. In Eqs. 7-11(a & b), the fitted probabilistic model, which is based on the 
CNR-DT200 guidelines, are shown. 
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It was found that the model error associated with the above equation for CFRP and GFRP 
systems had very high uncertainty. For the CFRP system, the bias factor and the 
coefficient of variation of the model error were 1.23 and 0.46, respectively, while for the 
GFRP case, these values were 1.40 and 0.56, respectively. For other random variables, 
such as the concrete compressive strength and the modulus of elasticity of FRP material, 
the probabilistic models from the literature were used. The results of their probabilistic 
analysis on the ultimate strain enhancement showed that the lower bound 10th percentile 
values for CFRP and GFRP materials were 0.35 and 0.23 of the average value, 
respectively. 
 
Although the Realfonzo and Napoli (2011) study was carried out using a probabilistic 
procedure, some shortcomings can be found in their analysis. Firstly, it was assumed that 
the strain enhancement follows the Normal distribution, which is generally not the case. 
Secondly, only the modulus of elasticity of the FRP material was assumed as a random 
variable, neglecting the randomness in the ultimate strength and the thickness of the FRP 
wrap and the correlation amongst these variables. Thirdly, the proposed model had very 
high uncertainty, indicating the low accuracy of the proposed models. The aim of this 
chapter is to develop a much-needed reliability-based design framework for application to 
FRP-strengthened columns. The study is significant because it will introduce safe and 
economical strengthening designs. The expected outcomes will be the establishment of 
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reliable models for predicting the ultimate strength and strain of FRP-confined concrete. 
Furthermore, comprehensive probabilistic models that consider all of the relevant 
uncertainties and their correlation are developed.  
 
7.3 Experimental database 
In order to calibrate any predictive model for the strength and ductility of FRP-confined 
columns properly, a large amount of data is required. Due to the inherent uncertainty in the 
behaviour of FRP-confined concrete, database size plays a vital role in assessing the 
performance of any predictive model. One of the major problems with the current models 
proposed for FRP-confined concrete is the database size. Many researchers have used 
their own test results for calibrating the predictive models. From a statistical point of view, 
these limited samples generally do not properly represent the behaviour of the targeted 
population. A proper model should cover a wide range of influential variables. For 
example, in the models proposed for predicting the ultimate strength and strain of FRP-
confined columns, a wide range of concrete compressive strengths and lateral confining 
pressures should be covered. To address the shortcomings of models that are based on a 
limited amount of experimental data, many researchers have tried to use larger databases 
to propose predictive models for the ultimate strength and strain (De Lorenzis and Tepfers, 
2003; Lam and Teng, 2003; Realfonzo and Napoli, 2011; Ozbakkaloglu and Lim, 2013).  
 
In many of the current models, regression analysis is used to fit the proposed model to the 
experimental data, while no further statistical model is presented. Fitted models only 
represent the predictive model. To assess the performance of any suggested model, 
further goodness-of-fit analysis is required. Although goodness-of-fit indicators are 
adequate for assessing the performance of predictive models, a more comprehensive 
probabilistic model is required for use in a reliability-based analysis. In this probabilistic 
model, the probability density function of the model error, in addition to its mean and 
standard deviation, is evaluated. The role of the size and reliability of the collected 
database becomes even more important in establishing a reliability-based model. One of 
the goals pursued in this study is to establish a probabilistic-based model for both the 
ultimate strength and strain of FRP-confined circular columns.  
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A comprehensive set of test results for the axial compressive strength of FRP-confined 
circular plain concrete specimens with CFRP and GFRP confinement is collected in this 
study. The data used in this study was mainly extracted from available databases (Lam 
and Teng, 2003; Cui, 2009; Realfonzo and Napoli, 2011; Lim and Ozbakkaloglu, 2013; 
Ozbakkaloglu and Lim, 2013). Data from other sources have also been added by the 
author. In some cases, where the tabulated data were not available, the experimental 
results were extracted from the graphical curves. Only experimental data that had a 
complete set of information for the ultimate strength and strain and the FRP efficiency 
factor were considered. The selected database contains a total of 646 test results, 
including significant test programs of recent years. A typical set-up of the experimental 
program for the FRP-confined cylinders considered in this study is shown in Figure 7.4. In 
this kind of test, the load is normally applied monotonically in a displacement-controlled 
manner, whereby specimens are loaded under a monotonic uniaxial compression loading 
up to failure. In this study, only specimens with FRP wrap failure are considered. 
 
 
Figure 7.4: A typical test set-up of an FRP-confined cylinder (Berthet et al., 2005) 
Axial and radial strains are measured either by transducers (LVDTs) installed as shown in 
Figure 7.4 or strain gauges mounted on the surface of the specimens. Transducers and 
strain gauges recording the radial dilation are evenly placed around the specimen at mid-
height. In a majority of the cases considered in this study, strain gauges are used for 
recording the radial strains. The radial strain is the average obtained from the different 
strain gauges distributed around the specimen. To have realistic results, strain gauges 
recording the radial strain are generally not placed on the area where there is overlapping 
of the FRP. A similar system using other transducers and strain gauges is used to 
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evaluate the axial strains. Using LVDTs installed at the mid-height of the specimens is the 
most common way of measuring the axial strain. In some case, vertical LVDTs cover the 
full height of the specimens. In very few cases, however, strain gauges are used to record 
the vertical strain. 
 
The complete test database assembled in the present study is displayed in Table 7.1. The 
important characteristics of the collected database can be summarised as per below: 
 
 Database includes test results for normal- as well as the high-strength concrete. 
 Experimental data set contains only CFRP and GFRP confined data (470 CFRP-
confined and 176 GFRP-confined tests). 
 Specimens with steel reinforcement were not included. 
 FRP rupture was the failure mode for all of the specimens of the test programs used 
in this research. 
 The database contains some subsets of two to three data sets with similar material 
and geometrical parameters. For the statistical analysis of data, treating these 
identical tests as different specimens is more appropriate than averaging their 
results. 
 Specimens with different sizes were included in the database.  
 Only those test results that showed hardening behaviour were included in the 
database. 
 In cases where the strain of peak stress was not available, a value of 0.002 was 
assumed for this variable. 
 
The data consists of eight input parameters: the diameter and height of the cylindrical 
specimen; the compressive strength of concrete and the strain at the peak strength of 
unconfined concrete; the thickness, tensile strength and modulus of elasticity of FRP; and 
the FRP efficiency factor. The two dependent output parameters are the ultimate 
compressive strength and the crushing strain of FRP-confined concrete. Table 7.2 shows 
sample size, specimen dimensions and range of concrete strengths for each of the 
considered references.   
Table 7.2: Collected database for FRP-confined cylinders/columns 
Reference No. Type Size f’c 
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Aire et al. (2010) 13 CFRP/GFRP 300×150 42.0 
Almusallam (2007) 12 GFRP 300×150 47.7-107.8 
Benzaid et al. (2010) 6 CFRP 320×160 25.9-61.8 
Berthet et al. (2005) 48 CFRP/GFRP 
320×160 
140×70 
25.0-169.7 
Bisby and Take (2009) 6 CFRP/GFRP 300×150 26.3 
Bullo (2003) 12 CFRP/GFRP 300×150 32.0 
Cairns (2001) 5 CFRP 1524×356 29.8 
Carey and Harries (2005) 2 CFRP 
305×152 
762×254 
33.5-38.9 
Chastre and Silva (2010) 5 CFRP 300×150 35.2-38.0 
Cui (2009) 48 CFRP/GFRP 305×152 45.6-111.8 
Cuipala et al. (2007) 4 CFRP/GFRP 200×100 33.0 
De Lorenzis et al. (2002) 4 CFRP 
300×150 
240×120 
38.0-43.0 
Demers and Neale (1994) 8 CFRP/GFRP 505×152 32.2-43.7 
Demers and Neale (1999) 7 CFRP 1200×150 20.5-43.7 
Dias da Silva and Santos (2001) 6 CFRP 600×150 28.2 
Elsanadedy et al. (2012) 6 CFRP 
100×50 
200×100 
300×150 
41.1-53.9 
Faella et al. (2004) 5 GFRP 300×150 18.1 
Harries and Carey (2003) 2 GFRP 305×152 31.8 
Harries and Kharel (2003) 8 CFRP/GFRP 300×150 32.1 
Illki et al. (2002) 5 CFRP 300×150 32.0 
Jaffry (2001) 5 GFRP 1524×356 29.8 
Jiang and Teng (2007) 23 CFRP/GFRP 305×152 33.1-47.6 
Kono et al. (1998) 13 CFRP 200×100 32.3-34.8 
Kshirsagar et al. (2000) 3 GFRP 204×102 38.0-39.5 
Lam and Teng (2004) 16 CFRP/GFRP 305×152 34.3-38.5 
Lam et al. (2006) 6 CFRP 305×152 38.9-41.1 
Liang et al. (2012) 12 CFRP 
200×100 
400×200 
600×300 
22.7-25.9 
Mastrapa (1997) 8 GFRP 310×153 31.2 
Matthys et al. (1999) 4 CFRP 300×150 34.9 
Micelli et al.  (2001) 2 CFRP/GFRP 204×102 32.0-37.0 
Micceli  and Modarelli (2013) 2 CFRP 300×150 28.4-38.2 
Mirmiran et al. (1998) 50 GFRP 
305×152 
457×152 
610×152 
29.8-44.8 
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762×152 
Mohamed and Masmoudi (2010) 6 GFRP 305×152 30.0-45.0 
Owen (1998) 11 CFRP 
203×102 
305×152 
610×298 
47.9-58.1 
Ozbakkaloglu and Vincent (2013) 57 CFRP 
300×150 
600×302 
36.3-55.0 
Pessiki et al. (2001) 6 CFRP/GFRP 
610×152 
1830×508 
26.2-32.8 
Picher et al. (Picher et al., 1996) 1 CFRP 305×152 39.7 
Purba and Mufti (1999) 2 CFRP 788×191 27.1 
Rochette and Labossiere (1996) 3 CFRP 200×100 42.0 
Rousakis and Tepfers (2001) 30 CFRP 300×150 25.2-51.8 
Rousakis et al. (2003) 6 CFRP 300×150 20.4-49.2 
Saafi et al. (1999) 6 CFRP/GFRP 435×152 35.0 
Saenz and Pantelides (2006) 4 CFRP 305×152 40.3-47.5 
Shahawy et al. (2000) 9 CFRP 305×152 19.4-49.0 
Shehata et al. (2007) 2 CFRP 300×150 29.8 
Silva and Rodrigues (2006) 5 GFRP 
300×150 
450×150 
750×150 
31.1 
Song et al. (2012) 12 CFRP 
300×100 
450×150 
22.4-40.9 
Tamuzs et al. (2008) 4 CFRP 300×150 20.8-48.8 
Teng et al. (2007b) 5 GFRP 305×152 39.6 
Toutanji (1999) 3 CFRP/GFRP 300×76 30.9 
Valdmanis et al. (2007) 15 CFRP 300×150 20.5-61.6 
Vincent and Ozbakkaloglu (2013) 16 CFRP 305×152 35.5-38.0 
Watanabe et al. (1997) 6 CFRP 200×100 30.2 
Wang et al. (2012) 4 CFRP 
612×204 
915×305 
24.5 
Wang and Cheong (2001) 2 CFRP 600×200 27.9 
Wang and Wu (2008) 15 CFRP 300×150 30.2-52.1 
Wu and Jiang (2012) 34 CFRP 300×150 20.6-36.7 
Xiao and Wu (2000) 25 CFRP 305×152 33.7-55.2 
Yan et al. (2006) 1 CFRP 914×406 15.2 
ALL 646 CFRP/GFRP - 15.2-169.7 
 
Figure 7.5 illustrates the distribution of concrete compressive strengths (unconfined 
specimens) for the collected database. As is seen, a wide range of concrete strengths is 
covered in this database. However, a majority of the test data are in the range of 20-40 
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MPa. It should be noted that repetition of concrete compressive strengths for specimens 
with different numbers of FRP layers is considered in the frequency graph shown in Figure 
7.5. 
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Figure 7.5: Distribution of concrete compressive strength for the collected database 
An important parameter that has a great impact on the strength model of FRP-confined 
columns is the equivalent lateral pressure resulting from the FRP wrap. Following the 
discussion on design-oriented models in the previous sections, and the model developed 
for actively confined specimens in Chapter 6, the confined strength of concrete has a 
strong relationship (nearly linear) with this parameter. Figure 7.6a shows the range of 
normalised lateral pressures (with respect to concrete compressive strength) exerted by 
FRP in the collected database. A proper model for confined concrete strength should 
cover a wide range of lateral pressures. Figure 7.6a shows that the considered database 
covers an appropriate range, with a majority of the cases in the practical range. 
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a) Lateral pressure b) Normalised jacket stiffness 
Figure 7.6: Distribution of the normalised lateral pressure and jacket stiffness 
Another important parameter that has a direct impact on the dilation and deformation 
behaviour of confined concrete is the lateral stiffness or the jacket stiffness, shown in Eq. 
7-4b. Figure 7.6b shows the histogram of jacket stiffness for the considered database. The 
maximum value of the normalised lateral pressure and jacket stiffness are mentioned in 
the last bin on the horizontal axis of the graphs shown in Figure 7.6.  
 
7.3.1 Discussion of the size effect 
In most experiments, small-sized FRP-confined concrete cylinders are used to study axial 
compressive behaviour. The validity of using models calibrated based on small-scale 
specimens for real full-sized columns has been a subject of research by many.  
 
Samdani and Sheikh (2003) studied the behaviour of large-scale FRP-confined columns 
tested at the University of Toronto. They reported that the tested specimens exhibited 
considerable post-peak response before complete failure, showing high ductility that is 
normally not observed in the small-scale cylinders tested by many researchers. Therefore, 
a relatively more-ductile failure can be expected with an increase in specimen size. A 
ductile descending branch of the large-scale column leads to a large ductility factor, in 
contrast to small-scale cylinders, which exhibit a steep descending branch. Figure 7.7 
shows one of the stress-strain curves resulting from large-scale tests conducted at the 
University of Toronto. 
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Figure 7.7: Behaviour of large and small-scale FRP-confined specimens (Cui, 2009) 
Theriault et al. (2004) investigated the effects of both size and slenderness on the 
behaviour of FRP-confined specimens. From the experimental and analytical results, they 
concluded that no significant variations occurred in the measured compressive strengths in 
either the FRP-confined concrete cylinders or the short FRP-confined concrete column 
specimens. According to their statistical analysis results, the size effect was only evident in 
the very small sample size (50mm diameter), and they stated that the use of this size in 
experimental data is questionable.  
 
Matthyas et al. (2005) carried out an experimental study on a series of large-scale FRP-
confined concrete columns (2000mm length and 400mm diameter). Comparing their test 
results with the previous models, which were calibrated using small-scale columns, they 
concluded that these models seemed to predict the ultimate strength of large-scale 
columns accurately. 
 
Carey and Harries (2005) also conducted tests on small-scale specimens (D=152mm), 
medium-scale specimens (D=264mm), and large-scale columns (D=610mm), in order to 
explore the size effect. It was concluded that the scale of the columns did not significantly 
affect the normalised axial stress-strain behaviour. 
 
Cui (2009) investigated the size effect by analysing results obtained by Samdani and 
Sheikh (2003). It was concluded that before the rupture of FRP, the size effect was 
minimal and no size effect was observed on the strength enhancement or on the energy 
absorption capacity and ductility up to rupture of the FRP jacket. However, after initiation 
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of the rupture, large-sized columns displayed a much more ductile behaviour than small 
cylinders. By the statistical analysis of test results for large- and small-scale specimens, a 
reduction factor accounting for size effect was proposed. This reduction factor reduced the 
efficient FRP ultimate strain. Eqs. 7-12(a & b) show the proposed reduction factor. 
 
200D mm Reduction factor = 1.0 7-12a 
300D mm Reduction factor = 0.6 7-12b 
 
For diameters between 200mm and 300mm, a linear interpolation was suggested. 
 
Akgobe et al. (2011) studied the effect of size for concrete cylinders confined with CFRP 
material. Small specimens with a diameter of 100mm and a height of 200mm, medium 
specimens with a diameter of 200mm and a height of 400mm, and large specimens with a 
diameter of 300mm and a height of 600mm were tested with different layers of CFRP, 
keeping the same layers for different specimen sizes. Their results showed considerable 
enhancement in the strength of confined specimens for all of the sizes, with a slightly lower 
enhancement for the biggest size. They concluded that there was no size effect on 
compressive strength of confined specimens, regardless of cylinder dimension. 
 
Liang et al. (2012) studied the influence of specimen size on the axial behaviour of FRP-
confined concrete cylinders. Three types of concrete cylinders, with diameters of 100, 200, 
and 300mm, confined with three plies of CFRP were tested. The experimental results 
showed that, under identical lateral confining stress, the compressive strength and the 
axial stress-strain relationship were independent of the specimen size. 
 
Elsanandady et al. (2012) carried out experimental and numerical investigations (using LS-
DYNA software) of the size effect on FRP-wrapped columns. Their results showed that the 
effect of specimen size on the FRP-confined concrete was insignificant.  
 
The general conclusion drawn from the above discussion is that the impact of size effect 
on the ultimate strength of FRP-confined columns is minimal. However, the ductility or the 
ultimate strain of FRP-confined concrete could be impacted by size. In the current study, 
as there is insufficient data supporting the reduction factor proposed by Cui, the proposed 
reduction factor is not included in the reliability analysis. However, large-sized specimens 
are also included in the collected database. The reliability model developed in this study is 
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based on small-scale specimens. By having adequate test data for large-scale FRP-
confined columns, the proposed reliability-based model can also be modified. 
 
7.4 FRP strain efficiency factor 
As mentioned previously, many researchers have observed that the actual rupture strain of 
FRP is less than that measured in standard coupon tests. This phenomenon has been 
noted in many previous studies (Spoelstra and Monti, 1999; Shahawy et al., 2000; Xiao 
and Wu, 2000; Pessiki et al., 2001; De Lorenzis and Tepfers, 2003; Harries and Carey, 
2003; Lam and Teng, 2003). The reliability of any suggested models for FRP-confined 
columns is linked to the correct definition of the effective confining pressure exerted by the 
FRP system to the concrete member. Several causes have been suggested for this. 
Pessiki et al. (2001) related this phenomenon to the localisation in the cracked concrete, 
which leads to non-uniform distribution of stress in the FRP jacket, as shown in Figure 7.8. 
A so-called “FRP efficiency factor” was proposed. This FRP efficiency factor accounts for 
the possible non-uniform distribution of stress in the FRP jacket, as well as the difference 
in the in-situ and laboratory test results. The efficiency factor proposed by Pessiki et al. 
(2001) is shown in Eq. 7-13.  
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In Eq. 7-13, the first factor accounts for the possible non-uniform distribution of stress in 
the jacket, while the second factor accounts for the difference in the in-situ and the 
laboratory results.  
 
Figure 7.8: Effect of non-uniform distribution of stress in the FRP jacket 
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Referring to the available literature, the discrepancies between the in-situ and the material 
strain capacities, included in the first reduction factor shown in Eq. 7.12, may result from 
the following causes: 
 
 Probable misalignment of fibres during the lay-up installation 
 Effect of curvature of an FRP jacket  
 Inclusion of residual strains during lay-up, resulting from flaws in the substrate 
concrete, uneven tension during lay-up, or temperature, creep, and shrinkage 
incompatibility between the concrete and FRP jacket 
 Cumulative probability of weaknesses in FRP material, since the jackets are much 
larger than the tensile coupons 
 Contrary to the assumption that the wrap is only subjected to radial expansion, its 
loading mechanism is in fact biaxial – the FRP jacket can take axial load directly 
from the applied axial force or via friction with the concrete substrate. 
 
The second reduction factor mainly relates to the localisation of damage in the concrete 
core. Non-uniform distribution of stress along the column perimeter and the non-uniformity 
of radial pressure around the perimeter are induced by the heterogeneity of the concrete 
and dispersion of aggregates within the concrete (Shahawy et al., 2000; Xiao and Wu, 
2000; Pessiki et al., 2001; Harries and Carey, 2003; Lam and Teng, 2003). This non-
uniformity develops stress concentrations in the wrap that are much higher than the 
average confinement pressure. Overlapping in the FRP sheets could also intensify the 
non-uniform distribution of the lateral pressure in the FRP jacket. The strain obtained from 
the overlapping zone can be considerably less than the maximum measurable strain. Lam 
and Teng (2004) showed that the strains measured at different positions along the 
perimeter are not equal and that strains measured at the overlapping zone can exceed the 
strain in other regions noticeably. De Lorenzis and Tepfers (2003) also highlighted the 
effect of the overlapping zone.  
 
Location of radial strain gauges is another important issue, which can affect the maximum 
or average strains used in the calculation of FRP efficiency factor. Most researchers have 
measured the rupture strain based on two strain gauges applied at the mid-height of 
specimens 180° apart. By observation of the test results reported by Lam and Teng 
(2004), Cui (2009) concluded that strain gauges that were 180° away from each other (and 
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which were not located on the overlap area) resulted in strain values that were close to the 
average value obtained from averaging the values from strain gauges distributed over the 
perimeter of the specimen. Therefore, this arrangement of strain gauges was used in the 
experimental program carried out by Cui. The use of different strain measurement tools, 
i.e. electrical or optical strain gauges or LVDT, could also affect the FRP efficiency factor. 
 
 
7.4.1 Existing models 
Xiao and Wu (2000) reported the range of 0.50 to 0.80 for the FRP efficiency factor. They 
related this reduction to the fact that the process of making a straight coupon test is easier 
than for a cylindrical one and as a result, straight coupon tests are produced with higher 
quality. They also attributed the reduction in the FRP strain to a multi-axial state of loading 
on the FRP fibres and to the non-uniformity arising from the non-homogeneity of concrete. 
Shahawy et al. (2000) suggested that the issue of the FRP efficiency factor is a 
probabilistic problem and that, for design purposes, proper confidence levels must be set 
by the reliability analysis of the effective hoop rupture strain of the jacket. Harries and 
Carey (2003) reported a value of approximately 0.90 for the in-situ reduction factor. 
Moreover, for the localisation factor, a range from 0.75 to 0.90 was obtained 
experimentally. De Lorenzis and Tepfers (2003) indicated that the most important 
parameters affecting the FRP efficiency factor were the number of overlapping layers, the 
elastic modulus of the wrap, and the radius of curvature (the radius of the cylinder in 
circular specimens). They also stated that this reduction factor mostly applied to FRP 
wraps, installed with the manual lay-up technique, while it was less pronounced in 
prefabricated FRP tubes that seemed to fail at values of tensile strains close to those 
predicted. Lam and Teng (2004) studied the effect of the overlapping region on the 
efficiency factor. They concluded that the lower FRP strain in the overlapping zone 
reduced the average hoop strain. However, it did not result in lower confining pressure. 
They related the non-uniformity of the lateral pressure to the non-homogeneous 
characteristic of concrete material. They also mentioned that all of the parameters 
affecting the efficiency factor were size dependent.  
 
Lam and Teng (2003) used a database comprising 76 test data for different types of FRP 
materials. This database covered low- to normal-strength concrete. Based on this 
database, ultimate strength and strain predictive models were developed. It was reported 
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that considering data from different composite materials, the average and standard 
deviation of the FRP efficiency factor were 0.63 and 0.20, respectively. Their statistical 
analysis showed that for GFRP-confined specimens, the average efficiency factor was 
slightly higher, and that the standard deviation was considerably higher than for CFRP-
confined specimens. The database did not contain an adequate number of GFRP-confined 
specimens in comparison to CFRP-confined specimens. Therefore, this conclusion is not 
reliable. No other statistical measures were presented. 
 
Cui (2009) implemented the Tsai-Wu failure criterion to establish a model for predicting the 
strength of the FRP jacket in a multi-axial stress state. However, it was stated that 
validation of the proposed procedure required a considerable number of test data, which 
was not available. Therefore, an empirical equation only, which is shown in Eq. 7-14, and 
which is based on pure regression analysis, was proposed.  
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It can be seen that, in Eq. 7-14, an increase in concrete strength results in a reduction in 
the FRP efficiency factor. However, instead of the modulus of elasticity for fibres, strength 
of fibres is used as a parameter, having an inverse relation with the FRP efficiency factor. 
 
Realfonzo and Napoli (2011) used a database comprising 98 CFRP and 52 GFRP test 
results to assess the statistical properties of the FRP efficiency factor.  They categorised 
concrete into low-, normal- and high-strength groups. It was observed that the average of 
the FRP efficiency factors was independent of the FRP’s material type. However, GFRP-
confined specimens showed higher standard deviation. On the other hand, it was found 
that the concrete strength had a noticeable impact on the statistical measures of the FRP 
efficiency factor. Higher-strength concrete categories showed lower average and higher 
standard deviations. Furthermore, the fitted Gaussian distribution to each of the 
aforementioned concrete categories also showed different shapes. Variation in the 
efficiency factor with the jacket stiffness was also investigated. A small negative correlation 
between the jacket stiffness and the FRP efficiency factor was observed. Nevertheless, 
the scatter of data was significant. Eq. 7-15 shows the proposed expression relating the 
jacket stiffness and the efficiency factor. 
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Eq. 7-15 was proposed for the entirety of the concrete categories. For the low-strength 
concrete category, another similar expression was proposed. The two-parameter Weibull 
distribution was also fitted to the efficiency factor. 
 
In a recent study, Lim and Ozbakkaloglu (2013) collected a larger database to assess the 
FRP efficiency factor. The database included different types of FRP composite materials 
as well as a wide range of concrete compressive strengths. It was reported that the FRP 
efficiency factor had a negative correlation with both the concrete compressive strength 
and the modulus of elasticity of the fibres. The expression shown in Eq. 7-16 was 
proposed for prediction of the FRP efficiency factor based on these two parameters. 
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In Eq. 7-16, parameter f’c is the strength of unconfined concrete and Ef is the modulus of 
elasticity of the fibres. In the development of Eq. 7-16, the GFRP-confined specimens 
reported with Ef lower than 60,000 MPa, or εfu greater than 0.04 were excluded. In addition 
to the above expression, statistical measures of the FRP efficiency factor for different 
concrete strengths were also reported. In line with the conclusion made by Realfonso et al. 
(2011), lower average values for higher-strength concrete categories were reported. 
However, the standard deviations for high-strength concrete categories did not show 
higher values. 
 
The FRP efficiency factor is naturally a random variable whose correct estimate is affected 
by several uncertainties, some of which were mentioned above. In this study, in order to 
derive the statistical indicators of the FRP efficiency factor, a full reliability-based analysis 
will be performed. 
 
7.4.2 Statistical analysis 
To have meaningful statistical measures, some test results that exhibit a relatively high 
deviation in comparison to the rest of the data are excluded from the statistical analysis. 
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The limit used to exclude the data depends on the statistical measures and the distribution 
of the data. Data that deviate more than 2 to 3 times from the average of data (either side 
of the average) are generally considered outliers. In this study, a threshold of 2.0 is used. 
It is worth mentioning that in neither of the studies performed by Realfonzo and Napoli 
(2011) and Lam and Teng (2003), were the experimental data on the FRP efficiency factor 
filtered. However, in the Ozbakkaloglu and Lim (2013) study, data with more than 20% 
deviation from the average of the whole set was excluded from the statistical analysis. This 
data-excluding criterion is felt by this researcher to be too strict, and the statistical 
measures are therefore not justifiable, as too many of the data are excluded and only 
those data close to the average are included. Therefore, any statistical measures resulting 
from this reduced database might not represent the real variation in the data. On the other 
hand, not excluding abnormal data from the database can also result in unreliable 
conclusions. The criterion implemented in this study to exclude data is statistically 
justifiable. To provide a comparison, statistical measures for data both with and without 
cleaning will be presented. In Table 7.3, statistical measures of the FRP efficiency factor 
for both CFRP and GFRP-confined specimens are shown. 
Table 7.3: Statistical measures of the FRP efficiency factor 
 All CFRP GFRP 
Measure All Filtered All Filtered All Filtered 
N 646 549 470 399 176 153 
Min 0.070 0.296 0.120 0.296 0.070 0.270 
Max 1.424 0.975 1.424 0.957 1.350 0.995 
Average 0.643 0.637 0.646 0.630 0.634 0.649 
SD 0.234 0.166 0.231 0.160 0.242 0.185 
COV 0.363 0.261 0.357 0.255 0.381 0.285 
Kurtosis 3.110 2.310 3.170 2.417 2.890 2.160 
Skewness 0.182 0.015 0.293 0.057 -0.072 -0.169 
 
The statistical results in Table 7.3 show that the average value for the GFRP-confined 
specimens is slightly larger than that for CFRP-confined specimens. However, the 
coefficient of variation is about 12% larger. A similar trend was observed in the studies by 
Ozbakkaloglu and Lim (2013) and Realfonzo and Napoli (2011). Overall, the type of FRP 
does not have a noticeable effect on the statistical measures of the FRP efficiency factor. 
On the other hand, comparing statistics from the filtered data with those from the whole 
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database shows that removing the outlying data does not have a large impact on the 
average value. However, it does reduce the coefficient of variation considerably. 
Furthermore, excluding the outliers decreases the skewness of the data. This is expected, 
as excluding the outliers affects the tail distribution of the data. When the skewness 
becomes negative, probability density functions with negative skewness (such as 
Lognormal and Weibull distributions) would be more appropriate for representing the data.  
 
The excluded data for the whole database and the CFRP- and GFRP-confined groups are 
about 14%, 15% and 11% of the total number of specimens in each group, respectively. If 
a strict criterion similar to the one used by Ozbakkaloglu and Lim (2013) was used to 
remove the outliers, about 54% of the data would be excluded, resulting in an average and 
standard deviation of 0.641 and 0.069, respectively. The coefficient of variation of about 
0.11 in this case would not truly represent the real scatter of the data. As Lim and 
Ozbakkaloglu (2013) used more restrictive criterion for excluding outliers, the coefficient of 
variation reported in their study is lower than in the current study. On the other hand, the 
coefficient of variation of the whole data, without filtering, is in a good agreement with the 
values reported by Realfonzo and Napoli (2011). Average and coefficient of variation of 
0.60 and 0.33 were reported for a data set of about 150 CFRP- and GFRP-confined 
specimens in the Realfonzo and Napoli  (2011) study.  
 
To show the effect of concrete compressive strength on the FRP efficiency factor, 
statistical measures of this factor for different levels of concrete strength are calculated. In 
Table 7.4, the results are shown. Whilst not considerable, it is seen that there is a negative 
effect of concrete compressive strength on the average value of the FRP efficiency factor. 
A similar outcome was reported by other researchers (Realfonzo and Napoli, 2011; 
Ozbakkaloglu and Lim, 2013).  
Table 7.4: Effect of concrete compressive strength on the FRP efficiency factor 
 <40 40-60 >60 
Reference Mean COV Mean COV Mean COV 
Proposed 0.66 0.25 0.64 0.26 0.55 0.23 
Realfonzo and Napoli (2011) 0.65 0.24 0.58 0.37 0.41 0.54 
Ozbakkaloglu  and Lim (2013) 0.69 0.18 0.62 0.24 0.54 0.24 
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To investigate the relation of the mechanical properties of FRP and concrete with the FRP 
efficiency factor, correlation coefficients between this factor and the properties of 
composite and concrete materials are calculated. Only the filtered data are used for this 
analysis. Table 7.5 presents the correlation coefficients between the FRP efficiency factor 
and concrete compressive strength as well as the jacket stiffness. As can be seen, there is 
a negative correlation between the FRP efficiency factor and both of the considered 
parameters. Nevertheless, the correlation is not strong, especially for the GFRP-confined 
case.  
Table 7.5: Correlation between the FRP efficiency factor and concrete compressive strength 
 All (549) CFRP (399) GFRP (153) 
Measure f’c Ef f’c Ef f’c Ef 
Correlation 
factor  
-0.19 -0.17 -0.26 -0.22 -0.05 -0.01 
 
At this stage, based on the filtered results and using Response Surface Methodology 
(RSM), a linear relationship between the FRP efficiency factor and the considered 
parameters (concrete strength and jacket stiffness) is established. About 549 test results 
are used in this analysis. Figure 7.9 shows the variation in the FRP efficiency factor with 
both of the considered parameters. A negative slope indicates an adverse relation 
between the predicted FRP efficiency factor and the considered parameters. A steeper 
slope for concrete strength shows that correlation between this parameter and the FRP 
efficiency factor is stronger than that for the FRP jacket stiffness. Eq. 7-17 shows the 
expression that resulted from the RSM. It is worth mentioning that the goodness-of-fit for 
this expression is very low. The R2 for this model is about 0.05, which shows that this 
predictive expression is statistically unreliable. 
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The expression shown in Eq. 7-17 can be compared with those proposed by other 
researchers (shown in Eqs. 7-14 and 7-15). 
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Figure 7.9: Relation of the FRP efficiency factor with other parameters 
In order to find the best-fit probability density function for the FRP efficiency factor, 
different density functions are considered. As this factor is a positive factor, only those 
probability density functions with a positive domain will be considered. Lognormal, Gamma 
and Weibull distributions are considered for fitting. These distributions accept only positive 
values, and are common in civil engineering applications. Anderson Darling (AD) 
goodness-of-fit indicator is used to compare the considered distributions, as shown in 
Table 7.6. Distribution parameters, as well as means and coefficients of variation, of the 
fitted distributions are also shown in this Table. In Table 7.6, parameters α and β are the 
shape and the scale parameters of the Weibull and Gamma distributions, respectively. 
Table 7.6: Goodness-of-fit of considered probability models for the FRP efficiency factor 
Distribution AD Shape Scale Mean COV 
Lognormal 4.48 -0.488 0.280 0.638 0.286 
Gamma 2.52 13.683 0.047 0.643 0.270 
Weibull 1.44 4.313 0.700 0.637 0.262 
 
As Table 7.6 indicates, the Weibull distribution provides the most appropriate distribution 
for representing the statistical distribution of the FRP efficiency factor. The mean and the 
coefficient of variation of the fitted distribution are very close to those of the data. Figure 
7.10 shows the fitted Weibull distribution graphically. As is seen, the distribution 
reasonably fits the histogram of the data. Realfonzo and Napoli (2011) also used the 
Weibull distribution for representing the FRP efficiency factor. However, they did not 
compare the goodness-of-fit of this distribution with other distributions. Furthermore, their 
experimental database was smaller than the one considered in this study. 
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Figure 7.10: The best-fit Weibull distribution for the FRP efficiency factor 
The histogram shown in Figure 7.10 is based on 549 test data. The fitted Weibull 
distribution can be used in any reliability analysis for probabilistically representing the FRP 
efficiency factor. Previous discussions in this section showed that there is no significant 
correlation between this factor and the mechanical properties of FRP and concrete. This 
factor has a random nature and it is hard to establish any relation between it and the other 
measured parameters. Nevertheless, the negative correlation existing between this factor 
and the concrete strength and FRP jacket stiffness, though not strong, can be considered 
in the reliability analysis. 
 
7.5 FE model 
Although many researchers have used the finite element (FE) method to model the 
behaviour of FRP-confined columns, none of these studies has dealt with assessing the 
performance of FE models in terms of model error or other indicators. In this study, using 
the aforementioned experimental database, the model error associated with the proposed 
FE model is evaluated. Furthermore, for this model error, a probabilistic model is sought. 
The commercial software ANSYS 12.0 (ANSYS, 2012) is used to perform the numerical 
nonlinear analysis, capturing nonlinearity in the material and geometry of FRP-wrapped 
concrete columns. A parametric algorithm was developed inside the software to 
automatically generate the mesh for various geometric shapes and material properties. 
This was helpful in that different combinations of the variables could be processed with 
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minimal data entry. Due to the symmetrical shape of the cylindrical specimens considered 
in this study, axisymmetric plane strain analysis can be used. 
 
7.5.1 Material properties 
7.5.1.1  Concrete 
Drucker-Prager-type material is used for modelling the multi-axial behaviour of the 
concrete material. The classic Drucker-Prager material behaviour is based on the linear 
relationship between the first and the second stress invariants. The model proposed in 
Chapter 6 of this dissertation is used for the Drucker-Prager plasticity model. In Chapter 6, 
it was shown that the linear relationship between the stress invariants has a better fit than 
the linear relationship between the axial and the lateral stresses. Considering the 
analytical model proposed for classic Drucker-Prager material, the following expressions 
will be used in defining Drucker-Prager material in the implemented FE procedure. 
 
'
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The Drucker-Prager model used in this study is an elastic-perfectly-plastic model. 
Therefore, prior to reaching the ultimate strength of unconfined concrete, the behaviour is 
assumed elastic. After reaching this point, the behaviour of confined concrete will rely on 
the stiffness of the FRP jacket. As the behaviour of FRP material is linear, the final 
resultant stress-strain curve will be a bilinear curve. 
 
The plastic flow potential function considered for concrete material that has a Drucker-
Prager shape. However, non-associative plastic potential flow is used in this study. Details 
of derivation of this plastic potential function are discussed in Chapter 6 of this dissertation. 
In Eqs. 7-19(a to c), the plastic potential function used for concrete material is shown. In 
this function, the pressure sensitivity parameter depends on the dilation properties of 
confined concrete. 
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The expression shown in Eq. 7-19 is the result of a statistical analysis that considers an 
extensive experimental database on FRP-confined concrete cylinders. Depending on the 
normalised stiffness of the FRP jacket, the above equation may result in a positive or 
negative dilation angle. In Eq. 7-19, if the pressure sensitivity parameter is set equal to the 
pressure sensitivity factor in the Drucker-Prager yield surface, an associative plastic 
potential function results. 
 
7.5.1.2  FRP composite 
FRP composites are anisotropic, that is, their properties are different in different directions. 
A schematic of FRP composites is shown in Figure 7.11. As is seen, the uni-directional 
lamina has three orthogonal planes of material properties (i.e., x-y, x-z, and y-z planes). 
The x-y-z coordinate axes are referred to as the principal material coordinates, where the x 
direction is the same as the fibre direction, and the y and z directions are perpendicular to 
the x direction. Therefore, in order to model FRP composite materials, orthotropic material 
properties are required. 
 
 
Figure 7.11: Schematic of FRP composites 
FRP composite material is known to behave elastically up to its brittle failure. There is no 
yield point, and up to failure, the stress-strain relationship is linear. Since, in this study, 
post-failure behaviour of the confined specimens is not of interest, the FRP material can 
be defined as a linear elastic material with orthotropic behaviour. In Figure 7.12, a typical 
stress-strain relation of FRP material in fibre direction is shown. 
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Figure 7.12: FRP material model considered for the numerical analysis in ANSYS 
 
7.5.2 Element types 
7.5.2.1  Concrete element 
For two-dimensional modelling, axisymmetric plane strain analysis can be used. In this 
case, the element PLANE42 can be used. PLANE42 element is an axisymmetric plane 
element of four nodes to represent the material concrete. The element is defined by four 
(or three) nodes, having two translational degrees of freedom at each node. Figure 7.13 
shows the general geometry of the PLANE42 element. 
 
 
Figure 7.13: PLANE42 element geometry (ANSYS, 2012) 
It should be noted that this element does not have cracking capability. Therefore, in cases 
where tensile stresses are probable, this element cannot be used for modelling concrete. 
Since in this study, all of the considered specimens in the collected experimental database 
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are subjected only to compression, and no tensile stress is expected, axisymmetric 
analysis with PLANE42 element can be used for modelling concrete. 
 
7.5.2.2  FRP element 
The two-node SHELL208 element with membrane-only behaviour can be used for 
modelling the FRP wrap. Figure 7.18 illustrates the geometry of the SHELL208 element. 
The two nodes of this element lie in the axisymmetric plane. The local x direction 
corresponds to the meridional direction of the shell element. The local y direction is the 
circumferential. The local z direction corresponds to the through-the-thickness direction. 
 
 
Figure 7.14: SHELL208 element geometry (ANSYS, 2012) 
The element is a multilayer element. In order to model the FRP composite, one layer (with 
orthotropic material properties representing the saturant and fibres) is used.  
 
7.5.3 Geometry and meshing 
Taking advantage of the symmetrical circular shape of the considered FRP-confined 
cylinders, axisymmetric modelling can be used, as shown in Figure 7.15. In this two-
dimensional model, half of the vertical cross-section of the cylinders is modelled. Using 
appropriate boundary conditions, the real conditions in the FRP-confined cylinders can be 
simulated. Figure 7.15 shows all of the boundary conditions, as well as the element types 
used in this axisymmetric model. 
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Figure 7.15: Geometry, meshing and element type of axisymmetric model 
Vertical and horizontal restraints are applied at the bottom face of the model. On the other 
hand, nodes on the top face of the model are constrained in the horizontal (radial) 
direction. Due to symmetry, the horizontal movement of the nodes on the axis of revolution 
are restrained. For the case of FRP axisymmetric shell element, one layer with orthotropic 
material properties is used. 
 
As the geometry of the two-dimensional element is rectangular, only rectangular PLANE42 
element and vertical SHELL208 elements are used in the FE model. The mesh size used 
for all analyses in this study was 10mm. This fine mesh size is adequate for obtaining 
accurate FE results. 
 
7.6 Analytical model 
7.6.1 Strength model 
Linear as well as nonlinear models have been proposed for predicting the ultimate strength 
of FRP-confined columns in the past. However, due to their simplicity and their adequate 
accuracy, linear models are more convenient. These linear models generally follow the 
original form suggested by Richart et al. (1928). The form of expression suggested by 
Richart is based on the well-established Mohr-Coulomb failure criterion, which is a 
classical failure criterion for confinement applications. In this study, this linear model is 
used to predict the ultimate strength of FRP-confined columns. The analytical method 
presented here is based on the vigorous analysis of the actively confined specimen 
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presented in Chapter 6 of this dissertation. Previous discussions in Chapter 6 showed that 
the ultimate strength of confined concrete is nearly path-independent. Therefore, the linear 
model presented for actively confined concrete can be extended for use in FRP-confined 
columns. In Eqs. 7.20(a & b), the predictive model for confined concrete is shown. 
 
' 3.29ccu c raf f f   7-20a 
2 fu
ra
k
f
D

  7-20c 
 
In the above equation, the active pressure is replaced with the actual FRP-exerted 
pressure, fra. The parameter D represents the diameter of the circular concrete column, 
and σfu and kε are the ultimate strength of FRP and the FRP efficiency factor, respectively. 
The slope parameter, 3.29, was calibrated based on extensive experimental data from the 
literature relating to actively confined concrete specimens. For comparison, models 
proposed by other researchers are also considered for the statistical analysis. 
 
7.6.2 Ductility model 
Predicting the ultimate strain of FRP-confined concrete is more challenging than predicting 
its strength. Table 7.1 shows some of the proposed expressions for evaluating the ultimate 
strain of FRP-confined concrete. As is shown in this table, there is considerable diversity in 
the forms of expressions proposed for predicting the ultimate strain of FRP-confined 
concrete. Due to the inherent complexity in the deformation behaviour of confined 
concrete, establishing a purely theoretical expression, which is based on the mechanical 
properties of confined concrete, is not possible. Therefore, most of the available formulae 
are partly based on regression analysis. In this section, a brief review of the available 
models is presented. Then, based on the previous discussion of the dilation behaviour of 
confined concrete, a new model for predicting the ultimate strain of FRP-confined concrete 
is proposed. 
 
7.6.2.1  Existing models 
One of the earliest models proposed for predicting the strain of actively confined concrete 
at peak stress, is the Richart et al. (1928) model. Eq. 7-21 shows this model. 
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 7-21 
 
In Eq. 7-21, fccu and εccu are the stress and strain of confined concrete, while f’c and εc0 are 
the stress and strain of unconfined concrete. By introducing new coefficients (6.0 and 0.83 
instead of 5.0 and 0.80), Imran and Pantazopoulou (1996) modified this expression 
slightly. They used their own experimental data to calibrate these new coefficients. 
Saadatmanesh et al. (1994) adapted this model for FRP-confined concrete. Similar 
formulae with modified coefficients have been used by Saffi et al. (1999) and Toutanji 
(1999). Eqs. 7-22(a & b) shows these proposed models. 
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    
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(Toutanji, 1999) 7-22b 
 
In Eq. 7-22, εfu is the ultimate strain of the FRP wrap. Ciupala et al. (2007) adapted 
Richart’s model but used new coefficients. They also changed the linear form to a power 
equation. Eq. 7-23 shows their suggested expression. 
  
2
3
'
0
1 6.7 1.0ccu ccu
c c
f
f


 
   
 
 7-23 
If the linear relationship between the strength of confined concrete and the confinement 
pressure is used in the model proposed by Richart, an alternative form relating the ultimate 
strain of confined concrete to the lateral pressure is the result. By replacing the value of 
fccu from Richart’s confinement model (fccu = f’c + 4.1fr), the following expression (Eq. 7-24) 
results. 
 
'
0
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c c
f
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

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The above form of Richart’s model is simple and is similar to the expression proposed for 
the strength model. In the area of actively confined concrete, the above form has been 
used by many researchers. Some of the suggested equations are shown in Eqs. 7-25(a to 
c).  
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The same form of model has been adopted for FRP-confined concrete as well. In some 
cases, instead of a linear form, a power form has been used. For the sake of comparison, 
a brief summary of models having the above form is presented in Table 7.9. 
Table 7.9: Ultimate strain models relating the ultimate strain to the confinement pressure 
Model Ultimate strain 
Actual 
hoop 
strain 
Karbhari and Gao (1997) '
0
1.0 5.0ccu r
c c
f
f


   No 
Miyauchi et al. (1999) 
0.373
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f
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
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Benzaid et al. (2010) '
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Ilki et al. (2002) 
0.735
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f
f

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Li et al. (2003) '
0
1 sin
1.0 2.24
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Al-Tersawy (2007) 
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In the models shown in Table 7.9, fr and fra represent the ultimate and actual FRP stresses, 
respectively. The actual FRP stress includes the effect of the FRP efficiency factor. The 
basic idea behind all of the aforementioned models for predicting the ultimate strain of 
confined concrete is that there is a direct correlation between the confinement pressure 
and the ultimate strain of confined concrete. Although a direct correlation between the 
confinement pressure and the ultimate strain of confined concrete exists, other important 
parameters in predicting the ultimate strain are missing in the model. For example, some 
stiffness-related parameters, such as the modulus of elasticity of the FRP composite, are 
important in predicting the ultimate strain of confined concrete. Therefore, without including 
these important parameters, these models would not perform well when compared with 
experimental data. In order to address this shortcoming, researchers have tried to 
incorporate the possible important parameters relating to stiffness of the FRP jacket to the 
above forms of models. Table 7.10 summarises some examples of these modified models. 
It should be noted that these modified models do not follow a general form. If these models 
are properly calibrated, it is expected that they would have better performance than the 
previously discussed models (in terms of the confinement pressure). 
Table 7.10: Ultimate strain models relating the ultimate strain to the jacket stiffness 
Model Ultimate strain Actual hoop strain 
Shehata et al. (2007) 
0.5
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1.0 632ccu ru cc
c c f
f f
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Lam and Teng (2003) 
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De Lorenzis and Tepfers (2003) 
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Yousef et al. (2007) 
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Some researchers have developed models that are based on the lateral dilation behaviour 
of confined concrete. It seems that these types of models have a stronger theoretical basis 
than other types of models. In the case of having a stress-strain relationship with 
hardening post-yield branch (in this dissertation, only this case is considered), derivation of 
a theoretical model based on dilation would be easier. In Chapter 6, the relationship 
between the lateral and axial strains and the dilation behaviour of concrete was described 
in detail. In this section, using this statistical model, an analytical model for predicting the 
ultimate strain of confined concrete is proposed. The proposed model is based on the 
theoretical model developed by other researchers (Xiao and Wu, 2000; Berthet et al., 
2006; Tamuzs et al., 2006b). Details of the derivation of this model will be explained in the 
following sections. It is interesting to note that, in one of the earliest models proposed by 
Fardis and Khalili (1982), a direct relation between the ultimate strain of confined concrete 
and normalised jacket stiffness (with respect to concrete strength) was suggested. This 
model, which was obtained using linear regression analysis, is shown in Eq. 7-26. 
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In Eq. 7-26, it is assumed that the strain at peak stress of unconfined concrete is 0.002. 
This equation indicates that using a higher jacket stiffness leads to ductile behaviour for 
FRP-confined cylinders. 
 
7.6.2.2    Development of new model 
A typical relationship between axial and radial strains obtained for FRP-confined concrete 
cylinders is shown in Figure 7.16. As is seen, although the real relation between the axial 
and radial strains is generally nonlinear, a bilinear curve gives a good approximation. The 
initial slope of this bilinear curve represents the well-known Poisson ratio, while the slope 
of the second branch of this bilinear approximation is the ultimate dilation rate of the 
confined cylinder. The slope of the first branch represents the elastic behaviour of the 
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specimen, and is mainly dependent on the concrete properties. On the other hand, the 
dilation rate depends on the stiffness of the FRP jacket and is related to the plastic 
behaviour of the FRP-confined concrete. Steeper post-yield slopes indicate lower jacket 
stiffness and, as a result, lower ductility.  
 
 
Figure 7.16: Typical axial-radial strain of an FRP-confined concrete 
The change from an elastic to a plastic slope occurs approximately at the strain that is 
equal to the strain at the peak stress of unconfined concrete. This is one of the core 
assumptions made in this method. The plastic dilation rate, or first derivative of the axial-
radial strain relationship, can be defined as shown in Eqs. 7-27(a to d). Using the definition 
of Poisson’s ratio and by rearranging the parameters, a final expression for predicting the 
ultimate strain of confined concrete can be obtained. 
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In Eq. 7-27, μ0 and μu are the initial dilation (Poisson ratio) and the ultimate plastic dilation, 
respectively. Based on the statistical expression that was obtained for the plastic dilation of 
FRP-confined concrete in previous chapters, the final model for predicting the ultimate 
strain of FRP-confined concrete can be written as shown below (Eq. 7-28). 
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Though approximate, Eq. 7-28 has a strong theoretical basis. In a recent comparative 
study of the performance of different proposed models for the ultimate strain of FRP-
confined concrete made by Lim and Ozbakkaloglu (2013), models that follow the above 
form demonstrated very strong performance. 
 
Other types of models with combined lateral pressure and stiffness parameters have also 
been proposed. Eq. 7-29 shows one of the more recent models, which was proposed by 
Teng et al. (2009). This is a modification of the model that was previously proposed by 
Lam and Teng (2003). The other model was proposed by Ozbakkaloglu and Lim (2013), 
and is shown in Table 7.1. This model used the jacket stiffness as one of the main 
parameters affecting the ultimate strain. However, it did not use the form of model that is 
presented in Eq. 7-29.  
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7.7 Statistical analysis of the model error 
Performance of any proposed model should be tested against experimental results. One of 
the common indicators used to assess predictive models is the model error, which is 
defined as the ratio of the actual test result to the value resulting from the predictive model. 
In Eq. 7-30, the mathematical definition of the model error is shown. In this section, the 
model value is the value that has resulted from the proposed models. 
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In Eq. 7-30, ME shows the model error and Xmodel and Xtest are the model and test values. 
Models with an average model error close to 1.0 are good predictive models. However, the 
coefficient of variation of the model error that shows the level of the uncertainty in the 
proposed model is also important. The model error shown in Eq. 7-30 is the most 
appropriate form for use in reliability analyses. From a statistical point of view, there are 
other common forms of model error. However, they are not suitable for use in reliability 
analyses. These forms of model error can be used to compare different proposed models. 
In this study, for comparing the proposed analytical and FE models with models by other 
researchers, the following model performance indicators will be used: 
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In Eqs. 7-31(a to d), MAPE is the mean absolute percentage error, while NMSE is the 
normalised mean square error. For both of these indicators, a value close to zero shows 
good performance for the model. It is worth mentioning that in the regression analysis that 
is used to find the best-fit predictive model for the data, one of the above indicators is 
minimised. For the case of aforementioned model error (ratio of test to model), the 
following statistical measures are evaluated.  The standard deviation (SD) of the model 
error can be compared with MSE and MAPE indicators. The average of the model errors is 
called the trend line. A trend line with a slope of 45 degrees indicates a good predictive 
model. 
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The ratio of the SD to the slope indicators shows the coefficient of variation of the model 
error. In this study, in addition to finding the above statistical measures for the model error, 
the best-fit probability density function is also studied. 
 
7.7.1 Strength 
For the sake of comparison, some of the design-oriented models previously proposed by 
other researchers are also subjected to comparison with the experimental results collected 
in this study. Similar to previous statistical analyses, any outlying data are removed from 
the database. The criterion for removing the outliers is based on the average and the 
standard deviation of the resulting model error. If the model error falls beyond the average 
plus/minus 2.5 times the standard deviation, the data from that specific test result will not 
be considered for the statistical analysis. In Table 7.11, results of the statistical analysis on 
all considered strength models are shown. It should be noted that the Lam and Teng 
(2003) and Teng el al. (2009) models for strength are identical. In the process of removing 
the outliers, few experimental data have been removed. The average of the removed data 
for each of the considered models is less than 5% of the total data. In terms of the 
goodness-of-fit measure, all models show high performance, with small coefficients of 
variation for model error and a mean value that is very close to 1.0. 
Table 7.11: Statistical measures of model error and goodness-of-fit for strength models 
Model 
Model Error 
MAPE NMSE 
Mean COV 
Lam and Teng (2003) 0.979 0.155 0.133 0.033 
Berthet et al. (2006) 0.961 0.156 0.140 0.037 
Tamuzs et al. (2006a) 0.876 0.158 0.199 0.074 
Teng et al. (2009) 0.979 0.155 0.133 0.033 
Ozbakkaloglu and Lim (2013) 0.989 0.165 0.139 0.036 
Proposed analytical 0.983 0.156 0.133 0.034 
Proposed FE 0.985 0.174 0.148 0.040 
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As shown in Table 7.11, except for the Tamuzs et al. (2006b) model, all models predict the 
ultimate strength with accurate precision. The proposed analytical model, which is very 
close to Lam and Teng’s (2003) model, performs very well, and along with this model has 
the lowest coefficient of variation. Considering the simplicity of the linear models and the 
above results, it can be concluded that there is no need to present complex models for 
predicting strength. According to Ozbakkaloglu and Lim (2013), their strength model 
showed the best performance amongst all of the considered models in their study. 
However, this was not observed in this study. It should be noted that they used a different 
method for excluding the outlying data. Moreover, the size and content of their 
experimental database was different from that used in this study. Considering a more 
complex form of Ozbakkaloglu and Lim’s (2013) model, the proposed analytical model in 
this study outperforms their model, especially when the coefficient of variation for the 
model errors are compared. It is interesting to note that the proposed analytical model was 
calibrated using experimental data on actively confined concrete. However, despite this, it 
shows very high performance when used for FRP-confined concrete as well. 
 
The classic Drucker-Prager model used in the FE model has also shown good 
performance. It is worth mentioning that the performance of all proposed models is 
subjective (to the size of the experimental database and the methods used for data 
cleaning). However, all of the considered strength models seem to be suitable for 
predicting strength. Figure 7.17 illustrates a visual comparison between the models 
considered in this study. 
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Figure 7.17: Comparison between performances of considered strength models 
One interesting visible result in Figure 7.17 is that although the proposed FE model shows 
a higher coefficient of variation when compared with the Tamuzs et al. (2006a) model, it 
exhibits a considerable lower MAPE as goodness-of-fit measure. Therefore, the selected 
goodness-of-fit measure is also a factor when different models are compared to one 
another.  
 
For comparison between CFRP- and the GFRP-confined concrete, at this stage, the 
collected experimental database is divided, with results presented separately for the 
CFRP- and the GFRP-wrapped specimens. Table 7.12 shows the statistics of the divided 
database. In the results shown in Table 7.12, the outliers have been removed from the 
database. Except for the FE model, the GFRP database shows a higher coefficient of 
variation and a lower average for the model error. As the results do not differ considerably, 
no conclusion on differentiating the CFRP- and GFRP-confined specimens can be drawn. 
Furthermore, the statistical results depend on the size of the database, and here, the sizes 
of the CFRP and GFRP databases are not similar. On the other hand, since GFRP wraps 
provide lower lateral pressure on average, slight differences between the CFRP- and 
GFRP-confined models are expected. Nonetheless, due to the difference being small, only 
one database (including all of the CFRP- and GFRP-confined specimens) is considered in 
this study. 
Table 7.12: Statistics of strength model for CFRP- and GFRP-confined concrete 
Model 
CFRP GFRP 
Model Error 
MAPE NMSE 
Model Error 
MAPE NMSE 
Mean COV Mean COV 
Lam and Teng (2003) 1.006 0.146 0.118 0.031 0.894 0.155 0.181 0.054 
Berthet et al. (2006) 0.986 0.146 0.122 0.035 0.882 0.162 0.198 0.064 
Tamuzs et al. (2006a) 0.897 0.144 0.170 0.069 0.812 0.181 0.289 0.124 
Teng et al. (2009) 1.006 0.146 0.118 0.031 0.894 0.155 0.181 0.054 
Ozbakkaloglu and Lim (2013) 1.018 0.152 0.122 0.031 0.889 0.151 0.182 0.051 
Proposed analytical 1.010 0.146 0.117 0.030 0.898 0.154 0.178 0.053 
Proposed FE 1.024 0.163 0.131 0.036 0.857 0.136 0.201 0.051 
 
The final step of the statistical analysis is to find the best-fit probabilistic model for the 
strength model error. For the sake of briefness, in the process of finding the best-fit 
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probability density function, only the proposed models will be considered. Table 7.13 
shows the results of probability density fitting for the strength model error. Through the AD 
measure, the goodness-of-fit is assessed. Distribution parameters, as well as the 
corresponding mean and coefficient of variation for the fitted distributions, are shown in 
Table 7.13. 
Table 7.13: Goodness-of-fit of the considered probability models for strength model error 
Model 
Analytical FE 
AD Shape Scale Mean COV AD Shape Scale Mean COV 
Lognormal 0.50 -0.03 0.16 0.983 0.159 0.53 -0.03 0.18 0.984 0.177 
Gamma 0.48 40.83 0.02 0.980 0.156 0.48 33.26 0.03 0.998 0.173 
Weibull 5.58 6.79 1.05 0.980 0.173 5.18 6.12 1.06 0.982 0.190 
 
 
As shown Table 7.13, for both the analytical and FE strength model errors, Gamma 
distribution provides the best fit for the probability density function. However, the 
Lognormal distribution is very close to it, and both can be used for representing the 
strength model error. Graphical presentations of the model error and the best-fit probability 
density function are shown in Figure 7.18. The probability plots and the 95% confidence 
level lines for the fitted Gamma distributions are also shown. The relatively narrower 
histogram of the analytical strength model error (in comparison with the FE model) clearly 
confirms its lower coefficient of variation. 
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a) Analytical model b) FE model 
Figure 7.18: Histogram and best-fit probability density function for strength model error 
In summary, using the Gamma or Lognormal distributions, the strength model error can be 
probabilistically modelled. Table 7.14 summarises the proposed models for the ultimate 
strain. In Table 7.14, the Drucker-Prager yield function (with the fitted parameters) is 
shown as the proposed model. The Lognormal distribution could also be used. All of the 
parameters in Table 7.14 were defined previously. In the subsequent section, the 
proposed probabilistic model will be used to assess the uncertainty in the evaluation of the 
ultimate strength of FRP-confined columns. 
Table 7.14: Summary of the proposed probabilistic analytical and FE models for strength 
 Analytical model FE model 
Model ' '
2
1.0 3.29
fu fccu
c c
k tf
f Df

   '
2 10.25 0.33 cF J I f    
Mean 0.980 0.990 
COV 0.156 0.173 
Distribution Gamma Gamma 
 
7.7.2 Ductility 
Similar to the statistical procedure used for the strength model error, in this section the 
statistics and the best-fit probability density function for the ultimate strain of ductility model 
error are derived. Table 7.15 presents the resulting statistical measures of the ultimate 
strain model error, before and after removing the outliers.  
Table 7.15: Statistical measures of model error and goodness-of-fit for ductility models 
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Model 
Model Error 
MAPE NMSE 
Mean COV 
Lam and Teng (2003) 0.812 0.307 0.455 0.549 
Berthet et al. (2006) 1.176 0.322 0.313 0.293 
Tamuzs et al. (2006b) 0.923 0.276 0.297 0.168 
Teng et al. (2009) 0.828 0.304 0.421 0.396 
Ozbakkaloglu and Lim (2013) 1.000 0.282 0.280 0.206 
Proposed analytical 0.916 0.272 0.298 0.177 
Proposed FE 0.900 0.309 0.352 0.125 
 
As shown in Table 7.15, Ozbakkaloglu and Lim’s (2013) study provides a unity average for 
the model error. However, it does not provide the best goodness-of-fit results in 
comparison to the model proposed by Tamuzs et al. (2006b). The proposed analytical 
model leads to the lowest coefficient of variation for the model error; however, it 
overestimates the ultimate strain. The proposed FE model performs similarly. As the 
proposed analytical model has the same form as the Tamuzs et al. (2006b) model, they 
perform very similarly. However, because they use different expressions for estimating the 
ultimate dilation rate, they show different goodness-of-fit indicators. The Berthet et al. 
(2006) model also follows a similar form with a different form of dilation equation. One 
interesting result observed in Table 7.15 is that, regardless of the model used for 
evaluating the ultimate strain, the coefficient of variation ranges between 0.27 and 0.32. 
This confirms the highly uncertain nature of the ultimate strain of FRP-confined concrete. 
This level of uncertainty is thought considerable in comparison to that obtained for the 
ultimate strength model. It is approximately twice the coefficient of variation of the strength 
model.  
 
In order to adjust the average of the model error for the proposed models, further 
modification on the ultimate plastic dilation expressions used in these models is required. It 
should be noted that the expressions proposed for the dilation behaviour of FRP-confined 
concrete were calibrated using about 200 experimental data on strain-stress graphs. 
However, these equations are now tested against a much larger database. Despite 
performing quite well, they do not result in a unity average for the model error, and a slight 
modification is required. For the analytical model, overestimation of the model error means 
that the dilation equation should be increased. By increasing the dilation rate (slope of the 
axial-radial strain curve), the ultimate strain of FRP-confined concrete will reduce. The 
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increasing factor is simply the reciprocal of the current model error average. The final 
equation for the dilation rate is shown in Eq. 7-33. 
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'
2
8.85
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 7-33 
 
It should be noted that the form of the dilation rate equation was retained but scaled. 
Performance of the new modified equation will be assessed later. It is worth mentioning 
that the above modification has negligible effect on the overall shape of the dilation rate 
function. Although, mathematically, Eq. 7-33 has a horizontal asymptote and eventually 
approaches zero, for practical ranges of the normalised jacket stiffness, it approaches a 
value around 0.30, and scaling the function does not affect this asymptotic value. On the 
other hand, due to the special shape of the power function, the absolute value added to 
the dilation rate is more pronounced in the low-range normalised jacket stiffnesses. This 
means that, in absolute terms, the scaling affects the lower range of the dilation rates more 
that it affects the higher range. 
 
For modifying the dilation equation that was used in the FE model, more insight into the 
statistical analysis is required. The pressure sensitivity parameter in the Drucker-Prager-
type plastic potential is one-sixth of the volumetric strain rate, Ψ. Therefore, having this 
simple linear relationship between the dilation rate and the volumetric strain rate, 
modification of the plastic volumetric dilation rate is adequate. The volumetric dilation rate 
is defined as a function of normalised jacket stiffness. Therefore, the main parameter used 
to discover the reason behind the difference between the experimental and the FE results 
for the ultimate strain of confined concrete is the normalised jacket stiffness. As a 
reminder, the relation between the volumetric dilation rate and the normalised jacket 
stiffness is rewritten in Eq. 7-34. 
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In order to investigate the relation between the resultant model error and the normalised 
jacket stiffness, and to find out the required modification to this relation, the scatter of data 
relating the model error to the normalised jacket stiffness is illustrated in Figure 7.19a. This 
 Chapter 7: Reliability aspects of the FRP-confined Columns 293 
 
 
figure clearly shows that there is a noticeable positive correlation between the model error 
and the normalised jacket stiffness. The correlation factor between these parameters is 
about 0.35. Having a larger model error for higher jacket stiffness indicates that the 
volumetric dilation rate for higher jacket stiffness should be reduced (to have higher FE 
results and consequently lower model error).  
 
  
a) Before modification b) After modification 
Figure 7.19: Scatter of the model error based on the normalised jacket stiffness 
Figure 7.19a shows that the model error has a slight systematic relation with the jacket 
stiffness, which is not acceptable in a statistical analysis and which indicates that 
modification of the FE model is required. From Figure 7.19a, it can be seen that for low 
jacket stiffness, the model is error is lower than 1.0, while for higher jacket stiffness, the 
model error tends to increase to above 1.0. This result shows that for low jacket stiffness 
the volumetric dilation rate or the dilatancy angle should be increased, while for high jacket 
stiffness it should be decreased. Due to the special logarithmic function of the volumetric 
dilation rate, shown in Eq. 7-34, this can be achieved by multiplying the whole function by 
a single scaling factor. This linear scaling retains the function shape (and indeed the point 
at which the dilation turns to contraction). However, it shifts the left part of the function up 
and the right part down, and this satisfies the required modification criteria.  
 
In order to find the appropriate scaling factor, a trial and error procedure was carried out. 
In every trial, the average of the model errors was checked, and the trial was continued 
until an average value close to 1.0 was achieved. Since nonlinear FE analysis is a very 
time-consuming process, this model error adjustment took considerable time. Figure 7.19b 
illustrates the scatter between the model error and the jacket stiffness after the 
modification. It can be seen that the dependency between these variables is lower and no 
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clear correlation is visible. In Figure 7.20, the original and the modified equations for the 
volumetric rate are shown. 
 
 
Figure 7.20: Shape of function relating the jacket stiffness to the volumetric dilation rate 
As is seen in Figure 7.20, the effect of scaling is more pronounced on the lower jacket 
stiffness than it is on the higher jacket stiffness. Another observation that can be made is 
that, despite using a relatively large factor of about 1.75, the shape of the function is not 
altered dramatically, especially for the high jacket stiffness region. Both the performed 
adjustments on the analytical and FE models owe their accuracy to the large size of the 
collected database, and this does not detract any value from the original expressions that 
were calibrated using the stress-strain relationship of the database, as presented in the 
previous chapters of this dissertation. The database used in this chapter is complementary 
to the previous one, and thus the extraction of the dilatancy angle and dilation rate directly 
from the stress-strain relation is more precise. 
 
After adjusting the dilation equation, the statistical measures of the model error of the 
proposed analytical and FE methods are once more evaluated. The adjustment not only 
improves the model error average, but also it improves the goodness-of-fit measures. 
Figure 7.21 shows a comparison between different statistical indicators of the model error 
and goodness-of-fit measures. For a clearer comparison, results for each of the statistical 
measures are shown separately. 
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Figure 7.21 shows that the proposed analytical and the FE models perform very well. The 
model proposed by Ozbakkaloglu and Lim (2013), which is the other most recent proposed 
model, outperforms all other considered models. However, both the proposed analytical 
and FE models outperformed it in all of the goodness-of-fit measures. Nevertheless, 
comparison of analytical models is always subject to the collected experimental database, 
and the database collected here is different from that considered by Ozbakkaloglu and Lim 
(2013). Despite the difference in the collected databases, approximately similar statistical 
measures resulted. For example, Ozbakkaloglu and Lim (2013) reported a MAPE and a 
coefficient of variation of 0.217 and 0.272 for their analytical models. In this study, these 
values are 0.280 and 0.282, respectively. It should be noted that both models proposed by 
Tamuzs et al. (2006b) and Berthet et al. (2006), which are of a similar form to the 
proposed analytical model in this study, could be modified for better performance. 
 
  
  
Figure 7.21: Comparison between the considered models for the ultimate strian 
In this step, based on the results obtained for the ultimate strain or ductility model error, 
the best-fit probability function is evaluated. The outliers are removed before performing 
the fitting procedure. Three of the most common probability density functions with positive 
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domains are considered. Goodness-of-fit of the probability density function is assessed 
using the Anderson-Darling (AD) measure. Table 7.16 shows the goodness-of-fit indicators 
as well as the parameters of the fitted probability density function. Corresponding means 
and coefficients of variation are also shown in this table. 
Table 7.16: Goodness-of-fit of considered probability density functions for the ultimate strain 
Model 
Analytical FE 
AD Shape Scale Mean COV AD Shape Scale Mean COV 
Lognormal 8.27 -0.05 0.30 0.998 0.311 6.10 -0.03 0.31 1.014 0.315 
Gamma 4.43 12.03 0.08 0.997 0.288 2.94 11.55 0.09 1.011 0.294 
Weibull 0.49 4.15 1.09 0.994 0.271 0.44 3.99 1.12 1.011 0.282 
 
 
The results in Table 7.16 show that the Weibull distribution is superior to the Lognormal 
and Gamma distributions. Therefore, the best-fit distribution for the ultimate strain in both 
proposed models is the Weibull distribution. Graphical representation of the model error 
histogram, along with shape of the best-fit Weibull distribution, is shown in Figure 7.22. 
Furthermore, a probability plot of the model error is also shown. For the analytical and FE 
models, the results are separately illustrated.  Figure 7.22 illustrates the best-fit probability 
density functions for the model error of the FE and analytical models. 
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a) Analytical model b) FE model 
Figure 7.22: Best-fit probability density function for the ultimate strain model error 
In summary, for the proposed models, Weibull distribution can be used with the mean and 
coefficient of variation shown in Table 7.16. Table 7.16 summarises the proposed models 
for the ultimate strain. The accuracies of the proposed analytical and FE models are very 
similar, with the analytical method showing better performance. 
Table 7.17: Summary of the proposed analytical and FE models for the ultimate strain 
 Analytical model FE model 
Model 
0.75
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f f fuccu
c c f c
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
 
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Mean 0.994 1.011 
COV 0.271 0.282 
Distribution Weibull Weibull 
 
7.8 Probabilistic analysis 
In this section, using the previously calibrated models for the ultimate strength and strain 
of FRP-confined columns, the level of uncertainty in predicting these parameters is 
assessed with consideration given to the variability in material properties and model error. 
The lower bound values of ultimate strength and ductility are proposed. The analytical and 
FE models and the corresponding model error were derived in the previous section. These 
models are used as a basis for the reliability analysis in this section. 
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7.8.1 Statistical models 
All material properties are treated as random variables. A full discussion of the basic 
random variables in the design of reinforced concrete structures can be found in Chapter 3 
of this dissertation. A summary of the statistical models that will be used in the reliability 
analysis of this section is shown in Table 7.18. Statistical analyses in the previous section 
showed that the probabilistic models for the analytical and FE models are very close. 
Therefore, for the sake of simplicity, the same model error is used for both the analytical 
and FE models. The mean and the standard deviation of the model error are rounded. The 
statistical models shown in Table 7.18 are typical values, and the reliability-based 
methodology explained in this section does not depend on these models. 
Table 7.18: Statistical models of main random variables (FRP-confined concrete) 
Variable Nominal Bias COV Distribution Reference 
 D 150 mm 1.00 0.02 Lognormal  
C
o
n
c
re
te
 
f’c 32 MPa 1.21 0.14 Lognormal 
Attard and 
Stewart 
(1998) 
εc0 0.00256 1.00 0.20 Lognormal This study 
νc 0.20 1.00 0.14 Weibull This study 
C
o
m
p
o
s
it
e
 tf 1.20 mm 1.00 0.05 Lognormal 
Atadero et al. 
(2005) 
Ef 64900 MPa 1.10 0.20 Lognormal 
σfu 887.1 MPa 1.17 0.15 Weibull 
kε 0.637 1.00 0.25 Gamma This study 
M
o
d
e
l 
E
rr
o
r δfccu 1.00 1.00 0.16 Gamma 
This study 
δεccu  
1.00 1.00 0.28 Weibull 
 
 
The mechanical properties of the FRP laminate shown in Table 7.18 are based on the 
statistical study by Atadero et al. (2005). The results appertain to one layer of CFRP 
laminate. According to the mentioned study, the correlation between the laminate’s 
thickness and the ultimate strength and the modulus of elasticity of the laminate are 
approximately -0.52 and -0.36, respectively. There is a positive correlation of about 0.31 
between the ultimate strength and modulus of elasticity of the laminate. These correlation 
coefficients are considered in the reliability analysis. It should be noted that, for simplicity, 
the bias factors and the coefficients of variation have been rounded. From the previous 
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sections, it was found that the correlation between the FRP efficiency factor and the 
concrete compressive strength and FRP modulus of elasticity is negative. Table 7.19 
shows the correlation matrix used in the reliability analysis.   
Table 7.19: Correlation among the main random variables 
 tf Ef σfu kε f’c εc0 νc 
tf 1.0 -0.36 -0.52 0.0 0.0 0.0 0.0 
Ef  1.0 0.31 -0.10 0.0 0.0 0.0 
σfu   1.0 0.0 0.0 0.0 0.0 
kε    1.0 -0.20 0.0 0.0 
f’c     1.0 0.40 0.28 
εc0      1.0 0.0 
νc       1.0 
 
7.8.2 Analytical model 
According to the developed analytical models, the enhancement of strength and strain due 
to the addition of FRP is as shown in Eqs. 7-35(a & b). 
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 7-35b 
 
In the above equation, parameter δ denotes the model error. All other parameters have 
been previously defined. In the following, in two separate steps, the ultimate strength and 
strain of the FRP-confined concrete will be probabilistically assessed. 
 
7.8.2.1 Ultimate strength model 
Here, the statistical models shown in Table 7-20 are used as an application example of the 
proposed model, in order to find the characteristic and mean values of the strength 
enhancement. As well, the coefficient of variation of the strength enhancement is 
evaluated. In order to investigate the importance of different random variables on the 
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strength enhancement, a sensitivity analysis based on the MCS results is carried out. 
Using the numerical simulation results, the probability density function, which fits the 
strength enhancement, is also determined.   
 
Table 7.20 shows the results of the reliability analysis of the strength enhancement value 
for the considered application example. In Table 7.20, the subscripts k, n, and m denote 
the characteristic, nominal and average values of the strength enhancement, respectively. 
The characteristic value is based on the 5th percentile. The results for the nominal and 
characteristic values in Table 7.20 show that, in order to have a safe design with a 95% 
confidence level, only about 57% (from the numerical solution) of the characteristic 
strength enhancement (according to the predictive model) should be considered.  
Table 7.20: Results of reliability analysis for the strength enhancement 
Method  cc nf  
 
 
cc m
cc n
f
f


  cc COVf   cc kf  
 
 
cc k
cc m
f
f


 
 
 
cc k
cc n
f
f


 
Numerical   29.565 1.168 0.334 16.924 0.490 0.572 
 
The resulting coefficient of variation for strength, which is about 0.33, is due to variation in 
the material properties, as well as to model error. In order to investigate the level of 
importance of each of the considered random variables on the variability in strength 
enhancement, a sensitivity analysis based on simulated data is conducted. The Pearson 
correlation coefficient is used to find the sensitivity of strength enhancement to the 
independent random variables. Figure 7.23a shows the correlation between the strength 
enhancement and each of the considered random variables. In another comparison, the 
absolute normalised values of the correlation coefficients are used. These normalised 
coefficients show the relative sensitivity of the response to each of the main random 
variables. The pie graph in Figure 7.23b illustrates these sensitivity factors. 
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a) Pearson’s correlation coefficients b) Normalised coefficients 
Figure 7.23: Sensitivity of strength enhancement to the main random variables 
In Figure 7.23, the parameter δ denotes the model error. The importance of each random 
variable is nearly proportional to its coefficient of variation. However, the existing 
correlation among the random variables can change this proportional relation. The 
sensitivity that is used here is based on the simulated data, and is a better representative 
of the actual sensitivity factors. Figure 7.23a shows that the cylinder’s diameter and the 
FRP laminate’s thickness have an adverse effect on the strength enhancement. Because 
the diameter is in the denominator of the response function, its adverse effect was 
expected. However, the adverse effect of the thickness was not expected, as it is in the 
nominator of the equation expressing the strength enhancement. The negative correlation 
between the FRP strength and the laminate thickness is the source of this adverse effect. 
Although increasing the thickness should logically increase the strength, due to its 
negative correlation with the FRP strength it would in fact reduce the strength. Based on 
the values of the correlation coefficient and the coefficient of variation, the final effect of 
the thickness on the strength enhancement is adverse. Figure 7.23 shows that the FRP 
efficiency factor is the most important parameter affecting strength enhancement. One 
important conclusion that can be drawn from Figure 7.23 is that the model error only 
contributes to about a quarter of the uncertainty in the strength enhancement model. 
Therefore, considering adequate accuracy of different available models for the ultimate 
strength of FRP-confined cylinders, it seems that more attention should be paid to 
developing a probabilistic procedure for FRP-confined columns, rather than to enhancing 
the accuracy of predictive models.  
 
Now, using the numerical simulation results, 5th and 95th percentile values of the 
normalised enhancement (with respect to the nominal value) are shown graphically in 
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Figure 7.24. Furthermore, the percentile value corresponding to the nominal value is also 
shown in the figure. It is worth mentioning that the percentile value of the mean strength 
enhancement value is about 52%, although this is not shown in the figure for the sake of 
providing clarity. As is seen in Figure 7.24, the percentile value corresponding to the 
nominal value is about 34%. Therefore, even by using the nominal values of the sectional 
dimension and material properties, the confidence level of the strength enhancement value 
is about 0.66. Design codes usually use the 5th percentile value as the characteristic value 
for material properties, such as concrete compressive strength. In design based on the 5th 
percentile value, there is a 95% chance that the actual material property exceeds the 
design value. 
 
 
Figure 7.24: Different percentile values of normalised strength enhancement 
Although the reliability analysis results (shown in this section) depend on the statistical 
models of the main random variables, for any combination of statistical models the 
implemented methodology in this section is valid. Choice of the percentile value for the 
characteristic value of any of the material properties is a decision that is made by code 
development authorities, and is beyond scope of this study. Here, since it is a commonly 
used value, the fifth percentile is used to find the characteristic predictive expression for 
the ultimate strength of FRP-confined columns. As an example, using the values shown in 
Figure 7.24 leads to the following equations for the nominal and the characteristic 
predictive models for strength. It is worth mentioning that, in the code calibration 
procedure, using the characteristic values instead of the nominal values is one of the 
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factors affecting the resistance safety factor. The resistance reduction factor is the other 
partial safety factor that is adjusted during the probabilistic-based code calibration. 
 
  '
2
3.27
n fun fn
ccu cn
n
k t
f f
D
 
   (Nominal, 34th percentile) 7-36a 
  '
2
1.86
n fun fn
ccu ck
n
k t
f f
D
 
   (Lower bound, 5th percentile) 7-36b 
 
A graphical representation of the nominal and characteristic models for the ultimate 
strength of the FRP-confined models is shown in Figure 7.25. For the sake of comparison, 
scatter of the experimental data considered in this study is also shown in this figure. The 
full strength of FRP-confined columns comprises two parts: the strength of unconfined 
concrete and the strength enhancement. In Figure 7.25, the interception point in the 
normalised curve that is equal to 1.0 represents the strength of unconfined concrete, while 
the slope of the line represents the strength enhancement factor. Therefore, in a full 
reliability-based analysis, uncertainty in the strength enhancement (from the FRP material) 
and the unconfined concrete strength (from the concrete material) should be combined 
with each other. 
 
 
Figure 7.25: Nominal and characteristic models for strength of FRP-confined concrete  
The reliability of FRP-confined columns does not depend on the resistance alone. The 
applied loads on the column are the other factors affecting the reliability of the member. 
Therefore, the above nominal or characteristic models could not capture the full situation in 
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terms of probability of failure, and a full reliability analysis involving both the resistance and 
load sides is required. In ACI 440 design code, a special reduction factor that considers 
the uncertainty in the FRP material is added to the equation used for predicting the 
ultimate strength of FRP-confined columns. Eqs. 7-37(a & b) show the expression 
proposed by the ACI 440 design code. 
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Checking the reliability of the above equation requires a full reliability analysis. In the 
subsequent sections, a full reliability analysis involving both the strength and the load 
sides will be conducted. 
 
7.8.2.2 Ultimate strain model 
The procedure that was used for the reliability analysis of the ultimate strength of FRP-
confined members is now extended to investigate the uncertainty in the ultimate strain of 
FRP-confined members. The ultimate strain of a confined member is divided into two 
parts: the strain at the peak stress of unconfined concrete (εc0), and the strain 
enhancement that is a function of the confinement level. Without using FRP confinement, 
the ultimate strain of unconfined concrete is the well-known concrete crushing strain. In 
many design codes, the crushing strain of unconfined concrete is about 0.003 or 0.0035. 
However, by adding FRP confinement, the ductility of the concrete is considerably 
enhanced. In Figure 7.26, a schematic view of the strain enhancement is shown. The 
strain at peak stress of unconfined concrete is used as the base point for calculating the 
strain enhancement. In this section, the uncertainty in evaluating this strain enhancement 
(or simply, the ductility) is investigated. 
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Figure 7.26: Strain enhancements in FRP-confined concrete 
Drawn from the previous section, the following equations will be used in the reliability 
analysis of the strain enhancement. Statistical models of all the random variables and their 
correlation were previously discussed. In Table 7.18, statistical models of all the random 
variables were shown, and the correlation among the random variables was shown in 
Table 7.19. 
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By means of Monte Carlo Simulation (MCS) technique, the sensitivity of the strain 
enhancement as the response variable to each of the influencing random variables is 
evaluated. Furthermore, the statistical measures of strain enhancement are calculated. 
Based on the simulated results, lower bound values are also evaluated. 
 
Table 7.21 shows the resulting nominal and characteristic values, based on the closed-
form and numerical methods. The resulting coefficient of variation for the strain 
enhancement is noticeably greater than that for strength enhancement. This is due to a 
higher coefficient of variation for the model error, and the involvement of more random 
variables in the evaluation of this parameter. According to the reliability analysis results, 
the mean of strain enhancement is approximately equal to its nominal value. However, the 
relatively large resultant coefficient of variation could have considerable impact on the 
characteristic value. 
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Table 7.21: Results of reliability analysis for strain enhancement of FRP-confined concrete 
Method  cc n  
 
 
cc m
cc n




  cc COV   cc k  
 
 
cc k
cc m




 
 
 
cc k
cc n




 
Numerical   0.012 1.000 0.452 0.0043 0.370 0.370 
 
 
Using the same methodology that was used for the strength enhancement, the nominal 
and the characteristic equation for evaluating the ultimate strain of FRP-confined members 
is now proposed. Furthermore, the numerical solution is used to find the characteristic 
values. For the sake of comparison, three different percentile values of 0.05, 0.10 and 0.25 
are considered. In addition, the percentile value corresponding to the nominal equation is 
also calculated. 
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   0.67cc cck n    , 25
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Due to higher uncertainty in the ultimate strain model, the ratio of the characteristic to the 
nominal values is considerably less than that in the strength model. For example, for the 
percentile value of 0.05, the characteristic values of strength and strain are 57% and 
0.37% of the nominal values, respectively. There is no specific guideline in selecting the 
appropriate percentile value, and it is a decision that is made by the code development 
authorities. Figure 7.27 presents a graphical interpretation of the resulting probabilistic 
models for the strain enhancement. In order to have better insight into the difference 
between the probabilistic models, the experimental data from the collected database are 
also shown in the figure. The horizontal axis shows the material parameter that is related 
to the material properties of the FRP and concrete. In the proposed analytical model, this 
parameter was assumed to have a linear relationship with the ultimate strain. The vertical 
axis represents the ratio of the ultimate strain to the strain at peak stress of the unconfined 
concrete, εc0.  
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Figure 7.27: Different probabilistic models for the ultimate strain of FRP-confined concrete 
Now, the sensitivity of the strain enhancement as the response variable to each of the 
influential independent random variables is investigated. Figure 7.28 depicts the variation 
in the resultant sensitivity factors. The bar chart in Figure 7.28a illustrates the actual 
values of the Pearson correlation coefficient, while Figure 7.28b shows the normalised 
absolute values of the correlation coefficients. The FRP efficiency factor, the model error, 
the ultimate strength of FRP laminate and the concrete strength are the most influential 
parameters affecting the ultimate strain of confined concrete. Although the model error 
possesses the highest coefficient of variation, it does not have the biggest impact on the 
strain enhancement. Poisson’s ratio, section dimension and FRP laminate thickness do 
not have an appreciable effect on the strain enhancement. As the section dimension, the 
FRP laminate’s modulus of elasticity and the concrete’s compressive strength are in the 
denominator of the strength enhancement equation; they would have a negative effect on 
the strain enhancement as expected. On the other hand, because the Poisson ratio and 
the strain at peak stress of unconfined concrete are subtracted from the second bracket of 
the strain enhancement, they also have a negative correlation with the strain 
enhancement. The only unexpected correlation is that of the FRP laminate’s thickness. As 
discussed previously, the negative correlation between the FRP laminate’s strength and its 
thickness causes this negative effect on the response.  
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a) Pearson correlation coefficients b) Normalised coefficients 
 
Figure 7.28: Sensitivity of the strain enhancement to the main random variables 
The pie chart in Figure 7.28b clearly shows that only 27% of the uncertainty in the strain 
model is due to the model error uncertainty. The rest of the uncertainty is due to variability 
in material properties. This important conclusion highlights the important role of reliability in 
studying the behaviour of FRP-confined columns. As shown previously, many of the recent 
models provide nearly similar levels of accuracy in predicting the ultimate strain and 
strength of FRP-confined concrete. According to the previously conducted comparative 
investigation of this study, all of the considered models resulted in approximately 0.30 
coefficient of variation for the model error of the ultimate strain. Therefore, more attention 
should be paid to the reliability assessment of FRP-confined columns rather than 
proposing a new model or enhancing/improving the old models. More research needs to 
be performed in the area of reliability-based investigation of FRP-confined members.  
 
7.8.3 FE model 
The reliability analysis presented in this study is complementary to the reliability-based 
methodology presented in the previous section. In many practical applications, when a 
real, complex structure is analysed, more robust FE modelling is required. Therefore, in 
the case of requiring a reliability-based analysis, a probabilistic FE analysis is essential. 
Here, a probabilistic-based procedure based on the plasticity approach for analysing FRP-
confined concrete is developed. The popular commercial program ANSYS is selected for 
this purpose. The model errors associated with the prediction of strength and strain were 
previously calibrated.  
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The ANSYS program PDS is used to conduct the probabilistic analysis. This tool can be 
used for either an uncertainty analysis or a reliability analysis. PDS is based on ANSYS 
Parametric Design Language (APDL), which allows users to parametrically build a finite 
element model, solve it, obtain results and extract characteristic result parameters, such 
as the maximum stress for example. For the reliability-based analysis, MCS with Latin 
Hypercube sampling is used. Based on the simulated data, the probabilistic distribution of 
the ultimate strength and strain is investigated. Sensitivity analysis based on MCS results 
can also be carried out. 
 
The boundary conditions of the considered sample are similar to those used in assessing 
the model error. These boundary conditions are close to the practical constraints in real 
columns. Figure 7.29 shows the boundary conditions and the dimensions of the 
considered FRP-confined column. Due to the symmetrical shape of the column, only a 
quarter of the column is modelled. Furthermore, axisymmetric plane strain analysis will be 
used for the FE analysis of the model. The considered case study is a full-scale concrete 
column with 3000mm height and 500mm diameter. 
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Figure 7.29: Axisymmetric FE model of the considered case study 
The column is not reinforced, and it is assumed that the FRP wrap covers the whole length 
of the column. A maximum mesh size of 25mm is used to model the column. This mesh 
size is relatively fine. A sensitivity analysis of mesh size effect showed that the results are 
not sensitive to the mesh size, and the considered mesh size provides adequately 
accurate results.  
 
The FRP jacket thickness is calculated in a way that 100% strength enhancement is 
obtained. In order to achieve 100% enhancement in the strength, four layers of FRP wrap 
are required. The nominal properties of the FRP and concrete materials are exactly equal 
to those shown in Table 7.18. In the following, derivation of the enhancement in the 
strength and strain of the FRP-confined column is shown.  
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With respect to the strength and strain at the peak stress of unconfined concrete, the 
normalised enhancement of strength and strain are 100% and 530% respectively. These 
values are the nominal enhancement values. The goal in the reliability analysis of this 
study is to find the reliability of these nominal values. In addition, the characteristic values 
of the strength and strain will be calculated.  
  
Statistical models of all the random variables were shown in Table 7.18. However, in that 
case, the diameter of the columns was 500mm, and the FRP laminate thickness was 4.8 
mm. It is assumed that the statistical model for one-layer of FRP laminate could be used 
for the multilayer FRP laminates as well, although it is accepted that this assumption might 
not be perfect. However, for the comparative reliability analysis of this study, having an 
accurate statistical model of material properties is not the priority. For performing the FE 
analysis, the modulus of elasticity of concrete is also required. The statistical model for this 
additional random variable is taken from the calibrated model in Chapter 3 of this 
dissertation. 
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Initially, an FE analysis based on the nominal values of the random variable was 
performed. Then, the nominal strength and strain enhancements were calculated. Table 
7.18 shows these nominal values. The nominal strength enhancement resulting from the 
FE model perfectly matches the analytical prediction. However, the strain enhancement is 
slightly larger than the analytical prediction, by about 10%. Figure 7.30 shows the axial 
stress distribution for the model with nominal values. The model is actually a two-
dimensional model. However, for better representation of the stress distribution, the 
geometry is radially extruded. The model in Figure 7.30 represents the top half of the 
column. As the result of the axial stress distribution shows, because of the applied 
constraints at the top of the column (due to its connection with the concrete slab at floor 
level), very high axial stresses result at the top edge of the column. By moving towards the 
mid-height of the column, distribution of the axial stress approaches a uniform distribution. 
It should be noted that in calculating the ultimate strength and strain, the average values 
are used. In the previous section, the same boundary conditions were applied in the 
derivation of the model error.  However, the reason for the presence of those constraints 
was to allow for the machine grips in the FE model. 
 
 
Figure 7.30: Axial stress distributions for the nominal FE model 
By means of MCS, 5000 simulations were performed in the ANSYS program. Then, using 
the resultant ultimate strength and strain, the strength and strain enhancements were 
calculated. For calculating the characteristic values, the empirical cumulative distribution 
was used. Finally, based on the nominal values of strain and strength enhancements, the 
 Chapter 7: Reliability aspects of the FRP-confined Columns 312 
 
 
resultant characteristic values were normalised. Table 7.22 presents the statistical 
measures of strength and strain enhancement along with the characteristic values. The 
characteristic values in this table are based on the 5th percentile value. Although in the FE 
analysis, a full-scale column with four layers of FRP laminate was used, the resulting 
statistics are very close to those obtained from the analytical models. In the reliability 
analysis, only the statistical models of random variables are important. Nevertheless, it 
should be noted that this conclusion is based on the assumption that the FRP efficiency 
factor is size-independent. As discussed previously, Cui and Sheikh (2010) reported size 
dependency of the FRP efficiency factor. However, due to the absence of a reliable model 
to consider the size effect, it was not considered in the FE analysis. 
Table 7.22: Results of reliability-based FE analysis for strength and strain enhancements 
Method Nominal Bias COV Characteristic 
Characteristic
Nominal
 
Strength   35.7MPa 1.18 0.330 20.70MPa 0.580 
Strain 0.015 1.04 0.440 0.0056 0.370 
 
The best-fit probability density function for both the strength and strain enhancements was 
further investigated. The data-fitting procedure showed that the best-fit distributions for the 
strength and strain enhancements are the Gamma and Weibull distributions. Figure 7.31 
illustrates the empirical cumulative density function of simulated data, as well as the best-
fit probability distributions. Three different characteristic values are also shown in this 
figure.   
 
  
a) Strength model b) Strain model 
Figure 7.31 Probability density function of strength and strain enhancement 
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The reliability of strength enhancement nominal value is 65%, while that of strain is about 
0.50. The higher coefficient of variation for the strain model is the major reason behind this 
difference. The strain enhancement of the ductility of FRP-confined concrete depends on 
more random variables. Furthermore, the model error in predicting the ultimate strain is 
relatively high. 
 
In order to investigate the main sources of uncertainty in predicting the ultimate strength 
and strain, using the simulated data in the FE procedure, a sensitivity analysis is carried 
out. Figure 7.32 shows the normalised Pearson correlation coefficient for the main 
contributing random variables. The FRP efficiency factor is the most important variable 
among the random variables. This parameter has a relatively higher coefficient of variation 
and directly controls the failure of the FRP fibres. It is correlated to the FRP’s modulus of 
elasticity and to the concrete compressive strength, which further enhances its influence 
on both the strength and ductility enhancements. With a small difference, the sensitivity 
factors based on the FE analysis are generally similar to those obtained using the 
analytical method. 
 
 
  
a) Strength model b) Strain model 
 
Figure 7.32: Sensitivity of strength and strain enhancement to the main random variables 
Results of the sensitivity analysis highlight the important role of reliability analysis in 
investigating the behaviour of FRP-confined columns. More study of the FRP efficiency 
factor, as the biggest contributor to the uncertainty in the strength and strain 
enhancements, and of its probabilistic nature is required. Although model error has an 
important role in the reliability analysis, as previously shown, many of the recent proposed 
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models provide similar levels of accuracy and lead to the same level on uncertainty. 
Therefore, more attempts to combine the uncertainty of the model error with the variability 
of the FRP and concrete materials are needed.  
 
7.9 Summary 
A brief review of the available models for predicting the ultimate strength and strain of 
circular FRP-confined concrete was presented in this chapter. A reliability-based study of 
the behaviour of FRP-confined members is under development. Some of the recent 
developments in the probabilistic evaluation of the ultimate strength and strain were 
presented in this chapter. 
 
By combining the available experimental databases and by adding further data to that 
combined database, extensive experimental results for circular FRP-confined members 
were gathered. The extended database was used for the development of a new 
probabilistic model for the FRP efficiency factor. Furthermore, based on models developed 
in Chapter 6, new analytical and FE models for evaluating the ultimate strength and strain 
of circular FRP-confined members were proposed. Through vigorous statistical analysis, 
the reliability and goodness-of-fit of these models were assessed and compared with some 
of the available models in the literature. In comparison with the considered models, the 
new models showed very good performance. Probabilistic models for the model errors 
associated with these new proposed models were also presented. 
 
Finally, using the newly calibrated models and statistical models for the material properties 
and sectional dimensions, a reliability analysis was performed. The correlation among the 
random variables was also considered in this analysis. The results of this reliability 
analysis were the lower bound values for the ultimate strength and strain of circular FRP-
confined columns. Relationships between the responses (ultimate strength and strain) and 
the main random variables were also investigated.  
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8.1 Summary 
The probabilistic characteristics of strength and ductility were investigated in this research. 
Of particular interest was the influence of uncertainty in both the material properties and 
the model error on the overall uncertainty of the strength- and ductility-related measures. 
Different problems in the design of RC members (in which ductility-related measures are 
important) were considered for this purpose. 
 
In Chapter 3, statistical models for different random variables were reviewed, with more 
emphasis placed on those variables affecting the ductility of RC members. Probabilistic 
models for sectional dimensions and material properties were extensively investigated. For 
some of these variables, by using extensive experimental databases from the current 
literature, new statistical models were proposed. The uncertainty in the ERSB parameters 
suggested by the current design codes was also investigated. More than 200 test data 
were used for investigating the statistical models of ERSB parameters. Another extensive 
experimental database, with more than 125 test data, was used for calibrating a new 
model for the equivalent plastic hinge length. 
 
In Chapter 4, a probabilistic analysis of RC beams, with respect to their strength and 
ductility limit states at the sectional level, was performed for a number of different design 
codes. The ERSB models proposed by these design codes, along with the fibre model, 
were used for predicting the flexural strength and ductility. An extensive experimental 
database, with more than 300 test data, was used for calibrating the model error for the 
flexural strength and curvature ductility of RC sections. Using the MCS technique, 
statistics for curvature ductility and flexural strength were calculated. Additionally, 
correlations between the flexural ductility and the strength against all of the material and 
model error random variables were investigated. Finally, reliability indices for the strength 
and ductility limit states, based on various design codes, were obtained. 
 
In Chapter 5, a numerical procedure for calculating the probabilistic lower bound values of 
the moment redistribution factor (MRF) was proposed. An approach based on demand and 
capacity rotation concept was used for evaluating the moment redistribution factor. In 
order to find a probabilistic model for the MRF, the analytical procedure for calculating it 
was combined with the MCS procedure. The sensitivity of the MRF to concrete 
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compressive strength, the yield stress of rebar, and the span-to-depth ratio was 
investigated. In the probabilistic analysis, the reliability of nominal and the code-specified 
moment redistribution factors were calculated. Furthermore, the probabilistic lower bound 
value was evaluated. The effect of uncertainty in the moment redistribution factor on the 
reliability of the strength limit state was also studied. 
 
In Chapter 6, using an extensive experimental database, with more than 590 test data for 
actively confined cylinders, the Drucker-Prager plasticity model and Richart’s model were 
calibrated. A detailed statistical analysis was used for assessing the reliability of the 
calibrated models. Another extensive experimental database, with more than 200 test 
data, was used for calibrating the dilation models for FRP-confined circular columns. A 
direct graphical procedure was used for calculating the dilation rate and the dilatancy 
angle of concrete, which are used in the plastic potential function of the Drucker-Prager-
type material. The dilation rate model was related to the FRP lateral jacket stiffness. 
 
In Chapter 7, by combining the available experimental databases and adding some extra 
data to that collected database, an extensive set of experimental data, with more than 690 
test data for circular FRP-confined members, was gathered. This extended database was 
used for the development of a new probabilistic model for the FRP efficiency factor, and 
the development of new analytical and FE models for predicting the ultimate strength and 
strain of circular FRP-confined members. Through vigorous statistical analysis, the 
reliability and goodness-of-fit of these models was assessed and compared with some of 
the available models in the literature. Using the newly calibrated models and statistical 
models for the material properties and sectional dimensions, probabilistic lower bound 
values for the ultimate strength and strain of circular FRP-confined columns were 
proposed. 
 
8.2 Observations and conclusions 
The observations made and conclusions drawn from this study are based on the reliability 
analyses performed in this research and the experimental data collected by other 
researchers in the literature, unless otherwise stated. The following conclusions can be 
drawn based on the current research. 
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8.2.1 Uncertainty in ductility and strength models 
1. The model error in predicting the curvature ductility of an RC section is considerably 
higher than that for predicting flexural strength. The statistical analysis showed that the 
model used for predicting the ductility and strength (ERSB models from different codes 
or fibre model) does have an appreciable effect on the uncertainty of the model error. 
The coefficient of variation for the ductility model error is about three times that for 
strength. 
2. The overall uncertainty in predicting the moment redistribution factor is noticeable. The 
coefficients of variation from the probabilistic model of moment redistribution vary from 
about 0.20 to 0.60 when the neutral axis parameter increases from 0.10 to 0.45. The 
strength model has a much lower coefficient of variation of about 0.15. 
3. The coefficient of variation in models used for predicting the frictional angle (or 
Drucker-Prager pressure sensitivity parameter) is about 0.20. On the other hand, the 
coefficient of variation in the model calibrated for predicting the dilation rate is more 
than 0.45. This emphasises the more uncertain nature of models used for predicting 
the deformation measures, in comparison to those used for predicting the strength 
measures. 
4. Statistical analysis of the proposed models for predicting the ultimate strength and 
strain of FRP-confined concrete showed that models used for predicting the ultimate 
strain are considerably more uncertain than those used for predicting the ultimate 
strength. It was found that the coefficients of variation for model errors associated with 
strength and ductility models are about 0.14 and 0.28, respectively. 
 
8.2.2 Statistical models 
5. Based on the collected experimental database for Poisson’s ratio, this ratio can be 
modelled using a Normal distribution, with an average of 0.20 and a coefficient of 
variation of 0.12. A moderate correlation of about 0.28 between the concrete 
compressive strength and Poisson’s ratio was found. 
6. Based on the collected experimental database, the strain at peak stress for unconfined 
concrete, εc0, has a positive correlation with the concrete compressive strength. The 
following linear and Power function can be used for predicting this variable. 
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The coefficient of variation associated with the model error of the above models is about 
0.17, and the Lognormal distribution can be used to represent the model error. 
7. The ultimate strain of concrete is one of the most uncertain random variables affecting 
the ductility of RC members. Based on the collected experimental data for RC beams 
tested under flexural action, it was found that this variable can be probabilistically 
modelled using the Lognormal distribution, with an average value of 0.0037 and a 
coefficient of variation of 0.21. No significant correlation between this variable and the 
compressive strength of concrete was observed. 
8. A statistical analysis of the collected data for assessing the length of plastic hinge 
showed that the correlation between the section height and the plastic hinge length is 
considerably higher than that between the plastic hinge length and the shear span. 
The regression analysis suggests that a model relating both the section height and the 
shear span to the plastic hinge length provides a better fit to the collected data. The 
following models were found to fit the experimental data properly. 
0.80pL h  8-2a 
0.5 0.05pL d z   8-2b 
 
The coefficient of variation in the model error associated with the above models is about 
0.31. It was found that the Lognormal distribution is the best-fit distribution for the model 
error. 
9. Based on the collected test results, the following models were found for the ERSB 
parameters. A probabilistic lower bound value of 0.85 is suggested for the k3 
parameter. 
 
'
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10. A statistical analysis showed that using different code-specified and analytical models 
for predicting the ERSB parameters leads to the same level of uncertainty in the model 
error. Generally, the coefficients of variation for model errors associated with the 
prediction of α1 and β1 parameters are about 0.11 and 0.07, respectively. The Normal 
distribution can appropriately represent the statistical distribution of model error for 
these parameters. 
 
8.2.3 Minimum ductility in RC beams 
11. Current design codes provide different minimum requirements for curvature ductility 
that are generally not close to each other. Lower bound values, along with a 
rudimentary safety factor, are used for evaluating these requirements. This procedure 
cannot guarantee a minimum safety level. A probability-based procedure is required to 
establish these minimum requirements. 
12. Current design codes worldwide are calibrated for strength limit states and the results 
of this study confirm this calibration. On the other hand, there is a need for a better 
definition of appropriate target safety levels when dealing with the ductility limit state. 
13. The statistical properties of the flexural capacity of RC cross-sections do not depend 
on the concrete or rebar strengths. However, the ductility capacity of RC sections does 
depend on the concrete and steel strengths, as well as on the ERSB parameters. 
14. According to the results of the reliability analyses of curvature ductility and flexural 
strength, the overall coefficient of variation for curvature ductility as a random variable 
varies between 0.35 and 0.50, while for the flexural strength, the coefficient of variation 
is about 0.125.  
15. RC beam sections that have been designed based on different standards show almost 
uniform reliability for the strength-based limit state. However, with respect to their 
ductility reliability, the results present great disparity. This is somewhat expected, as 
the minimum ductility requirements in these design codes are different. Generally, the 
reliability indices for the ductility limit state are considerably lower than they are for the 
strength limit state. 
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8.2.4 Moment redistribution 
16. A statistical analysis of the moment redistribution factor showed that even for an 
average span slenderness of about 12, the probabilistic lower bound (10th percentile) 
values for moment redistribution factor could be lower than the code-specified values, 
especially for those design codes that allow up to 30% moment redistribution. 
17. Generally, the reliability of code-specified values for the moment redistribution factor is 
greater than 0.80. The ACI 318 provisions for moment redistribution are the most 
conservative among the investigated design codes. 
18. The concrete compressive strength and the yield stress of reinforcing bars have an 
insignificant effect on the probabilistic lower bound value of the moment redistribution 
factor. 
19. As expected, considering the uncertainty in the moment redistribution factor causes a 
reduction in the reliability index of the strength limit state. Although the reduction in the 
reliability index due to uncertainty in the moment redistribution factors is not large, it is 
comparable to the reduction in the reliability index resulting from increasing the ratio of 
live-to-dead load. 
 
8.2.5 Strength and dilation of confined concrete 
20. Based on statistical analysis of the experimental data from triaxial tests on actively 
confined concrete, the following models for the confinement efficiency factor, k, the 
Drucker-Prager pressure sensitivity factor, α, and the concrete internal frictional angle, 
ϕ, were found. 
Model COV Distribution 
3.29k   0.35 Lognormal 
0.25   0.20 Weibull 
32.85   0.19 Normal 
 
21. A positive correlation was found between the concrete compressive strength and the 
internal frictional angle. The following expression shows the linear relationship 
between these parameters: 
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22. A negative correlation of about -0.40 was found between the confinement 
enhancement factor and the lateral pressure. This result is in line with the findings of 
other researchers, available in the literature. 
23. Based on the experimental data from the stress-strain curves of FRP-confined 
cylinders, the following model resulted for the dilation rate. This model relates the 
dilation rate to the FRP lateral jacket stiffness. This model outperforms many of the 
available models for the dilation rate. 
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24. For the plastic potential function of Drucker-Prager-type material, the following model, 
which relates the dilatancy angle to the FRP jacket stiffness, was proposed. This 
model is one of the few models available for the dilatancy angle of concrete. 
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8.2.6 Probabilistic models for FRP-confined concrete 
25. Based on the statistical analysis of the FRP efficiency factor, it was found that this 
factor can be statistically modelled using the Weibull distribution, with 0.637 average 
and a coefficient of variation of about 0.26. GFRP-confined cylinders showed a higher 
coefficient of variation for the FRP efficiency factor compared to CFRP-confined 
cylinders. Nevertheless, the difference is insignificant (0.255 for CFRP and 0.285 for 
GFRP cylinders). 
26. The FRP efficiency factor (the ratio of the FRP jacket rupture strain to the FRP coupon 
rupture strain) was found to have a weak correlation with the concrete strength and the 
fibre’s modulus of elasticity. Based on the RSM technique, the following model was 
proposed, relating this factor to the jacket stiffness and the concrete compressive 
strength. 
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27. According to the statistical analysis of models proposed for calculating the ultimate 
strength of FRP-confined concrete, the following probabilistic models for model errors 
of the proposed models were obtained. The analytical model is based on Richart’s 
model, while the FE model is based on the Drucker-Prager yield surface.  
 Analytical model FE model 
Model ' '
2
1.0 3.29
fu fccu
c c
k tf
f Df

   '
2 10.25 0.33 cF J I f    
Mean 0.980 0.990 
COV 0.156 0.173 
Distribution Gamma Gamma 
 
28. According to the statistical analysis of models proposed for calculating the ultimate 
strain of FRP-confined concrete, the following probabilistic models for model errors of 
the proposed models were obtained. The analytical model is based on an analytical 
model, while the FE model is based on the Drucker-Prager yield surface. 
 Analytical model FE model 
Model 
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Mean 0.994 1.011 
COV 0.271 0.282 
Distribution Weibull Weibull 
 
29. Based on the statistically calibrated models for the ultimate strength and strain of 
circular FRP-confined cylinders, and the statistical models available for FRP and 
concrete materials, the following lower bound probabilistic models were proposed for 
these parameters. The strength model is based on the 5th percentile value, while the 
strain model is based on the 10th percentile value. 
 Chapter 8: Conclusions and recommendations 324 
 
 
  '
2
0.57 3.29
n fn fn
cu cnk
n
k t
f f
D
 
    8-8a 
 
0.75
0 0'
21
0.47
8.85
fn fn n fun
cu c n cn c nk
n c fn
E t k
D f E
 
   
  
       
   
 8-8b 
 
30. A sensitivity analysis based on the MCS results showed that the model error and the 
FRP efficiency factor are the most influential parameters affecting the ultimate strain 
and strain of FRP-confined columns. 
 
8.3 Recommendations 
The work presented in the current project has addressed the pre-defined objectives of this 
research. However, there are still some areas that require further investigation in future 
research. Some of these areas, identified during the current work, are explained in the 
following: 
 
1. An experimental study that is specifically designed for investigating the strength and 
ductility of RC beams, with special attention to the statistical distribution of model 
error in predicting that strength and ductility, is required. In this test program, 
statistical variation in the ultimate strain of concrete could also be targeted. An 
analytical model capable of reducing the model uncertainty, especially for the 
prediction of ductility, should also be developed alongside the experimental 
program. The calibrated analytical program could then be used for the code 
calibration of the strength and ductility limit states. 
2. An FE model to predict the nonlinear response of continuous RC beams 
(considering important issues such as shear cracks, bond slip and tension 
stiffening) could be useful for more-accurate calculation of the moment 
redistribution factor. The calibrated FE model could then be used for the 
probabilistic study of the moment redistribution factor. 
3. A comprehensive experimental program examining the triaxial and biaxial behaviour 
of concrete, for fitting the available yield surface models, and finding the best-fit 
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model and the corresponding model error, could be beneficial in any reliability 
analysis involving the study of confined concrete. 
4. Although a considerable amount of experimental work has been conducted to 
investigate the behaviour of circular FRP-confined columns, and many models 
(including the ones that are proposed here) are calibrated using these experimental 
data, a comprehensive experimental program with a consistent approach in 
measuring the axial and radial strains is needed. Furthermore, different factors, 
such as size effect and concrete material type, could be studied in this experimental 
program. 
5. In the collected experimental data for FRP-confined cylinders, used for evaluating 
probabilistic models for the FRP efficiency factor, there is inconsistency in 
measuring the radial strain of the FRP jacket. An experimental study using 
advanced methods to measure the strain, such as optical strain measurement, 
could considerably improve the understanding of the FRP efficiency factor. Results 
of this experimental program could be reliably used for developing a statistical 
model for this factor. 
6. The probabilistic procedure proposed in this research for the circular FRP-confined 
columns could be extended to include square- and rectangular-shaped FRP-
confined columns. Moreover, for reinforced circular FRP-confined columns, a 
similar probabilistic procedure could be developed. 
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